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This  volumk  embodies  the  results  of  some  of  the  Specific  examples  are  developed  of  the  applications 
statistical  and  analytical  work  done  during  the  of  the  more  general  Methods  of  Operations  Research  to 
period  1942-1945  by  members  of  the  Anti-Submarine  the  problems  of  submarine  warfare.  Adso,  a  mathci- 
Warfaro  Operations  lleseai-eh  Oroup  [ASWORG]  of  matical  basis  is  provided  for  the  Summary  of  ASW 
the  U.  S.  Navy,  later  the  Operations  Research  Group  Operations  in  World  War  II,  as  well  as  for  a  wide  cate- 
[ORG]  and,  since  January  1946,  the  Operations  gory  of  similar  investigations.  Although  the  tactical 
Evaluation  Group  [OEG].  Tlie  group  was  formed  and  doctrines  presented  apply  to  instruments,  weapons, 
financed  by  the  Office  of  Scientific  Research  and  De-  and  conditions  prevailing  during  World  War  II,  it  is 
velopmentatthcrcqucstoftlieNavy,and wasassigned  believed  that  the  methods  and  systematic  processes 
to  the  Headquarters  of  the  Commander  in  Chief,  of  analysis  which  led  to  these  doctrines  have  wide 
U.  S.  Fleet.  The  group  has  been  of  assistance  in:  application  —  not  only  to  submarine  warfare  but  to 

1.  The  evaluation  of  new  equipment  to  meet  inili-  many  oilier  military  and  civilian  problems, 
tary  ri'.quiremcnts.  It  is  increasingly  evident  that  no  branch  of  the 

2.  The  evaluation  of  specific  phases  of  operations  Service  can  afford  anything  less  than  maximum  effi- 
frpm  studies  of  action  reports.  cioncy  in  the  use  of  the  men  and  materiel  available  to 

3.  The  evaluation  aiijd  analysis  of  tactical  problems  it.  The  realization  of  this  ideal  demands  that  the  most 
to  measure  tlie  operational  behavior  of  new  material,  advanced  scientific  knowledge  available  in  the  coun- 

4.  The  development  of  now  tactical  doctrine  to  try  he  focused  upon  such  matters  not  only  in  time  of 
meet  specific  requirements.  war,  but  especially  in  time  of  peace.  It  is  the  earnest 

■  5.  The  teclmical  aspect  of  strategic  planning.  '■  hope  of  the  OEG  that  the  material  contained  in  this 
().  I'he  liaison  for  the  Fleets  witli  the  development  and  the  companion;  volumes,  by  helping.to  provide  a  *■ 
and  research  laboratories,  naval  and  extra-naval.  ba^ic  understanding  of  %e  processes  of  this  important 

The  material  presented  in  this  volume  has  been  branch  of  warfare,  will  Vnaterially  contribute  to  this 
compiled  from  reports  and  memoranda  issued  by  the  •  goal. 
group  and  from  the  first-hand  knowledge  and  experi-  .  , 

ence  which  the  authors  gpined  during  World  War  II  PhiMp  ,M.  Moksb 

with  the  techniques  and  prpbloms  discussed.  .  Director,  Operations  Evaluation  Group 
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PREFACE 


As  'I'liK  operations  Rrsoarcli  (.!roun  was  at  work 
IV  investigating  oiki  (nu-stiofi  after  another  in  tl’.e 
course  of  its  service,  to  tlu?  ('onimander-in-t'hief  of 
the  United  States  Navy,  in  World  War  H,  it  henune 
)n‘ogr(>Rsiv(\ly  more  apparent  that  large  elnases  of 
problems  were  united  by  cniniuon  l)onds  and  could  lx; 
handled  by  common  methods,  that  therr^  was  indeed 
unity  in  diversity.  And  as  in  otlu'.r  fields  of  scientific 
endeavor,  where  the  clarifying  influenc(i  of  general 
ideas  and  methods  can  form  a  body  of  isolated  facts 
into  a  jiowerful  tlieory — once,  tlrey  oxkst  in  sufficient 
number — so  in  the  work  of  the  (iroup,  methock  bor¬ 
rowed  from  the  mathematician  anrl  mathematical 
physicist  showed  their  power  and  usefulness  in  those 
clas.ses  of  problems  in  which  the  body  of  practical  in¬ 
formation  had  sufficiently  accumulated.  In  this  re¬ 
gard,  one  field  was  pre-emimmtly  ripe  for  mathemati¬ 
cal  treatment:  the  field  involving  problems  of  search. 

In  every  question  of  search  there,  arc  in  prineipie. 
two  park.  One  involves  tlic  targets,  and  studies  thpir 
physical  characteristics,  position,  and  motion;  since 
from  the  very  nature  of  the  irrobloni  thpclattcr  ^iro 
largely  u'nknown  to  the  searcher,  a  branch  of  the 
science  of  probability  is  applied,  sometimes  so  simple 
as  to  bo  trivial,  atotlior  times  involving  developments 
comparable  to  statistical  mcclianics.  The  otlier  i)art 
involvojs  the  scarclier,  his  capabilities,  po.siti.on,  and 
motion;  inasmuch  a.s  detection  is  an  event  fraught 
with  manifold  uncertainties,  this  part  of  the  question 
wii’  also  appeal  to  probability,  sirecifically  studying 
the  iirobability  laws  of  detection.  Hut  the  study  does 
not  stop  here;  having  gained  fundamental  knowledge 
as  to  tliese  two  jiarts  of  the  question  and  their  inter¬ 
relation,  it  is  nccc.ssary  to  make  api)lieation  to  the 
tactical  matters  in  which  search  is  an  essential  com¬ 
ponent,  such  as  hunts,  Imrriors,  and  those  defensive 
types  of  search  known  as  screens. 

The  book  treats  l.’.js--  questions  from  the,  point  of 
view  and  in  the  order  inflicateul  above;.  It  is  intcneloei 
to  be  .scie  ntific  anel  critical  in  spirit  anel  mathcmalical 
in  me'tboel,  anel  wliile  the  eiata  upon  which  its  tluieay 
re'st.s  are  jiractical  and  experimental  and  tlic:  ultimate 


.'ippliciitiim  eif  its  c.one'lu.sioii.s  is  te;  naval  warfare,  the 
boe)k  itself  is  pot  a  manual  e)f  ])rae'tie‘al  infe)rmation 
for  na\'a.l  eiffie'e!r,s.  Rather  it  i.s  intenelea!  te;  sen  ve;  a.s  a 
theoretical  framewejrk  anel  foundation  for  more  im- 
me'diately  prac.tie’al  .stuelie-s  anel  rceiommenelations.  In 
partie'ular,  it  .stands  in  this  relation  te)  Volume  3  of  tlio 
pre.'semt  scru;s  (A  Summary  of  Jintisub marine  Warfare 
Operations  in  World  Wnt  II).  On  the  other  hand,  its 
relation  to  Volume;  2A  (Methods  of  Oyeralions  Re¬ 
search)  is  in  furnishing  systematically  developed  e,x- 
ampU's,  on  the  analytical  side,  of  the  possibilities  of 
operations  re'se'areh  feireshadoweel  in  that  volume.  It 
is  intonflcd  for  a  reader  having  an  interest  of  a  scien¬ 
tific  order  in  the  matters  treated.  While  nothing  be¬ 
yond  undorgracluato  physics  and  mathematics  (calct)- 
lus)  is  required,  a  willingness  to  follow  theoretical 
reasoning  of  a  sometimes  rather  involved  nature,  is 
as.sumed. 

I’lie  work  has  becui  to  such  a  degree  the  result  of  a 
majoi'H;y  of  the  Operations  Research  Group  that  to 
rc'.ndor  adequate  acknowledgment  would  alrhost  bo 
tantamount  to  giving  the  roster  of  the  Group:  re¬ 
quirements  of  brevity  confine  us  to  the.  names  of  those 
who  have  been  directly  involved  in  writing  parts  of' 
the  book.  We  wi.sb  to  express  our  thanks  to  Dr.  E.  S. 
Lamar  for  tho  chapter  on  visual  detection;  to  Mr. 
1.'.  E.  Phipps  for  the  chapter  on  radar  detection;  to 
Mr.  A.  M.  Thorndike  for  the  chapter  on  sonar  detec¬ 
tion  and  for  a  part  of  the  chapter  on  sonar  screens;  to 
Dr.  ,1.  Stcinhardt  for  important  help  in  tho  chapter  on 
railar  detection  and  lor  material  on  barrier  patrols 
and  defense  of  a  landing  operation  in  Chapter  7 ;  to 
Dr.  J.  M,  Dobbic  for  material  on  square  searches  in 
tho  latter  chapter;  to  Mr.  Milton  Lewis  for  material 
on  sonar  screens;  to  Mr.  J.  A.  Ncuondorffer  for  ma¬ 
terial  on  aerial  escort.  Finally,  it  is  our  great  pleasure 
to  vouchsafe  our  indebtedness  to  Dr.  G.  E.  Kimball, 
the  pioneer  in  the  theory  of  search,  without  whose 
liclp  and  inspiration  this  enterprise  might  never  h.avo 
been  undertaken. 

B.  ().  Kooi’Man 
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Clinpter  1 

POSITION,  MOTION,  AND  RANDOM  ENCOUNTERS 


II  INTRODUCTTON 

Amonc!  TiiK  IMPORTANT  functions  of  any  naval 
Ai.  operation  is  the  detection  (and  location)  of  the 
enemy.  Detection  has  acquired  the  stature  of  a  science, 
and  it  is  to  the  foundations  of  this  scioneo  of  detec¬ 
tion  that  the  present  work  is  devoted. 

A  first  aspect  of  any  problem  of  detection  concerns 
the  properties  of  the  instrumoat  of  detection:  the 
properties  of  tlie  eye,  tlic  cliaractcristics  of  the  radar 
set,  or  the  nature  and  capahilitic.s  of  the  sonar  equip¬ 
ment,  and  similarly  for  any  other  mechanism  of  de¬ 
tection  wliich  it  is  proposed  to  employ.  This  aspect  of 
the  question,  wliicli  forms  the  subject  of  Chapters  4, 
6,  and  6,  is  called  tlic  enntnet  problem-.  It  is  cs.sentially 
a  study  of  engineering  or,  in  tlio  case  of  tlic  eye,  of 
physiology,  but  its  conclusions  iiavc  to  be  given  in 
terms  of  probability — the  probability  of  detection. 

A  second  aspect  of  problems  of  detection  concerns 
the  patli  and  motion  of  the  .scarcliing  unit  (termed 
th.o  obsencr)  in  its  relation  to  tlic  pro.sunicd  position 
and  motion  of  the  object  of  scarcli  (tlic  tarael,  ns  it 
shall  bo  called  throughout).  This  presupposes  that 
the  contact  problem  has  b(;cn  solved  to  a  satisfactory 
aiiproximation  and  employs  appropriate  methods  of 
geometry,  relative  motion,  and  jirobability.  This  a.s- 
pcct  of  the  question  is  called  the  tracl-problern  and 
forms  the  .subject  of  Clia|)tcrs  7, 8,  and  9,  whore  such 
matters  as  searchcf.,  barriers,  hunts,  and  scrcen.s  arc 
studied. 

A  third  aspect — and  this  will  pervade  all  our  later 
chapters,  but  particularly  Chapter  3 — is  that  of  force 
requiremenis  and  their  economy.  As  in  other  naval 
operations,  effectiveness  can  be  increased  to  perfec¬ 
tion  if  no  limit  is  set  to  the  forces  nt  our  dispo.sal,  but 
the  realistic  problem  is  to  achieve  the  gri-atest  effect 
with  limited  forces,  or,  eipiivalcntly,  to  achieve  a  re¬ 
quired  effect  with  the  gre-atest  economy  of  force.s. 

'I'lic  scope  of  the  book  r.oces.sitatos  the  omission  of 
such  raatters  ns  the  use  ami  deployment  of  striking 
forces  in  conjunction  with  detection. 

The  jiro.scnt  chapter  pr'^n'ides  the  general  defini¬ 
tions  and  gconietricid  and  .statistical  methods  which 
are  required  in  nil  later  jiarts  of  the  work.  Hbapter  2 


Viewed  largely  and  in  its  ends,  the  science  of  de¬ 
tection  is  a  1  iraneh  of  tactics.  But  like  all  other  branches 
of  tactics  it  achieves  its  ends  by  leading  through 
engineering,  physics,  physiology,  mathematics,  and 
statistic.^.  And  it  is  an  ever  progro.ssing  science: 
While  the  main  emphasis  of  this  book  is  to  study  the 
existing  knowledge  and  its  application  to  tactical 
problems,  sight  is  not  lost  of  the  inverse  process,  that 
of  improving  the  theory  by  knowledge  gained  in  its 
application,  the  study  of  operational  data. 

I  MOTION  AT  FIXED  SPEED  AND  COURSE 

'i 

In  a  most  important  ease  both  observer  and  target 
arc  moving  at  constant  speeds  in  straight  lines; 

V  =  speed  of  observer  in  knots  (ocean  ortrue  speed), 
u  •■=  speed  of  target  in  knots  (ocean  or  true  speed), 
w  =  Sliced  of  target  relative  to  observer  in  knots. 

The  relationship  of  w  to  u  and  v  is  best  shown  by 
drawing  the  vector  velocities  u,  v,  w,  whereupon  it  is 
Seen  that  w  is  simply  the  vector  difference  w  =  u  —  v 
(Figure  1).  For,  w  being  the  target’s  velocity  with 


t'KiORE  1.  'IViii  and  relative  velocities  .vnd  angles. 


respect  to  a  referimce  system,  itself  moving  over  the 
ocean  at  velocity  v,  the  vector  sum  w  -(-  v  must  equal 
the  target’s  ocean  velocity  u;  hcncc  the  above  cqua- 
shows  two  important  angles,  the 
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target’s  track  angle  ip  and  relative  course  d,  with  respect 
to  the  observer,  wliero 

<b  =  angle  between  v  and  u  mcasuriHl  from  tlio 
former  to  tlie  latter  in  the  elockwise  sense. 

9  =  angle  between  v  and  w  measured  from  the 
former  to  tlie  latter  in  the  clockwise  sense. 

Throughout  tlie  jircscnt  chapter,  and  later  unless  the 
contrary  is  explicitly  stated,  these  angles  aro  meas¬ 
ured  in  radians  and  0g(/)<2ir,  0^5<2ir, 

A  convenient  method  for  showing  the  dependence 
of  the  relative  quantities  w  and  6  upon  the  angle  <j> 
(the  speeds  u  and  v  remaining  fixed)  is  by  drawing 
the  circular  diagrams  A,  B,  and  C  of  Figure  2,  cor¬ 
responding  to  the  cases  v  <  u,  v  =  u,  and  v  >  u, 
respectively.  In  each  case  the  radius  of  the  circle 
around  which  the  extremities  of  u  and  w  move  is  u, 
and  the  distance  of  its  center  from  the  origin  0  of  w 
(the  extremity  of  v)  is  y.  As  <P  goes  from  0  to  2  v 
stays  fixed,  u  rotates  with  its  length  remaining  con¬ 
stant,  and  w  cliangcs  both  in  length  and  direction.  It 
is  to  be  noted  that  while  in  case  A  («  <  m)  all  direc¬ 
tions  of  w  are  possible  (0  ^  6  <  27r),  in  the  other 
cases  (y  ^  w)  tliis  is  untrue,  and  we  have: 

When  y  =»  w,  ~  ^  ^  ^ ; 

2i  2 

When  y  >  w,  ir  —  8in~‘  -  g  S  tt  +  sin"'  -  • 
y  y 

This  corresponds  with  the  fact  tliat  when  the  searcher 
is  faster  than  the  target,  relative  approach  of  the 
latter  to  the  former  is  restricted  (.see  Section  1.3). 
When  y  >  u.,  two  values  of  to  correspond  to  general 
values  of  9  for  wliicli  approach  is  possible,  one  for  the 
target  approaching  the  observer,  the  other  for  the 
overtaking  of  a  target  headed  away  from  tlie  ob¬ 
server,  When  9  =  r  ±  sin"'  u/ v,  there  is  just  one 
value  of  w;  for  other  5's,  no  value. 

The  relative  speed  w  can  be  found  from  the  law  of 
cosines  or  else  by  projecting  v  and  u  on  w  and  using 
the  law  of  .sines;  similarly  for  0.  This  expresses  rela¬ 
tive  quantities  in  terms  of  true: 

to  —  ■\/u~  d  V-  —  2llir  euS  (p, 

—  —  V  cos  9  ±'\/u^  —  v'^  din"  9,  (1) 


sin  0  =  —  sin  0. 
w 

In  addition  to  the  speeds  and  angles  just  coiLsid- 
cred,  it  is  necessary  to  h.avc  further  quantities  to 


j 


Fkiuiib  2.  Circle  of  I'cliitivc  volocitie.s. 
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specify  a  jjarticular  contact  between  observer  and 
target;  one  nrast  be  able  to  state  the  position  of  the 
target  rciativo  to  tlie  observer  at  any  given  instant  of 
time  (epoch)  t.  One  mctliod  of  accomplishing  tliis  is 
to  give  tlic  target  range  r  and  relative  bearing  these 
arc  shown  in  Figure  3  (at  the  arbitrary  epoch  t),  to- 

TARGET'S  TRACK 

y 


FiauBE  3.  Gcograpliio  trucks,  ranges,  and  bearings. 


gether  with  the  target  angle  a,  which  depends  on 
quantitie.s  previously  introduced.  The  definitions  arc 
as  follows : 

r  =  vector  from  observer  to  target, 
r  -  length  of  r  in  miles,'* 

/3  «  angle  from  v  to  r  measured  clockwise, 
a  =  angle  from  u  to  —  r  measured  clockwise. 

As  usual,  angles  are  in  radians  and  lie  between  0  and 
2  T,  except  when  in  later  chapters  the  contrary  is  ex¬ 
plicitly  stated.  It  is  evident  that  when  the  r6les  of 
target  and  searcher  arc  intorebanged,  tho.se  of  f)  and  a 
are  likewise,  vector  r  lieing  replaced  by  the  reversed 
vector  —  r. 

The  situation  relative  to  the  olwerver  is  given  in 
Figure  4,  '.vliieh  shows  the  target’s  track,  e.te.,  in  a 
plane  in  which  the  observer  is  fixerl  and  which  moves 
over  the  ocean  with  the  velocity  v.  It  is  seen  that 
{r,0)  are  the  polar  coordinate.s  of  the  tiirgc't  rcho-red 
to  observer’s  position  and  lieading.  The  target’s  track 
is  altogether  difTerent  from  his  g(‘ographic  tr.ack  of 
Figure  3;  it  is  de.scril)ed  with  the  velocity  w,  but  the 
target’s  lieading  is  in  the  direction  of  u  and  hence  not 
along  its  relative  track.  It  is  .seen  tliat  with  the  ji.ar- 
tieular  angle.s  of  Figure  4,  «  =  tt  -)-  /S  —  </>.  It  is 

u Throughout,  a  “milo”  shall  inrun  a  “niiuticnl  niilr.”  fn  im- 
mericnl  examples,  n  nnuticul  niilo  i.s  taken  as  2,000  ynrils. 


sometimes  convenient  to  use  rectangular  coordinates 
((,v),  the  I)  axis  being  along  the  observer’s  heading. 
J  and  rj  are  in  miles;  they  are  related  to  (r,^)  by  the 
equations 

r-  =  4-  ^  =  r  .sin  »;  ==  r  cos  /3.  (2) 

I 


Fioorb  4.  Target’s  track  relative  to  observer. 


In  the  course  of  time  (as  t  increases)  u,  v,  w,  u,  v,  u, 
(f'l  0  stay  constant,  while  r,  r,  0  (and  a)  change.  If  at 
the  oijocli  t  =  hi,  r,  r,  0  have  the  values  ro,  fo,  0o, 
tl'.cir  values  at  a  general  epoch  i  are  found  by  noting 
that  relative  to  the  observer  the  target  undergoes  the 
vector  displacement  (i  —  ^o)'>v,  and  thus 

r  =  ro  4-  «  -  fo)w,  (3) 

from  which  the  equations  c.xprcssing  {r,0)  in  terms  of 
{rn,0D,t  —  /p)  arc  found  by  trigonometry,  and  similarly 
for  a.  Equation  (3)  or  its  equivalent  in  terms  of  {r,0) 
are  tbc  equations  of  the  target  relative  to  the  observer. 
In  the  very  sjieeial  cose  when  target  and  observer 
have  the  same  speed  and  direction,  i.  e.,  when  u  =  v 
so  that  w  =  0,  equation  (3)  reduces  to  r  =  iro,  corre- 
sjionding  with  the  fact  that  the  target  remain.s  fixed 
relative  to  the  observer.  In  all  other  eases,  there  is  a 
least  distance  between  the  target  and  the  observer. 
Tins  distance  is  called  the  lateral  range  of  the  target. 

Let  .r  =  lateral  range  of  the  target  in  miles,  and 
y  =  distance  in  miles  traveled  by  the  target 
relative  to  the  observer  since  its  closest 
approach  (nc■gati^'c  prior  to  clo.sest  ap- 
irroach). 

If  In  is  now  used  to  di'iiote  the  epoch  of  closest  ap- 
jiroach,  e^■idcntly  y  -  {t  —  la)a\  Ihgure  .shows  the 


(’.OINFIDENTI.M. 


POSITION,  MOTION,  AND  RANDOM  ICNOOUNTERS 


rolation  botwooii  x,>j  mid  tlic  earlier  quantities, 
(’loiirly  r-  +  )/“,  and  ivitli  the  jiarticulnr  angles 
of  Figure  fl,  ii  -  0  -  cot~'-  (///.c). 

Tims  it  fippenrs  tlint,  in  .addition  to  u,  u,  ^  (and  their 
dependent  v<,  0),  in  ord(>i'  to  .s|)eeify  a  parh'ciilin'  eon- 
tact  we  can  use  either  (r,/3)  (at  a  standard  epoch)  or 

1 


KifutiiR  Lnlornl  raudo  of  (lie  (arget. 


(a:, id)  (or,  indeed,  any  eonvimient  independent  func¬ 
tions  of  cither  pair);  (r,j3)  can  lie  found  where  (.T,fo) 
arc  given,  and  vice  versa,  and  ('itlu-r  pair  can  he  used 
as  independent  varialiles.  On  the  other  hand,  only 
one  quantity  is  needed  to  .specify  a  li/pe  of  contact, 


TIIR  ni'KilON  OF  APPROACH 

In  Figure  OA,  A  i.s  a  plane  n'gion  fi.\ed  with  respect 
to  tlie,  ohserver;  A,  them,  i.s  moving  straight  ahead 
over  the  ocean  .surface  with  tlu?  velocity  v.  It  may  or 
may  not  he  iio.ssihl(;  for  a  targid  capable  of  moving 
with  the  sp(!cd  ii  anil  .starting  outside  A  to  entc'r  A. 
It  is  under, stood  that  the  target  i.s  re.stricted  to  tlio 
Kpml  u  hut  can  clioose  any  dirextion,  anil  h.as  all  the 
time  it  needs  to  try  to  enter  A.  Evidently  if  u  >  v, 
the  target  can  always  enter  A ;  hut  if  u  g  c  this  is  no 
longi'r  necessarily  true,  as  for  example  when  the  tar¬ 
get  starts  behind  A.  In  ordiir  to  he  able  to  enter  A  the 
target  must  have  its  .starting  point  in  a  certain  region 
B  called  the  region  of  approach.  Of  course  B  is  also 
attachoil  to  the  observer  and  moves  over  the  ocean 
with  the  velocity  v.  Figure  OA  allows  the  construc¬ 
tion  of  B-,  when  v  points  up  the  page,  a  line  inclined 
at  the  angle  sin~'  u/v  witli  t.ho  vector  v  to  the  right 
is  drawn  to  the  riglit  of  A  and  is  moved  toward  A 
until  it  touches  A;  the  part  of  tlie  line  above  the 
iowe.st  point  of  contact  forms  the  right-liand  bound¬ 
ary  of  B.  Similarly  for  the  left-hand  boundary,  the 
inclination  being  to  the  loft  and  the  contact  occurring 
on  the  left  of  A.  The  rear  boundary  is  the  forward 
boinulary  of  A  liotwccn  the  two  rear  points  of  con¬ 
tact. 

The  justification  of  this  oon,struction  is  based  on 
Figure  GR:  In  the  time  t  a  point  starting  at  P  and 


Kiuukk  0.  CoiiHlructiun  of  Mio  ipj'lon  of  {ipproHcli, 


for  px.ample,  x\  CHven  ?/,  v,  <t>  and  the  range  of  closest  moving  with  the  oh.scrvcr’s  velocity  will  arrive  .at  Q, 
niiproaeh  .r,  the  eon figii ration  (searcher  and  target  IHj.  —  vl]  the  circle  centered  .at  Q  and  of  radius  ni  is 
and  tlieir  track.s)  i.s  detertnined,  hut  not  the  time  at  thii  locus  of  positions  from  wliicli  the  target  must 
wliiel)  tiic  contact  occurs.  .start  if  it  is  to  elof  o  this  point  after  the  time  1.  By 
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oonsiclcrinp:  all  positivo  values  of  /  anti  ohaorvinK  how  given  all  positions  on  A,  tho  points  of  the  attaehocl 
the  eirelo  varies  in  both  ctaittn-  and  radius,  it  is  scon  circln  cover  B  (thus  B  is  hountlcd  by  the  envolopu  of 
that  it  will  swoo])  out  the  whole  tingultir  region  be-  the  cirides).  A  similar  construction  is  made  whiai 
tween  the  two  (fixed)  tangents  drawn  from  ().  Thus  u  <  j),  where  the  starting  point  region  is  that  bounded 
the  wludo  upper  angular  space  between  tlie  two  tan-  by  the  two  tangents  as  well  as  the  larger  intercoiitcd 
gents  to  the  circle  is  the  locus  of  all  starting  [.ositions  arc  of  a  circle  disposed  as  in  Figure  GB. 
of  t!u>  target  if  it  is  to  close  the  moving  point  at  nut/  An  example  of  this  second  typo  of  region  A  is  the, 
time  after  the  latter  Ic'avc's  ]‘.  B  is  constructed  by  ease  in  whitdi  account  is  taken  of  the  limited  cnclur- 
lotting  P  take  on  all  positions  in  A,  whcrcuimn  tlie  ance  time  of  submerged  run  of  the  submarine  in  the 
upper  angular  s]iace  attaclied  to  P  sweeps  out  B  (in  previous  example, 
addition  to  A  itself). 

When  u  =  i>,  tlie  tangents  coalesce  into  a  hori¬ 
zontal  line  tangent  to  A  in  tlie  rear,  and  B  is  the  '■‘RANDOM  DISTRIBUTIONS  OF  TARGETS 
upper  half-plane  above  it  (exclusive  of  A). 

An  important  naval  application  of  the  region  of  In  tho  two  preceding  sections  the  motion  of  ob- 
approach  is  to  submarine  warfare,  where  v  is  the  sliced  server  and  target  were  given  or  precisely  specified  and 
of  tho  convoy  and  A  the  region  within  which  a  tor-  the  conclusions  wore  exact.  In  Section  1.2  one  ob’ 
pedo  must  bo  fired  to  bo  in  range  of  a  ship  of  the  .server  and  one  target  of  stated  speeds  and  tracks 
convoy.  What  we  have  been  terming  the  “target”  ivcre  .assumed;  in  Section  1.3  tho  same  was  true  for 
may  be  thought  of  as  a  submerged  submarine  having  the  observer  and  for  the  target’s  speed,  but  a  pre- 
the  underwater  speed  u  <  v.  Then  evidently  the  sub-  ciscly  defined  class  of  targets  (those  which  enter  A) 
marine  must  bo  in  B  in  order  that  it  may  be  able  to  was  considered  in  defining  B  (tho  locus  of  their  start- 
approach,  submerged,  to  a  torpedo  firing  position.  ing  points)  and  the  conclusion  was  tho  precise  one: 

The  angle  .sin~‘  u/v  is  called  tlic  UmiUnq  n-pproach  “The  target  can  enter  A  if  and  only  if  it  starts  in  B.” 
angle — tho  "limiting  submerged  aiiproae.h  angle”  in  Fundamentally  different  is  the  state  of  affairs  in  the 
tho  example  of  the  submarine.  present  section,  in  which  the  notion  of  random  is 

Quito  a  different  figure  for  B  is  obtained  if  tho  introduced  and  conclusions  arc  stated  in  terms  of 
target  is  assumed  to  have  a  limited  time  (T  hours)  to  in'obahility.  Instead  of  saying,  “Under  such  and  such 
make  its  approach  to  A.  'I'lion  oven  wlicn  n  >  v  ap-  conditions  the  target  will  necessarily  do  so  and  so,” 
proacli  is  not  always  possible.  Tho  construction  of  A  wo  shall  be  saying,  “Under  such  and  such  conditions 
in  such  a  case  is  given  in  Figure  7A  and  H,  when  the  probability  that  tho  target  will  do  so  and  so  has 


I'TounB  7.  The  rcRion  of  ni)[)roacli  witli  limited  lime. 


11  >  v;  Figure  7H  shows  a  circle  of  radius  uT  eon-  tliis  value,”  or,  e.quiv.ulently,  “This  percentage  of 
tered  at  Q  and  cT  units  ahead  of  tlie  starting  point /';  targets  will  on  the  .aver.age  do  so  and  so.”  The  im- 
the  eii’cul.ar  region  i.s  tlie  locus  of  starting  po.sition.s  portanco  of  .arriving  at  iiroliabilitit's  .and  .statistical 
from  which  the  target  can  clo.se  tho  point.  If  P  is  results  in  nav.al  matter.s  should  h('  self-evident. 


CONFIDICNTfAL 


6 


POSITION,  MOTION,  AND  RANDOM  liNOOtiNTKHS 


To  si)C('if.v  a  tai’not  (always  assiiiuod  in  this  ahaptca' 
to  bo  moving  at  constant  speed  and  e.our,se)  it  is 
necessary  to  give  its  speed  and  lawling  (fclie  vector  u) 
and  also  its  position  at  a  irarticnlar  ('poch  (i.e.,  wiien 
t  —  U).  This  requires  in  ])rineiple  four  independent 
quantities,  such  as  ii,  4>,  r,  Hy  a  rainhiu  ilintrilnilion 
of  targets  is  meant  citlu'r  (jf  tlu?  two  following  situa¬ 
tions: 

I.  'I'lic-re  are  in’es(>nt  a  very  large  nunilier  of  dilTer- 
ent  targets,  and  what  is  known  is  not  their  velocities 
and  positions,  hut  the  proportion  or  prreoninge  whieh 
have  the  various  possililo  velocities  and  jmsitions. 

II.  Tlicrc  is  present  only  one  target;  its  velocity 
and  position  are  not  pia-cisely  known,  hut  the  jmiba- 
bilitiat  that  it  have  the  various  possihk^  velocities 
and  {lositions  are  known. 

In  these  statements,  the  proportion  or  probability 
of  targets  “having  such  .and  .sueli  a  velocity  and  jro.si- 
tion”'Tnuat  he  intorpretcfl  to  mean  “having  a  veloc¬ 
ity  and  po.sition  within  a  stated  elo.seness  of  .such  and 
such  a  velocity  and  i)o.sition.’'  Thus  if  the  above 
choice  of  quantities  is  made,  it  is  the  proportion  or 
probability  of  targets  having  a  s|)eefl  between  v  and 
u  -H  du,  track  angle  betwc'cn  cf  ami  (l>  +  d^,  range 
between  r  and  r  -I-  dr,  and  bofiring  betwa'cn  0  and 
^  -|-  d^  which  is  in  (|Uestion;  in  many  case.s  (but  not 
all!  see  below)  it  can  be  reiu'e.sented  to  tcu'ins  of  first 
order  in  the  dilTorentials  by  i){u,<t>,r,0)diid<l)drdp,  and 
tho  function  p{v,4i,r,P)  is  the  moan  rrhtwc  donnity  (I) 
or  probability  density  (II)  of  the  distribution.  'I'lien 
theqirnportion  or  probability  for  a  large  cin.ss  of  veloci¬ 
ties  and  po.sitions  is  obtained  by  integrating  p(n,<ii,r,P) 
over  .all  values  of  the  cla.s.s  coasidered— a  quadruple 
integration  in  the  “space’'  of  the  “coordinates” 

While  the  situations  in  I  and  II  above  a|i|iear  to  he 
riuite  different,  they  arc  in  rc.ality  equivahmt,  or 
rather  cither  one  leads  to  the  other.  Thu.s  from  tho 
very  large  number  of  targets  in  I  we  can  think  of  an 
individual  target  chos('n  at  random,  all  targets  having 
the  same  chance  of  being  chosen;  this  targi't  will  then 
be  the  .single  target  to  which  the' .situ.atioii  II  applies, 
llcciprocally,  if  a  very  large  number  of  targets  is 
constituted  from  individual  targets  to  c.ach  of  which 
the  .state  of  affairs  of  II  .apfilies,  the  re.sulting  swarm 
will  be  as  described  in  I.  'fhe  mean  relative  density 
(I)  and  the  probability  density  (II)  are  e((ual.  All 

I’lSiicli  inobiibililic.s  mit-'lil.  nil  he  xr.m.  Willi  imiiiy  dtslrilia- 
tions  (lie  prohaliilily  (lint  I  l>e  Im  wl  lie  nxiicl.lv  nl.  a  pi-n-sOiln!! 
posilion  is  iilwiiy.s  zcm.  R  is  llin  prohiiliility  il  lin  in  a 
[irc-slfilnd  «mi  wliicli  is  of  inlerc.sl. 


this  is  a  consequence  of  the'  law  of  large  numbers  in 
the  tlu'orv  of  probability.  Situation  I  i.s  gemu'idly 
used  to  givi'  a  pictorial  representation  of  11  which 
might  otherwise  .seem  too  , abstract;  luit  I  has  the  di.s- 
advantage  of  being  ratlu'r  unrealistic — if  so  many 
targets  were  actually  all  prc.sent  they  would  he  apt  to 
inti’iferc  with  one  another  jiliysicidly. 

What  we  havi-  tm-med  a  random  dintriliution  should 
more  properly  he  called  a  known  random  dlstrihnJinn , 
to  distinguish  it  from  the.  ea.se  where;  the  values  of  the 
irrohahilitii's  are  imrtly  or  wholly  unknown:  a  fre¬ 
quent  problem  of  importance  in  operational  analy.sis 
is  to  find  them  by  theorntieal  calculations  or  statisti¬ 
cal  methods. 

One  of  the  simplest  and  most  important  eases  of 
random  distrilmtion  of  targets  is  that  of  the  uniform 
dislrihutinn  of  tai'gets  of  given  siaiod  u.  It  is  one  which 
complies  with  the  three  following  requirements, 

a.  'I'lie  probability  that  tho  track  angle  <t>  be  be¬ 
tween  (f)i  and  02  ia  proportional  to  <l>t  —  0i  [and  heneo 
i.s  e(]nal  to  (02  —  0i)/27r  when  0i  <  02]. 

h.  'I'lie  jirohahility  that  .at  .any  chosen  epoch  the 
target  he  in  the  area  A  (fixed  in  the  ooc.an  or  else  fixed 
relivtivo  to  the  observer;  the  two  .situations  are  hero 
o(|uivalent)  is  proportional  to  A  (and  hence,  if  the 
target  is  known  to  he  in  a  larger  area  li  containing  A, 
tho  probability  that  it  he  in  A  is  A/B). 

c.  The  event  of  0  being  between  0i  and  02  on  tho 
one  hand  and  the  event  of  the  target  l.ioing  in  A  on 
tho  otiior  are  indepeiulent  events.  If  one  of  them  is 
known  to  have  ooimrred,  the  probability  of  the  oncur- 
rence  of  the  other  is  tho  saino  as  hoforo. 

7n  tho  eiuso  of  such  a  distribution,  tho  probability 
density  will  (when  tho  target  is  given  to  he  in  B)  have 
the  v.ahie  p{tt>,r,p)  =  r/2rrB]  this  is  because  rdrdp  is; 
the  element  of  area  corrc.sponding  to  a  position  of 
range  and  hearing  between  r  and  r  -t-  dr  and  /?  and 
P  -b  dp  respectively.  It  is  to  !x;  noted  that  the  proba¬ 
bility  i.s  ?)(0,)',/3)f/0rhY/(J  and  not  p{u,'jj,r,P)du.d<t)d.rdp, 
n.s  in  the  earlier  examiilc,  i.e.,  neither  n  nor  du  occ.iir; 
this  is  hec.ause  the.  value  of  the  target’s  .speed  is  sup- 
posinl  to  1)(!  known. 

The  ea.se  considered  is  of  imiiortanee  in  n.av.al  oper¬ 
ations,  sinei;  it  corre.spunds  to  the  .situation  in  which 
the  target  is  an  enemy  unit  pre.suinetl  to  ho  running 
at  the  known  speed  of  about  11  knots,  but  is  in  such  a 
large  .are.a  of  oeoen  with  .so  many  pos-sihlo  intentions 
th.at  nothing  conci'rning  its  position  or  he.ading  can 
ho  regarded  as  known.  'I'lio  ehanees  th.at  tho  observer 
will  make  various  kinds  of  contacts  with  such  a  unit 
are  .studied  in  the  following  .section. 
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It-  is  iioti’d  thn.t  in  l'('V''goiii}{  (>xiuni)l(‘  t.lin  Jiin- 
p:uaK('  of  II  is  us('(l.  'I'liis  is  pcnnissihh'  in  view  of  tho 
cciuivalc'iicc  of  11  with  I,  iim.l  tlii't'c  i.s  nmnifcstly  no 
(liflii’iilty  in  rcwoi'ding-  tliin(>;s  v.o  correspond  to  f. 
Wliielun'cr  (>!'  tlu'  two  terminologies  will  ix'  ('inployed 
in  tile  sueeei'ding  jinges  will  he  )nirely  a  inattiM'  of  eon- 
vi'iiienee:  this  iiu'olvi's  idisoliitely  no  ineonsist-i'iiey. 


HAINDOM  KNCOUNTl'inS  WITH  UINf- 
FOHMLY  DISTniBUTKD  TARHliTS 


of  first  order  in  the  dilTerential)  2HivN(l<l>/2Tr.  Hence 
the  total  number  An  is  given  by  intc'gration: 


An 


2RN  f-'' 

A’.V  f'-’f 

=  I  ■%/  a'-*  ■+  ~  2iir  eos  i/>  f/0, 

’’’  ./!) 

•lAbV  .  _ 

= - ('It  +  lA  I  V 1  —  sin^  (T  sin'*  0 

Jn 


(4) 


When  an  observe'!'  is  jirogreasing  on  its  eour.so  at 
the  constant  velocity  v  among  a  uniform  random  dis¬ 
tribution  of  targets  of  apoefl  >/,  it  is  fre<iuently  impor¬ 
tant,  to  know  the.  proiiortions  of  targets  whieh  pass 
within  the  stated  range  of  R  miles  of  the  observer.  In 
some  ea.ses  R  may  be  the  I'ange  i\'ithin  whieh  the  ob¬ 
server  can  sight  tlu'  target  (horizon  dtstance);  in 
others,  the  range  within  which  the  targi't  ran  detect 
the  observer's  presence;  again,  R  may  be  elfective 
gunfire  range  of  ob.soi'vor  against  target,  or  vice  versii. 
If  a  circlo  of  radias  R.  is  iiictui'ed  centered  on  the  ob¬ 
server  and  moving  along  with  it  at  velocity  v  over  the 
ocean,  the  question  becomes  that  of  the  proportion  of 
targets  enh'i-ing  the  circle,  or  entering  it  at  various 
specified  bearings,  or  the  chance  that  a  target  of 
given  starting  jinint  shall  enter  the  circle — a  question 
of  yrohdhiUty,  in  contrast  with  that  of  Section  1.3 
which  was  one  of  posnihililij.  'The  three  problems  will 
be  solved  in  turn. 

Problem  I .  Lilt  there'  b('  on  the  averiige  N  targets 
per  square  mile  (N  will  usually  be  far  lass  than  unity; 
it  is  an  “expected  vfilue’’  in  the  .scn.se  of  inobnbiiity). 
On  account  of  the  uniform  distribution  of  track 
angles  and  their  independence  of  position  f(a)  and  (c) 
of  Section  l.-l],  the  avei'age  number  with  triick  angle 
between  0  and  0  +  d0  will  be  Nd4>/2w.  Fixing  our 
attention  e-xciusively  on  targets  of  a  particular  track 
angle  0,  it  is  ea.sy  to  find  how  many  ('iitc'i'  the  circle 
per  unit  time.  The  ri'lativespec'd  and  course  are  found 
as  in  Section  1.2  and  tlu'  circle  of  radius  R  i.s  dniwn 
iibout  the  observe'!'  ns  shown  in  Figure  8.  Since  tiu' 
t!Ug('t  is  !!!Oving  iit  v('Io('ity  w  with  respi'ct  to  the  ob- 
.server,  if  it  is  to  enter  the  cin'Ie  i!i  a  unit  of  time  (one 
hoi!!')  it  must  be  in  the  hu'ge  fihaded  n'gion  of  Figure 
8  between  tlu'  cin'h'  and  thi'  ('iri'k'  moved  through  the 
displacement  -w,  and  between  their  tangi'nt'i  p.'ind- 
hd  to  w.  ''i'lu'  .‘U'l'fi  being  2Rtr,  it  is  sei'ii  thiit  tin;  niim- 
b('!'  of  targi'ts  of  tr.'U'k  angle  bi'twi-cii  0  ;itid  0  +  (i<p 
whi('h  enti'!'  th('  circh'  jx'i'  unit  tinu'  is  (to  (lUiint.ities 


4/ibV 

jr 


(a  +  ii)Ji(tr),  sin  cr 


2  \/ !«> 
U  -|-  II 


Here  tlu'  .second  (xpiation  results  from  eipijition  (1), 
the  third  by  introducing  a  anti  the  new  variable  of 
integration  <ji  ^  (tt  -  0)/2,  and  R(ff)  is  the  complete 
elliptic  int(!grai  of  the  .second  kind. 

Note  that  ('quation  (4)  is  hd’t  unchanged  if  ii  and  v 
are  interehangt'il.  ’This  con'esjxinds  with  the  fact  that 


wlienevt'i'  thi'  targt't  t'omt's  within  range  R  of  the 
observt'i',  the  obs('r\('!'  autoiniiticidly  ctnnt's  within 
this  rang!'  of  tht'  t.ugi't,  t'tt'. 

As  an  exainph',  if  tht'i-e  art'  20  vt's.st'Is  di.stributcd 
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at  raiulorii  in  an  at'(>a  of  10,000  sqimi-c  miles,  so  that 
N  =  0.002,  if  tlu'y  are  cniisin};  at  10  knots  in  various 
directions  aiid  if  tlio  ohservor  is  tnivoling  at  15  knots, 
the  mnnlu'.v  iier  hour  arriving  witltiu  tlic  range!  of 
It  ■=  25  niik's  of  the  observer  is  found  to  bo  1.G7, 
contrasted  witli  1.5,  which  would  l)e  the  numlicr  in 
case  the  targets  ii'inained  stitioimry.  That  the  first 
number  is  greater  than  the  .second  is  due  to  tltc  fact 
tliat  the  target’s  motion  tends  to  twing  more  of  them 
into  the  range  than  escape  from  getting  within  range 
— a  fact  which  would  not  liave  been  self-evident 
without  calculation. 

TIic  preceding  cx.amplc  illustrate.s  the  general  prin¬ 
ciple  that  the  contact  rate  on  the  random  targets 
inercnse.s  witli  increase  of  the  motion  of  the  targets. 
To  show  this,  we  have  but  to  prove,  that  dNo/Oti.  is 
positive.  II, sing  the  second  form  for  Nn  in  (4),  but 
witli  the  integral  taken  over  lialf  the  interval  of  in¬ 
tegration  and  doubled  (a  pcrmi.ssible  change,  in  view 
of  the  symmetry  of  the  integrand), 


du 


yiN 
T  9a 


u“  -j-  V 


s 


2ni>  cos  <1} 


TT  Jo  w 

=  iEK  f  cos  w 
r  Jo 


where  u  is  the  angle  between  the  vectors  u  and  v  (cf. 
the  various  cases  of  Figure  2,  with  obvious  construc¬ 
tions).  The  integrand  is  always  positive  when  v  ^  ii 
(cases  A  .and  B),  so  that  tlic  required  inequality 
dNt/dii  >  0  is  evident.  To  show  that  tliis  continues 
to  be  tlic  case  when  v  >  u  [case  '"'■[,  dccompo.se  the 
interval  of  integration  (0,Tr)  into  the  two  halves 
(0,7r/2)  and  (ir/2,ir),aTid  then  replace  the  variable  of 
integration  in  the  .second  half  by  the  .supplement  of 
the  'i>  of  the  first,  thus  recombining  the  integrals 


iNo 

du 


01  -f-  coscu')d<^; 


here  oi'  denotes  the  value  which  o>  assumes  when  ^  is 
replaced  by  its  siqiplement.  Since  a  simple  con.struc- 
tion  based  on  Figure  2C  .shows  that  co'  i.s  le.s.s  tlian  the 
suiiplcmcnt  of  oi,  we  have  cos  oi'  >  —cos  w]  i.e., 
cos  ft)  -i-  cos  oi'  >  !),  and  hence  oNa/du  >  0,  as  was 
to  be  jirovcd.  Application;  If  an  enemy  is  passing- 
in  our  vicinity  but  along  an  unknown  p.atli,  we  must 


cut  our  speed  until  he  passes,  if  we  wlsli  to  remain  un¬ 
detected. 

I’roblciii Find  the  numlicr  of  targets  wdiicli  c.nter 
tlu!  circle  coii.sidered  aliove  between  the  bearings  fi 
and  /3  -F  r//?,  per  unit  tinu!.  'riieir  numb(!r  i.s  given 
liy  an  e.vpre.ssion  of  the  form  A(,(0)d/S,  where  Ao(/3) 
i.s  a  deii.sity  related  to  A'^d  by  the  equation 

No  =  f  A'o  {0)d^. 

Jo 

To  find  Na{&),  again  we  begin  by  considering  only 
those  targets  of  a  particular  track,  angle  0.  They  can 
enter  the  circle  only  if  the  direction  of  the  vector  w 
points  into  the  circle,  i.e.,  if  the  angle  y  between  tlic 
reversed  vector  —  w  and  the  unit  vector  n  normal  to 
the  circle  and  pointing  outwarrl  is  acute  {y  is  defined 
ns  measured  between  0  and  ir).  Figure  8  shows  that 
in  this  case  the  targets  in  question  all  come  from  the 
small  heavily  shaded  region  of  area  Rw  cos  y  d/3 
=  (  — w-n)ifd/3  wlicre  (  — w-n)  denotes  the  scalar 
product.  The  number  pnr  unit  time  is  obtained  by 
multiplying  this  expression  by  the  density  Nd<ti/2T. 
Hence,  finally,  the  number  A'nCiS)  for  targets  of  all 
track  angle, s  is  given  by 

A^o(^)  =  ^J(-w.n)d.^,  (6) 


wliero  the  integration  is  over  all  those  values  of  (/>  be- 
tivcen  0  and  2t  for  which  tlie  integrand  is  positive. 

For  tlic  evaluation  of  (6),  observe  that  in  view  of 
the  vector  equation  w  =  u  —  v,  (Section  1.2)  we  have 

—  w  •  n  =  V  •  n  —  u  •  n 

=  V  cos  /3  —  u  cos  ((p  —  /3). 

It  remains  to  insert  this  value  into  (G),  then  to  de¬ 
termine  those  values  of  </>  for  wliicli  »  cos  jS  —  u  cos 
{(p  —  0)  >  0,  and  finally  to  integrate  over  such  values. 
Tlic  details  of  this  atraiglitforward  computation  are 
omitted.  As  a  result,  the  following  expressions  are 
obtained. 

When  V  ^  u: 


T I  ’  I .  •*.. 

»»  nvn-  I’ 

A'u  (/3)  =  NJiv  cos  9,  wlien  —  eo;s“‘  ^  /3  ^  cos“‘ 
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No  (^)  =  V  COS"'  "  cos  /3^  cos  /3 

+  \A(‘  —  cos'*  f)  J,  (8) 

wlicn  —  cos~*  ^  —  S  /3  g  —cos-' 

or  wlien  cos-'  ^  /3  g  cos-' 

No  (/3)  =  0, 

when  /3  ^  —  cos”' 

or  j3  >  cog-' 

This  result  can  he  stated  in  terms  of  prohabilities. 


/3  ^  —  COS” 


Suppose  that  it  is  known  that  a  target  has  entered 
tile  circle;  w,’ic?-e  is  it  likely  to  have  entered?  If 
p(0)il0  is  the  prohaliility  that  it  entered  between 
tlie  bearings  and  /3  T  (If),  tiie  expected  number 
No  which  enter  per  unit  time  is  the  number  en¬ 
tering  in  unit  time  A'o  times  the  probability  p(^)d^; 

tllilS 

“  47?iV(M  +  c)^(<r)’ 

in  virtue  of  equation  (4).  Thus  equations  (7)  and  (8) 
give  piP)  at  once, 

Figure  9  gives  the  polar  diagram  showing  the  de- 


210’  ISO’  150 

FiduuK  9.  Polar  dinKiatii  sliowinj;  (Ik*  (Inpnndrnrc  nf  p(/?). 
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pcndonce  of  p(/3)  on  8  for  diffcroJik  vnluos  of  u/>\  At 
ono  cxtromo,  u/v  =  0:  'The  targets  arc  at  rest  and 
the  dopondonee  on  p  is  as  the  cosine,  and  tlic  flingram 
is  a  circle  with  the  observer  at  tin*  circumft'rc.nco.  At 
the  other  extreme  v/n  =  to;  the  targets  move  but 
the  obsor\’er  is  at  rc'st;  in  tliis  case  tho  !uiinl)'!r  enter¬ 
ing  at  all  bearings  is  the  same  and  we  have  a  circle 
centered  at  tlin  targc't.  In  tlii'  intc'nncxliate  cases,  ns 
long  as  target  speed  n  is  less  than  observer  speed  v, 
there  is  a  certain  angular  I'ange  aft  over  which  no 
contn(;ts  are  made.  As  u  becomes  grciater  than  v, 
however,  tiie  number  of  contacts  made  aft  increases 
rapidly  until  in  tho  limit  ns  many  are  made  aft  as 
ahead. 

Tliere  is  a  sort  of  inver.se  to  this  problem  which  it 
is  useful  to  consider.  Suppose  that  a  contact  lias 
actually  been  made  at  the  known  bearing  /9  (and 
range  R),  what  is  the  di.stribution  of  values  of  tho 
track  angle  0?  In  otluir  words,  we  have  scon  the 
target— what  is  its  heading  likely  to  bo?  'I'his  is  o.s- 
sentially  a  problem  in  tho  ''probability  of  causes” 
and.  is  .solved  by  nayc.s’  formula;" 


n#(0)  = 


a(0)A(/3) 


where  tlx;  region  of  integration  must  be  determined 
as  in  problem  2,  since  here  again  values  of  0  for 
which  the  integrand  is  negative  arc  e.vciudod.  The 
results  are, . 

u'Ihui-  V  £  u, 


Ufi  (if))  = 


cos  (3  ~  --  cos  (0  —  /3) 


1 


2  y 

COS"*  ( —  cos  P)  cos  8  -{- 
u  ' 


—  cos“ p 


nthe.n 


V  >  u, 


Uf  (0) 


=  iri-y. 

2irL  V 


cos  (0  -  p) 
cos  p 


1  ,  a  ^  .  ,  u 

when  "COS"'  ~  £  p  £  cos"' 

V  V 


cos  B  —  CO.S  (0  ~  p) 


n^(0)  =  2“ 


COS"'  ( —  cos  p  )  cos  p  + 
u 


—  cos’ P 


whore  .v(0)d0  is  the  ''a  priori  probability”  (i.c.,  as  es¬ 
timated  before  tho  contact  was  obtained)  of  a  track 
angle  lictwcon  0  and  0  +  d0;  is  the  “prodac- 
tivo  prolmlulity"  of  tho  effect  observed  (i.o.,  of  a 
contact  between  the  bearings  P  and  P  +  dp),  given 
that  the  target  actunlly  lias  the  track  angle  0;  and, 
finally,  I7a(0)r/0  is  the  "a  iiostoiiori  probability” 
(i.c.,  ns  estimated  after  tho  contact  at  hearing  P  has 
been  observed)  tliat  tlm  target's  track  angle  lies  be¬ 
tween  0  anrl  0  +  dip.  In  otlier  words,  nfl(0)  is  the 
quantity  wo  want. 

As  before,  w(0)  =  l/2jr.  To  ol)tain/,;,(i9)d^,  observe 
that  it  eciunls  tlic  average  number  of  targets  dotoetod 
in  unit  time  between  bearings  P  and  p  -b  dp,  divided 
by  the  average  number  dotoetod  in  unit  time  at  all 
boaring.s  (both  averages  for  targets  of  given  track 
angle  0).  This  (piotient  is  calculated  at  once  by 
menn.s  of  the  rc.a.soning  u.sed  before  (based  on  Figure 
8);  it  has  (be  value 


(  —  Vf  n)dp  , 
2w 


V  eos  P  —  n  cos  (0  —  P) 


Thus 


IIo(0)  = 


2w 

(-wn) 

/  (--w-  n)rf0’ 


dp. 


*^800,  for  c.\^'ln^p!o,  Prohabililn  mid  Jtii  Kimmcci 
C.  Fryi  V'l”  No.sLmnd  <!n.,  New  York. 


when 


-COS"'  ( —  %  p  i  -eo.s"*-;. 


'V 


or  when  cos"'  -  ^  8  ^  cos' 

V 


Detection  is  imiio.ssihle  when 

P  £  -COS"'  (-J,) 

/ 

or 


>cos-(--i;). 


Problem  3.  Given  the  relative  position  (r,P)  of  a 
target  at  a  particular  epoch  t]  find  the  probability  P 
that  the  target  will  enter  the  circle  of  radius  R 
centered  on  the  olisnrvor.  Find  the  curves  of  con¬ 
stant  probability. 

Evidently  P  depenfl.s  on  (r,p):  P  =  P{r,P),  and 
P  =  ]  if  ?•  g  R.  When  r  >  R  the  target  will  enter 
tho  eireln  if,  and  only  if,  its  vector  relative  velocity 
w  points  into  the  circle  (i.e.,  when  w  is  produced  in 
tlie  direction  it  is  pointing).  Tlie  situation  is  illus¬ 
trated  in  Figunis  1(1  A  (v  >  u)  and  lOH  (v  <  u), 
whieli  sliow  tlie  angular  range  of  vector, s  w  pointing 
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FifCuro  10).  On  aocount  of  tho  uniformity  of  tlio  dis- 
tnl)ution  [in  i)arti(;ular,  of  Hortion  1.4,  (a)  anti  (c)], 
tho  iirobai)ility  tliat  lie  in  thi.s  angular  range  is  the 
magnitude  of  tin-  range  divided  by  25r.  This  is  tho 
retiuinul  v.alue  of  /•*()•, /i).  Tho  irroblom  is  thus  re- 
dur.ofl  to  tin;  geometry  of  Figure  10,  and  tho  formula 
for  P(r,(i)  is  obtained  l;y  straightforward  trigonome¬ 
try.  'I'hert!  !ire,  however,  a  number  of  ciilTorent  ca.ses 
to  be  considered.  For  example,  in  Figure  lOB  the 
angular  range  of  9  is  between  the  two  tangents  from 
the  target  to  tho  circle  of  radius  R,  while  in  Figure 
lOA  it  is  botwt'on  om;  such  tangent  and  the  tangent  to 
the  velocity  diagram  circle,  corresponding  to  the  re¬ 
stricted  orientations  of  w  when  w  >  u  (limiting  ap¬ 
proach  angle);  moreover,  in  this  ease  the  9  range 
counts  multiply:  To  one  6  there  are  two  (^’s,  one  for 
the  target  moving  toward  the  observer  and  the  other 
for  tho  targe.t  moving  away  and  being  overtaken. 
There  are  other,  cases  not  shown  in  Figure  10. 

'J'ho  expression  of  is  as  follows: 


t'>V 


v<</ 

I'loUHB  10.  Probability  of  enteriiif;  circle. 


into  the  circle,  i.e.,  tho  range  of  angles  9.  Clorrc- 
sponding  to  this  angular  range  of  9  the  angular  range 
of  4>  is  constructed  immediately  (shaded  angle  in 


F(r,/3) 


‘h(r,/3) 

■''2,r“’ 


where  'F(r,/3)  is  tho  total  radian  length  of  the  range 
nr  r.angos  of  values  of  v  (0  g  <#>  <  2ir)  which  satisfy 
tiio  inequality 

sin  (/3  —  <!>)  ~  »  sin  g  R'^[iP  -f  r*  —  2«y  cos  <j>], 
subject  to  the  condition 

n  cos  (/3  —  0)  S  P  cos 

Tile  .second  of  the  above  iiiequalitle.s  i.s  needed  to  in¬ 
sure  that  tiie  target  enter  the  cifelo  of  radius  R  after 
tho  reforeiK'c  ojioeh  t.  It  is  automatically  satisfied 
for  thn.se  values  of  (/>  whioh  satisfy  the  first  inequality 
wiien  V  =  u. 

The  curves  of  constant  probability  arc  symmetrical 
witli  r(>.speet  to  tho  course  of  tlio  observer.  In  the 
following  diseu.ssion,  only  the  lialf-planc  to  the  right 
of  tho  ob.sorvor’.s  course  is  considered.  First,  consider 
the  ease  wlien  c  =  n  and  k  =  r/it-  (Figure  11).  Out- 
.sid(?  tlie  eirch'.  of  radius  R  and  between  the  tangents 
to  this  circle  which  are  inclined  to  the  right  and  tho 
loft  of  the  course  of  tlio  oliserver  nt  the  limiting  ap- 
liroach  angle  sin“‘  u/p,  the  curve  of  constant  prob¬ 
ability  is  a  straight  line  tangent  to  the  circle  and 
inclined  to  the  observer’s  course  at  tho  angle  sin~* 
[(m/c)  eo.s  IT  P\.  When  v  —  u,  this  latter  angle  reduces 
to  (ir/2)  (1  —  2/').  On  and  below  the  lower  tangent 
liiu!  inclined  at  tho  .angle  sin  '  u/i\  P  —  0. 
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Above  the  iiiipcr  tangent  line  inclined  at  the  angle  Second,  consider  v  <  u  and  k  —  v/u  (Figure  12). 
sin“‘?f/w,  the  equation  of  the  curve  of  constant  prob-  Outside  the  circle  of  radius  R,  the  equation  of  the 
ability  P  is  curve  of  con.stant  probaliility  P  is 


,  ps  p  /  px  sin2  ^  [(.or2  4.  „  J.OS2 

R‘v^  esc^  f j  sin=  /3  -  cos-(  =  sin=  0/  +  itP)  [u^  cos^  (^^  -f-  wP)  -  cos=  f], 

*  2  ,•  2  o  22  where  \p  is  the  positive  acute  angle  cos"^  (R/r). 

V  sin  p  ~  u  cos  ^  2  y  Figure  13  .shows  how  the  oquiprobability  curve 

P  =  0.25  varies  with  k  —  vjn.  Figure  H  is  for  later 
When !'  =  a, this  equation  reduces  to  r  =  li  esc  (irPl2),  reference. 
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> "  NONUNIFORM  DISl'lllRUTIONS  OF 
TARGFTS 

Tlu'  uniform  distrihiition  of  tnrtjote  (‘oiisi(I(!ro(I 
liif.hovto  is  by  no  incans  Uic.  only  iin|«()rtanl  caso 
wliicli  ari,s('f,i  in  connootion  with  naval  op(M-ations. 
One  ('xanii)l('  will  illustrate?  this  point;  it  will  ho  iisoil 
Inter  on  in  tli(>  sulijoot  of  antisiihnmrino  luintHS. 

A  targc't  has  boon  dotoo-tod  inacc.urate'ly.  All  that 
is  known  is  tliat  it  is  more  likely  to  be  at  a  certain 
point  0  (the  “fix”)  tlian  at  any  ntli(;r  point,  hut  may 
not  he  at  0  l)ut  only  within  a  short  distanen  of  O,  all 
points  at  the?  same  distance  r  from  O  being  (a|ually 
likely,  and  the  probability  falling  raindly  to  a  neg¬ 
ligible  value  ns  tlie  distance  r  increases  lasyond  a  few 
miles.  If  f(r)(iA  denotes  tlic  probability  that  tlic  tar¬ 
get  be  in  the  area  dA  r  miles  from  0,  the  grajih  of/(r) 
against  r  will  be  of  the  charaeter  shown  in  Figure  1 15. 


the  ol)scrvation.  'i'lm  target  will  have  moved  and  the 
di.strihution  will  no  long(!r  he  the  same.  Assume  that 
tlie  s]ie,ed  of  the  l.arg('t  can  !>!?  ('.stim.'itefi  with  .sati.5- 
faetory  aeeuraey,  hut  not  its  dii’eel.ion :  u  is  known, 
hut  ni)t  u,  i.e.,  nut  It  is  naturid  to  assumo  further 
that  all  direetions  arc  ci|u:illy  likely  and  are  inde¬ 
pendent  of  the  actual  position  of  the  target.  'Thus 
th('  distribution  complies  with  Heetion  1.)  fn)  and 
(e),  for  a  uniform  distribution,  hut  not  with  -Section 
l.l  (1)).  The  problem  is  to  (ind  tiie  new  distribution 
f(r,i)  after  i  tiours. 

Consider  linst  the  ease?  of  a  target  whose  vector 
velocity  u  makes  a  given  angle  y  with  the  direction 
from  0  to  the  contcmpl.ated  position  [y  is  measured 
as  usual  from  vector  r  (from  0  to  rofercnce  point  in 
dA)  to  vector  a].  Tdiis  target  will  l)e  in  dA  if  and 
only  if  it  had  initially  been  in  a  region  congruent  to 
dA  and  situated  ui  miles  away  in  the  direction  of 


FicniUE  15.  Tlic  di.strihution  of  targets  about  a  point 
of  fix  0, 


Under  such  conditions  it  is  almost  always  possible 
to  ajrproxim.atc  to  tlie  situation  tvith  suffieient  ac¬ 
curacy  by  n.ssuining  a  m'cidnr  or  clKptkal  normal 
distribnlion;  wo  shall  assume  the  former,  i.e.,  that 


/(r)  i.s  proportional  to  e 


-rU'U' 


wlicre  T  is  a  constant 


(the  standard  deviation)  wdiieli  inerca.sps  the  more 
the  graph  of  /(?•)  is  spread  out,  that  is,  tlie  more  in¬ 
definite  tlie  knowleiige  of  tlie  target's  po.sition.  The 
eon.stant  of  in‘0]iortionnlity  is  found  Iry  the  fact  that, 
since  the  target  is  surely  somewliere,  tlio  integral 

Jf/Wdd  ( =  j'j’ J{r)rdrd^  extended  over  the  whole 

surf.aeo  has  the  value  unity.  Tlius  one  olAains 


Kr)  = 


_1_ 

27rcr^ 


r'AV! 


Now  .suppose  that  t  liours  elapse  after  tlie  time  of 


dA  INITIALLY 


the  rovensed  vector  —  u,  ns  shown  in  Figure  16.  Tlie 
prohal?ility  of  this  event  is 

2707'^  '  27r<T“ 


Now  the  jirobaliility  that  u  make  an  angle  with  r 
lictwecn  7  and  7-|-dT  is  dy/2‘K.  Tlic  probability  of 
liotb  tlie.se  events  is  the  product  of  these  two  prob- 
aliilities,  and  to  obtain  the  required  total  prolmbility 
f{r,l)dA  this  i^roduct  is  added  (integrated)  over  all 
possible  initial  positions  of  dA,  i.e.,  over  all  values  of 
7  from  0  to  2t; 


„  (j-2  -I- 


1 


CONFIDENTIAI. 


NONUNIFORM  DISTIUHUTIONS  OF  TARGETS 


17 


Now  wc  liav(^ 


2^1 


I  /■“" 

'■./>  o'  I 
1 

= _ I  ntft  .,r-ffy 

2’’^  ,/ii 


wlioro  i  =  V  —  1  and  Jo  (lonotcw  tlio  ordinary  Jlcssel 
function  of  2crotli  order,  la  its  value  for  iMirc  imag¬ 
inary  values  of  the  argument.  Thus  tlu!  eiiuation 


JO-, I) 


2'ircr~ 


■  »=(’)/; 


^”7, /'"A. 


(10) 


'J'ho  graph  of  f{r,t)  for  dilTcrcnt  values  of  I  i.s  shown 
in  Figure  17.  It  is  .seen  how  the  prnhahility  siiroad.s 
outw;irtl  witli  time,  so  that  the  target  i.s  most  likely 
to  be  in  an  expanding  ring  about  0. 
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Chapter  2 

'I’AItGET  DETECTION 


(11-:NKU\I.ITII^S  CONCKim'INC 
IDIC'l'ICr.TION 

The  kihst  ciiArTnii  lias  dealt  with  the  positions, 
motions,  iiml  coiitaets  of  observer  and  target,  hut 
has  left  entirely  out  ofeonsideration  the  ae.t  or  process 
whereby  the  oliserver  gains  knowledge  of  the  presence 
and  position  of  the  target.  Contacts  have  h(>en.con- 
siderod  as  purely  geometrical  events  and  their  prob¬ 
abilities  have  been  simply  the  probabilities  that  the 
target  reaches  a  specified  position  in  relation  to  the 
observer.  The  iwe-scnt  chairte.r  will  be  concerned,  on 
the  other  hand,  ^vith  the  act  of  delo.rlinn,  that  event 
constituted  by  the  observer’s  becoming  aware  of  the 
presence  and  possibly  of  the  iiosition  and  even  in 
some  cases  the  motion  of  the  targc't  by  vi.sual  sight¬ 
ing,  by  radar  detection,  by  hydrophonie  listening,  by 
echo  ranging,  or  by  any  otlicr  means  whatsoever, 
'rherc  are  certain  general  ideas  and  methods  whicii 
api>ly  u;  all  cases  of  detection,  and  their  study  is  the 
object  of  this  chapter.  Hut  before  quantitative  re- 
, suits  of  immediate  practical  applicability  can  be  ob¬ 
tained,  a  detailed,  study  must  be  made  of  the  s[)eeial 
instrumentality  of  detection;  this  is  done  for  the 
visual  ease  in  Cfiiaptor  4,  for  radar  in  Cihaptcr  5, 
and  for  sonar  in  Chapter  0, 

Two  basic  facts  underlie  every  type  of  detection: 
(i)  There  is  a  rpriain  set  of  phiisirnl  rcqmremetUs 
lolnch  have  to  he  met  if  deteetion  is  to  be  iiossihle,  and 
which  if  wet  will  in  fuel  make  dele.clinn  possible,  though 
not  necessarily  incintable.  'J'hus  targets  must  obviously 
not  bo  too  far  away:  their  view  from  the  observer 
must  not  be  completely  obstructed;  to  be  seen  there 
must  bo  some  illumination;  the  radar  will  not  reveal 
them  if  the  atinospherie  conditions  or  Iwickground 
echot's  are  too  bad;  .sonar  dedectioii  requires  that  the 
.sound  iratl)  bo  not  completely  bent  away  from  tlu; 
ol)server  by  wiiter  refraction;  iitc. 

(i  i)  Even  when  the  physical  conditions  make  detec.liou 
possible,  it  will  by  no  means  incvilahly  occur:  Dclcction 
is  an  event  which  under  dcfinilc  condilions  has  a  definite 
probability,  the  nirniencal  value  of  which  may  be  zero 
or  unity  or  anylhimj  in  between.  'I'liu.s  when  the  target 
just  barely  fulfills  the  physical  conditions  for  |H)ssil)le 
detection,  the  probability  of  detection  will  be  chwo 
to  zero  (at  least  wlam  the  time  for  observation  is 


very  limited).  A.s  the  conditions  improve-  the  chance 
of  detection  incrca.scs,  and  it  m.ay  become  clo.so  to 
or  c([Ual  to  unity;  dtib'c.tion  beeome.s  practically  cer¬ 
tain.  experience  in  everyday  life  shows  tiiat  we  may 
be  i(jokiiig  for  an  object  in  jilain  sight  and  yet  some¬ 
times  fail  to  find  it.  Ca.ses  arc;  known  where  obser¬ 
vational  aircraft  flying  on  ch-ar  sunny  clays  on  ob¬ 
servational  missions  have  pa.s.scd  elo.se  ov(w  largo 
ships  and  yet  failed  to  detect  tlumi.  And  a  host  of 
oiK'fational  statistics  give  further  eonfirmation  of 
this  point.  It  mii.st  be  constantly  rc^alizccl  that  every 
instrumentality  of  detection  is  based  in  last  analysis 
on  a  human  being,  and  its  success  is  accordingly  in¬ 
fluenced  by  his  attention,  alortno.ss,  and  fatigue,  and 
the  wliolc  chain  of  events  which  occur  between  the 
impart  of  tlu^  mt'.ssiige  on  his  .sense  orgaas  and  his 
mental  response  thereto.  Furthermore,  even  under 
physical  condition, s  which  arc  as  fixed  a.nd  constant 
as  it  i.s  practicable  to  make  them,  innumorablo  rapid 
fluetuntions  in  them  are  still  apt  to  oeeur  (a  radar 
target  changes  its  nspc'ct  from  moment  to  moment 
with  the  continual  rocking  of  the  .ship,  sonar  r.anges 
experioiU’.n  short-term  oscillations  about  their  moan, 
etc,);  and  ns  a  result,  a  targcit  which  may  not  l)n  de¬ 
tected  at  one  instant  may  be  clotoctccl  if  sought  a 
moment  later. 

fn  view  of  (i),  one  |)art  of  the  study  of  detection 
requir(\s  tli(’  physical  conditions  for  detection  to  bo 
explored;  in  view  of  (ii),  the  other  part  requires  the 
probabilities  of  detection,  when  the  former  conditions 
are  given,  to  be  ol)taincd. 

In  Section  2.1)  tin;  oiTect  of  statistically  combining 
observations  made  under  operational  conditions  in 
which  the  irhysical  situation  is  not  con.st.ant  is  con- 
sidcrisl. 


-■2  INSTANTANliOUS  PROI3ABILmi<:S  OF 
DEThlCTION 

Sii)i])osc  tliat  the  pliysical  conditions  (distances, 
etc.)  rcm.ain  fix'eil  and  that  the  ob.sorvor  is  looking 
for  the  target  (by  “looking”  sliall  nie.ant  trying 
to  d(!t(S'.t  witli  the,  means  (Ujnsidcred,  visual,  radar, 
sonar,  etc),  'riuu'c,  are  two  possibilities;  First,  tlie 
observer  may  be  making  a  succession  of  brief 
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“glimpsos”;  a  typiciil  raso  of  Uiis  is  in  t.lio  cclio- 
rnnginf!  pi’ocodurp  in  wliicli  oach  awpop  or  scan  iilTonls 
one  ojiport.nnit.y  fijr  di't'-'ction  ({{linipHp),  Vt* 

ones  occiUTing  two  or  tlivco  inimitcs  apnrv..  Second, 
tlic  ohsoi'vcr  may  he.  looldng  continiionsly;  a  typical 
ease  is  the  ol)scrv('r  fixing  his  eyes  steadily  on  the 
position  when'  he  is  trying  to  detect  th('  target.  'Phe 
case  of  radar  is  interimaliate;  on  account  of  the  scan¬ 
ning  it  would  lu'long  to  the  first  ease,  hut  if  the 
scanning  is  very  fast,  and  especially  wlu'n  tlicro  ts 
persi.steney  of  the  intage  on  the  scope,  it  may  he 
treated  as  in  the  second,  lakewise,  visual  detection 
hy  a  slow  .scan  through  a  large  angles  helongs  to  the 
first  rather  than  the  .second  ease.  Y('ry  ofh'n  the 
decision  to  regard  a  method  of  rletection  in  tin!  first 
or  in  the  second  way  detrends  simply  on  which  affords 
the  closest  or  moat  convenient  approximation.  This 
will  ho  made  clear  on  tlur  basis  of  exainph's  in  (Ihap- 
ters  4,  S,  and  fl. 

In  the  ca.so  of  separated  glimpses,  th.o  important 
quantity  is  tire  wslnnlnneoiis  probnbililji  tj  ofrlefcclion 
by  ona  ylimpfse.  When  a  glimp.se.s  are  made  under 
unchanging  conditions  tlu?  [rrohahility  p„  of  detec¬ 
tion  is  given  hy  the  formula 


p„  =  1  -  (1  -  (1) 

This  is  hocause  1  —  p„  i,s  the.  irrohahility  of  failing 
to  detc'ct  with  ii.  glinrp.sos,  and  for  this  to  occur  the 
target  must  fail  to  he  detected  at  every  single  one  of 
tho  n  glimp.ses;  eaeli  such  failunr  having  the  prob¬ 
ability  1  —  (I  and  the  n  fnilun's  Ireing  iridependont 
events,  wo  conclude  that  1  —  p,,  =  (1  —  f/)";  licneo 
(1).  When  0  =  0,  obviously  />,.  =  0,  hut  if  f/  >  0  and 
even  if  g  is  very  small,  p„  can  ho  made  as  close  to  1  as 
we  please  hy  increa.sing  w  sufliciently;  in  other  words, 
once  the  phy.sicnl  conditions  give  .some  chance,  how¬ 
ever  small,  of  detecting  on  one  glimpse,  enough 
glimpses  under  the  .same  conrlitions  will  lead  with 
irracticid  certainty  to  eventuid  dc'tection. 

'I'o  find  the  mean  or  ex|rected  number  ii  of  glimp.ses 
for  detection  we  must  first  find  the  probability  J\ 
that  detection  shall  occur  proci.sely  at  the  ntli  glimixse 
(and  not  before),  '^riiis  is  the  jrroduct  of  the  prob¬ 
ability  that  it  shall  not  occur  during  the.  first  n  —  ] 
glimpses,  (1  -  times  the  probalality  that  ii  de¬ 

tection  shall  occur  on  a  single.  gli?np.so  ftlic  ntli).  O', 
it  is  accordingly  =  (1  —  g)’'~'ij.  'I’he  ref|uirod 
mean  ntimber  n  is,  .according  to  the  theory  of  prob¬ 
ability,  1/^1  -f-  2Pi  +  +  ■  ■  •  ,  and  thu.s 


II-  =  2^'t(l  -  (/)"  '(7 

n  -  I 

—  (/  +  2(1  —  (/)(/  -1-3(1  —  (7)“(7  +  •  ■  • 

1  +  (1  -  (/)  +  (1  -  S)'  +  •  •  • 
d  _  1 _ 


I 

0 


(2) 


Turning  to  tho  case  of  continuous  looking,  tho  im¬ 
portant  (piantity  is  the  probninlity  ydl  nf  delecting  in 
a  filtnrt  time  inlcnml  of  length  dt.  The  (|uantity  y  is 
called  the  instnntancmic  prnbabilily  density  (of  de¬ 
tection).  When  the  looking  i.s  done  continuously  dur¬ 
ing  a  time  t  under  unchanging  conditions,  the  prob¬ 
ability  p(l)  of  detection  is  given  by 


Pit)  =  1  -  e-^\  (3) 

To  prove  thi.s,  consider  tjil)  =  ]  -  •/)(/),  the  prob- 
alrility  of  failure  of  detection  during  the  time  t.  For 
detection  to  fail  during  tho  time  t  -|-  dl  [probability 
=  qit  -f  d/)],  detection  must  fail  Iroth  during  t  [prob¬ 
ability  =  g  (t)]  and  during  dl  (probability  =  1  -  ydt), 
and  multiiilying  these  ])rubal.>ilities  of  independent 
events  we  obtain 


q{t  dr  dl)  =  qil)il  -  ydti) 
which  is  equivalent  to  tho  differential  erpiation 

m  =  _ 

The  .solution  of  this  equation  on  tho  assumption  that 
qiO)  =  1  (no  detection  when  no  time  is  given  to  look¬ 
ing)  is  q{l)  =  e~^':  whence  (.3).  Again  it  is  true  that 
if  there  is  the  least  eh.ance  of  detection  in  time  dl 
(i.e.,  if  7  >  0)  the  chance  of  detection  incrc.ases  to 
virtual  certainty  as  the  looking  time  t  becomes  suffi¬ 
ciently  large.  It  may  be  ob.'icrved  that  the  quantity 
yt  in  tho  exponent  of  (.3)  reirrescnts  the  mean  or 
cx])ccted  number  of  targets  detected  by  an  observer 
liassing  through  a  swarm  of  unit  density  of  targets 
uniformly  distributed  over  the  ocean. 

To  find  the  mean  or  expected  time  I  .at  which  de¬ 
tection  oceurs;  olrserve  that  the  jirobability  P{t)dt  of 
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detection  l)et\voon  t  and  i  +  (it  (wlion  looking  has 
been  eontinning  from  tbo  initial  time  0)  is  the  product 
of  jirobability  of  no  (h'.teetinn  before  I  limes  jrrob 
ability  of  a  detection  during  (H,  i.e.,  —  r  y(U. 

I  is  found  by  integration 

I  =■  n  tc-^'rli  =  (4) 

Ji)  y 

Figure  1  sliowa  the  graphs  of  tlie  probability  j)(t) 
of  detection  duritig  tlie  time  t  and  P{t)  of  detection 
at  tlio  time  t  and  gives  the  eonstnietion  of  I  as  the 
alrscissa  of  the  intcrceirt  with  tlio  horizontal  line  of 
unit  ordinate  of  the  tangent  to  pit)  at  the  origin. 

Since  equation  (3)  reduces  to  equation  (1)  when  y 
is  taken  ns  y  =  —  log  (1  -  (i)  and  I  =  n  (glimpses  one 
unit  of  time  aimrt),  Figure  I  serves  to  show  the  quan¬ 
titative  behavior  of  ?)„  and  the  difference  is  that 
only  discrete  i)oint3  (t  =  1,  2,  3,  •  •  •)  on  the  curve 


Fieimr)  1.  riobut)ilitios  of  delecUo!i  under  fixed 
cotidilluns. 


arc  used,  and  n  is  no  longer  given  by  the  tangent  in- 
tcrcoi)t  but  rather  by  a  secant  intercept.'' 

When,  us  usually  occurs  in  actual  search,  the  dis¬ 
tances  and  hence  the  probability  quantities  g  or  y 
ciiange  as  time  goes  on,  (1)  must  be  replaced  by 

=  1  -  n  (1  -  gi)  =  1  -  (1  -  p,)(l  -  gi) 

(1  -  (/a)  •  •  •  (5) 

which  takes  into  account  the  fact  that  g  will  change 
from  glimi^se  to  glimpse:  (/,•  is  the  probability  of  de¬ 
tection  for  tile  itli  glimpse.  And  (3)  must  be  replaced 
by 

pit)  =  1  -  (6) 

where  in  yi  the  i)os.sible  change  in  the  ])robability 
density  of  detection  as  time  go.os  on  i.s  i)ut  into  evi¬ 
dence  by  the  suliscript.  The  reasoning  leading  to 
these  oqu.ations  is  precisely  similar  to  that  in  tlie 
earlier  case.  Hut  the  probabilities  p,„  p(t)  do  not 
necessarily  appro.ach  unity  as  n  or  I  inerea.se,  thus 

"Tlinmnlioiit  tliis  IiodU,  ion  i.s  ii.soii  to  ileiiolo  “liiituriii  ioa- 
ai'itiini,”  nnii  loKin  lo  ilormic  “coiMiiioii  ioRiiiiliiiii.” 


wlien  /“  y,dl  is  finite,  the  eliance  of  detection  p{t) 
never  e.xcecds  I  —  c~'' “  <  1,  Here  again  tlio 

quantity  y,dl,  in  tlio  nximncnt  repre.scnts  tlu;  ex¬ 
pected  numbi'r  of  targets  deteeted  as  tlie  oli.servcr 
passes  tlirougli  a  swarm  of  targets  di.striliuted  uni¬ 
formly  at  unit  don.sity  over  tlio  ocean. 

The  instiuitiineous  prolmbilities  quantities  g  and  y 
depend,  ns  we  liave  said,  on  the  sum  total  of  plij'.sical 
eondition.s.  For  e.xamiile,  in  visual  detection  y  de¬ 
pends  on  the  range  r  from  target  to  olisorver,  on  the 
meteorological  state  (illumination  and  haze),  on  the 
size  and  brightne.ss  of  target  against  tlic  hackgrounil, 
on  the  observer's  facilitie.s,  altitude,  etc.  And  corre¬ 
sponding  li.sts  can  ho  made  out  for  radar  and  sonar 
detection.  Throughout  the  remainder  of  the  pro.scnt 
chapter,  only  tho  dependence  on  range  will  bo  ex¬ 
plicitly  considered,  i.e.,  we  shall  write 

g  =  gir),  y  =  yir).  (7) 

It  will  be  legitimate  to  apply  the  re.sults  cither  when 
all  tlie  otlicr  conditions  remain  practically  unchanged 
during  the  operation  considered,  or  when  tho  other 
conditions  have  been  shown  not  to  influence  the  re¬ 
sults  to  the  degree  of  approximation  that  is  accepted. 

Since  the  instantaneous  probability  quantities 
tenri  to  decrease  to  zero  as  tho  range  r  increases  and 
to  bo  largo  when  the  range  is  small,  their  graph 
against  r  will  bo  of  tho  eharaetcr  shown  in  Figure  2, 
Case  A  is  when  tlie  instantaneous  probability  density 
readies  a  finite  maximum  at  zero  range  (probability 
of  detecting  target  wlion  Hying  over  target  is  less 
than  unity).  In  case  B  tliis  maximum  is  infinite  (prob- 
aliility  of  detection  when  flying  ovo:'"  target  is  unity). 
In  case  C  tlie  effect  of  sea  return  on  radar  diminishes 
tlio  probability  of  detection  when  over  target.  In 
case  D,  tlic  instantaneous  probability  is  injinite  when 
r  <  li:  detection  is  sure  to  occur  as  soon  as  the  tar¬ 
get  gets  witliin  this  critical  range  li. 

'riio  last  case,  while  not  altogether  realistic,  is  often 
not  very  far  from  the  truth.  A  very  useful  rough  ap¬ 
proximation  is  to  assume  further  that  the  instantane¬ 
ous  ]iroljal)ility  is  zero  for  r  >  R.  Then  detection  is 
sure  and  immediate  within  the  range  R  and  is  im¬ 
possible  beyond  R.  This  assumption  shall  bo  callerl 
the  definite  range  law  of  detection. 

An  important  cxamiilc  showing  the  ov.aluation  of 
tho  function  y(r)  i.s  in  the  case  when  the  following  as¬ 
sumptions  arc  made. 

i.  fi'hc  olisci’vt'r  i.s  at  lieiglit  Ji  aliove  tlic  ocean, 
on  whicli  tlie  target  i.s  cruising. 
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INSTANTANROUS  PHOBABILITIES  OF  DRTROTION 


2.1 


Ficiuhb  2.  Instantaneous  probability  at  various  distances. 


2.  Tlio  obsuivor  tlctccfcs  tlio  target  by  seeing  its 
wake. 

3.  The  instantanoou.s  piohahility  of  detection  y 
is  proportional  to  tlie  solid  angle  siilttendcd  at  the 
point  of  observation  Ity  tlie  wake. 

The  caleulation  of  the  solid  angle  is  shown  in 
Figure  3  for  an  area  of  ocean  wliich  is  a  rectangle  of 


lengtli  a  toward  the  observer  and  width  h  perpen¬ 
dicular  to  the  direction  of  observation  (perpendicular 
to  the  page  in  Figure  3  A).  The  infinitesimal  solid  angle 
is  the  product  of  the  angle  a  sulttcnded  by  o,  and 
the  angle  |3  subtended  by  h.  The  radian  measure  of 
a  is  c/s.  Hy  similar  triangles,  cfa  —  /(/sand  hence 


(3  OBSERVER 


o 


a  =  u/i/s^,  And  the  radian  measure  of  0  is  obviously 
h/s.  Henee  solid  angle  =  afi  =  abh/s^  =  area  of 
rectangle  times  h/s^.  The  actual -area  A  of  the  tar¬ 
get’s  wake  is  not  rectangular,  but  can  be  regarded 
as  made  up  of  a  largo  number  of  rectangles  like  the 
above,  the  solid  angle  being  the  sum  of  the  corre¬ 
sponding  .solid  angles.  Hence,  when  the  dimensions 
of  A  are  small  in  comparison  with  h,r,  and  s,  we  have 
the  formula 

Solid  angle  =  ^  •  (8) 

s“  (/i2  +  r^y  ‘ 

Since  y  is  assumed  to  be  proportional  to  the  solid 
angle,  we  obtain 


where  the  constant  k  depends  on  all  tlic  factors  which 
we  are  regarding  as  fixed  and  not  introducing  ex- 
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l)licit.ly,  such  as  coiitrast  of  wako  aptainst  oc.oaii,  ob¬ 
server’s  nirility  (number  of  lookouts  and  their  facil¬ 
ities),  meteorological  conditions,  etc.;  and  of  course  k 
contains  .1  as  a  factor.  Dimensionally,  k  =  {lrT~']. 
In  tilt'  majority  of  cases  r  is  nincl!  larger  timn  h,  ami 
(9)  can  be  rt'iilact'd  liy  tlie  sal.isfac.tory  approxima¬ 
tion 


d'ho  latter  need  not  bo  moving  in  lixed  course  and 
.speed  over  the  ocean,  although  tliat  is  very  often 
the  case.  Tlie  coordinates  used  have  been  deseribed 
in  Seidion  1.2  (sec  Figure  4  and  equation  (2)  of 
Chapter  1. 

The.  target  is  at  ($,)))  at  the  time  t,  so  that  the 
equations  of  the  target’s  relative  motion  are 

?  m),  n  =  ,«),  (11) 


Formula.s  (9)  and  (10)  load  to  eases  A  and  B 
respectively  of  Ifigure  2;  tlie  iiropcrty  of  detection 
whicli  they  express  shall  he  calk'd  the  ii.vcnc  cube 
lav^  of  sighting.  When  the  subject  of  vision  is  studied 
in  Cliaiiter  4  it  will  be  found  tliat  many  changes  in 
this  law  hai'c  to  be  made  to  obtain  a  high  degree  of 
approximation  under  the  various  conditions  of  prac¬ 
tice.  Ncvovthelcss  the  inverse  cube  law  gives  a  re¬ 
markably  useful  approximation.  Its  use  in  tlic 
present  eliaptor  is  eliiefly  as  an  illii.stration  of  the 
general  principle.s. 


.DliPKNDIiNCIi:  OF  DRTI5CTION  ON 
TRACK 

Wlien  the  observer  and  target  arc  moving  over  the 
ocean  in  their  respective  paths,  which  may  be  straight 
or  eun’cd  and  at  constant  or  clianging  siieecls,  the 
continuous  change  in  tlieii  relative  positions  con¬ 
stantly  changes  the  instantaneous  probability  of  dc- 


I'  louiiK  4.  'rai'Kcl’s  rrlnfive  Invek. 


where  initially  (/  =  ^')  ?o  =  Vo  =  vii'),  and 
finally  (t  -  I")  f,  =  {(!"),  m  =  ij(f").  The  target  de¬ 
scribes  the  relative  track  C.  Accordingly,  (7)  becomes 
[writing  {^(f)  for  ff(f)l"]: 

0  =  g(Vi^{t)  -I-  i7^(o)  =  9i 

,  , _  ■  (12) 

y  =  yW¥it)  -f-  j)2(i)}  =  y,. 


Hence  according  to  equations  (5)  and  (6)  the  prob¬ 
abilities  po  of  detection  are  given  by  cither  of  the 
following 


(13) 

(14) 


In  (13)  ti  is  the  time  (epoch)  of  the  fth  “glimpse”  or 
scan,  and  n  tlie  numlicr  of  glimp,se8  between  t'  and  f\ 

/'  g  h  <  <2  <•••<<„  g  l". 

In  (14),  the  integral  is  actually  a  line  integral  along 
C;  if  w  i.s  the  relative  speed  (not  necc.ssarily  con¬ 
stant),  wo  may  wiite  [with  «  =  arc  length  of  C  from 
(foiilo)!: 

p,,  =  1  _  (15) 


Formulas  (IH)  and  (i^)  may  be  united  into 

Pc  =  1  -  (16) 


wliere  for  the  ease  of  aeparalc  glimpses 

n 

nc]  =  -2hm:[l  -  +  „=(/.•))],  (17) 

i  =  1 


tection;  we  have  to  deal  with  the  functions  g,  and 
y,  and  cnleulatt!  jirol labilities  of  detection  by  means 
of  formulas  (5)  anil  (0),  It  is  convenient  to  draw  the 
target’s  track  C  (Figure  4)  relative  to  the  observer. 


and  in  the  case  of  rnnliinious  looking 

F[C]  -  f  yO-f" .  (18) 

Jc  ir 
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This  cjuantity  /'’[C]  sliall  be  ealled  the  siyhthifi  po¬ 
tential.  It  has  tlio  important  jiropcrtj'  of  additivily: 
If  Ci  and  Ca  are  two  tracks  and  (■  =  C'l  +  Cj  is  their 
roinbination  or  sum,  and  if  pc  =  pc,  i-  c.  is  the  prob¬ 
ability  of  sighting  on  at  least  one  track,  pc,  y>c,  is 
still  obtained  by  formula  (IG)  and 

FlC,  +  =  /-'[Cl]  d-  /'’[Cal.  (19) 


This  is  an  immediate  conseciuence  of  the  usual -of^na- 
tion  for  eonibining  probabilities  of  events  wliich  may 
not  be  mutually  exclusive: 


Pc  =  1  -  (1  -  Pc)  (1  -  ?Jci)  =  Vc,  +  Pc-  -  VcPc- 


The  additivity  applies,  of  course,  to  the  sum  of  any 
number  of  paths.  One  application  is  to  the  calcula¬ 
tion  of  pc  when  C  is  complicated,  but  made  up  out  of 
a  sum  of  simple  pieces  such  as  straight  lines.  Another 
application  is  in  the  case  of  two  or  more  inter-com¬ 
municating  observers ;  C'l  can  be  the  jiath  of  the  target 
relative  to  the  first  and  02  that  relative  to  the  second, 
etc. 

A  moat  important  case,  and  one  which  will  ehielly 
concern  us  in  this  book,  is  when  both  observer  and 
target  ni’c  moving  at  constant  speed  and  course.  The 
results  of  Chai^tor  1  becoin(i  api)licable..  Track  C  is 
a  straight  line,  and  the  speed  10  is  a  eonsbint  (ns  long 
as  C  is  not  turned).  It  is  convenient  to  make  the 
calculations  with  the  aid  of  the  coordinates  (a:,?/)  of 
Chapt('r  1  (Figure  5),  wlun'o  a;  is  the  lateral  range. 
The  equations  of  motion  which  take  the  place  of  (11) 
are  .t  -  constant,  //  =  wt,  where  (■  is  measured  from 
the  epoch  of  closest  .approach,  and  where,  furthermore, 
the  positive  direction  of  the  ij  axis  is  tluat  of  the  tar¬ 
get’s  relative  motion;  thi.s  convention  i.s  used  through¬ 
out  this  chapter.  The  potential  /'’fC]  is  given  by  the 
appropriate  one  of  the  formulas 


I''[C\  =-■  -  2]  ‘“g  [1  ~ 

7'  _  (20) 

=  -  2^  log  [1  -  ij(yx-  -1-  2/.-)] ; 

i:  =  l 

F\c]  =  £y(Vx‘^~w¥-)in, 


where  !/,■  is  the  distance  of  target  .at  the  ttli  glimpse 
to  its  clo.sest  position,  and  (x'lt/)  and  are  the 


a]'<0,iJ">0 

A 


/ 
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!> 


i 

r- 


extremiticis  of  C ;  s'  =  s"  =  x  =  constant,  y'  =  wt', 
y"  =  loi". 

In  the  case  of  the  inverse  cube  law  (9), 


f’lC] 


=  -  f  V 

V)  Ju'  (ft- 


+  a:'-  +  1/“)’ 

»i _ /  ?/” 

“  +  +  X-  r  <.U 


(22) 


V  +  (?/ 


y')0’ 


And  for  (10), 

kh  dy 


«J„.  (x“-t-2/=)^  a:»V"  »■  / 


=  ^(sin  u'  +  sin  w"), 


whore  in  eacli  case 


kh 

m  =  — , 
w 


(23) 


(24) 


and  wlun'o  r'  and  r"  arc  tlic  ranges  of  the  extremities 
of  C,  and  u'  and  w"  the  angles  tliey  subtend  with  the 
normal  to  C. 


2-*  THE  LATERAL  RANGE  DISTRIBUTION 

When  the  observer  and  target  arc  on  their  straight 
courses  at  constant  speeds  for  a  long  time  before  and 
after  their  closest  approach,  the  [rrobability  p{x)  of 
detection  is  a  function  of  the  lateral  range  x.  The 
graph  of  p{x)  against  x  is  called  the  Moral  range  curve 
and  expresses  the  dislrihulion  in  lateral  range.  In  con¬ 
sequence  of  (16)  p(x)  is  given  by 

V{x)  =  1  -  (25) 

where  F{x)  is  the  value  of  /'’[w],  Cx  being  an  in¬ 
finite  straight  line  at  the  perpendicular  distance  x 
from  the  observer.  The  value  of  F{x)  is  found  by 
applying  equation  (20),  summing  over  all  integral 
values  of  f,or  equation  (21)  with  y'  -  -«  and  y"  =  ® , 
in  the  glimpse  or  the  continuous  looking  cases,  re¬ 
spectively. 

With  continuous  looking  (21)  applies.  For  tlie 
definite  range  law,  pix)  =  1  or  0  according  as 
—  R<x<Ror  not,  and  the,  lateral  range  curve 
is  Figure  6A.  For  the  inverse  cube  law, 

p(x)  =  1  -  or  Pix)  =  1  -  (26) 


according  to  whetlier  (22)  or  (23)  is  u.sod;  the  curve 
is  shown  in  Figure  OR  in  the  former  cn.so. 

With  intermittent  glimp.sc.s  taking  place  T  units  of 
time  apart,  ciiuation  (20)  applies.  For  tlio  definite 
range  law,  ]){x)  ~  0  Avhen  x  >  It  or  x  <  —R,  and 
pix)  =  1  when  the  Icngtli  2  a/ R^  —  x^of  relative  track 
during  which  the  target  is  within  range  R  of  the 
observer  is  greater  than  icT,  i.c.,  wlicn 


but 


-  u>=f=/4 
p{x)  •■= 


^  a;  ^  Vlt^  -  w-'P/i ; 

2'vW^x'^ 

wT 


in  intermediate  cases,  this  being  the  probability  that 
the  target  lie  glimpsed  while  within  range  R.  The 
lateral  range  curve  is  sliown  in  Figure  6C. 

Other  typical  lateral  range  curves  arc  those  of 
Figure  CD  and  E.  The  dip  at  a:  =  0  in  Figure  6E 
shows  the  effeet  of  sea  return  (radar)  or  pinging  over 
the  target  (sonar). 

'J^hn  area  IF  under  the  lateral  range  curve  is  called 
the  effective  scaixh  (or  sweep)  width : 

W  =  p  pix)d.r,.  (27) 

J  —CO 

It  lias  tlic  following  interpretation.  If  the  observer 
moves  through  a  swarm  of  targets  uniformly  dis¬ 
tributed  over  the  surface  of  the  ocean  (N  per  unit 
area  on  the  average)  and  either  all  at  rest  or  all 
moving  with  the  same  vector  velocity  u,  the  average 
number  detected  per  unit  time  is 

No  =  NnAV.  (28) 

For  siqiposo  that  t  is  sucli  a  long  period  of  time  that 
the  length  of  time  during  which  a  target  is  within 
range  of  possible  detection  is  small  in  comparison 
with  t.  Then  the  number  of  targets  passing  during 
the  period  t  through  detection  range  (i.e.,  exposing 
themselves  to  detection)  and  having  the  lateral  range 
between  x  and  x  -|-  dx  is  Nwtdx  (since  such  targets 
arc  in  an  area  of  jvtdx  square  miles).  On  the  average 
p(x)Nu>tdx  of  these  will  be  detected.  Hence  the  aver¬ 
age  total  number  detected  is 
/>+» 

I  p(x)  Nwtdx. 

J  —CO 

Dividing  this  by  t  and  applying  equation  (27),  equa¬ 
tion  (28)  is  obtained.  Since  for  continuous  looking 
with  a  definite  range  law,  W  =  2R,  we  may  describe 
W  as  follows: 

The  effective  search  width  is  twice  the  range  of  a 
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definite  ronfic  law  of  detection  which  rs  equivalent  to 
the  given  law  of  detection  in  the  sense  that  each  of  the 
two  laws  detects  the  same  number  of  uniformly  dis¬ 
tributed  targets  of  identical  velocity. 

Tlio  iiroiluct  iclK  is  culled  the  effective  search  (or 
sweep)  rale. 

When  the  (listrihution  of  tni’scta  is  uniform  in  the 
sense  of  Section  1.3,  i.o.,  when  their  speed  is  Riven 


p(>t) 

A 

1 

X 

-f 

1  p 

so  that  the  search  width  is  proportional  to  the  square 
root  of  the  altitude  anil  inversely  proijortional  to  the 
square  roof  of  the  target’s  relative  speed.  Further¬ 
more,  if  there  are  n  aircraft  flying  the  same  path 
without  mutual  interference  (or  if  there  are  n  ob¬ 
servers  having  the  same  facilities  operating  inde¬ 
pendently  of  one  another  in  the  same  aircraft),  W  is 
replaced  by  W  \/n.  - 


but  their  course  is  not,  ic  has  to  be  replaced  by  its 
average  w  (taken  as  uniformly  distributed  in  track 
angle  <#>)  i.e.,  we  must  write  lo  =  so  that 

(28),  Nq  =  NwW,  may  hold  (W  =  2R).  [See  Chap¬ 
ter  1,  equations  (1)  and  (4)]. 

In  the  c.asc  of  the  simplified  inverse  cube  law 
equations  (20)  and  (27)  give,  by  carrying  out  the  in¬ 
tegration  (see  below) : 

IF  -  2\/2^i  =  2,/-—,  (29) 

V  1t> 


This  re.sults  from  the  additivity  of  the  potentials 
Section  2.3,  which  has  the  effect  that  h  is  replaced 
by  nk  in  eipiations  (22)  and  (23),  and  thus  that  m  is 
replaced  by  nm  [see  (24)].  Thus  the  statement  that  IF 
i.s  replaced  by  W\/ n  is  a  consciiucnceof  cquation(29). 

The  integration  loading  to  (29)  is  performed  by 
introducing  equation  (20)  into  (27)  and  changing 
to  the  now  variable  of  integration: 

■\/2m 
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and  thcvi  intcgratiiip:  by  jiarts,  L'sc  is  made  of  llie 
well-known  ccination 


By  its  definition,  p{x)  is  tlio  prol lability  (not  prob¬ 
ability  density)  tliat  a-  target,  known  to  liavc  the 
lateral  range  x,  be  detected.  On  the  other  hand, 
p(a:)d,r:/1'F  is  tlic  probability  tliat  a  target,  knwn 
to  have  been  detected,  have  a  lateral  range  between 
X  and  X  -I-  dx  (in  tliis  case  p(z)/W  is  a  probability 
density).  This  fact  (actually  a  consequence  of  Bayes’ 
theorem  in  probability)  is  easily  seen,  as  follows; 
The  detected  target  may  be  thought  of  as  cho.sen 
at  random  from  the  sot  of  all  detected  targets;  the 
chance  that  its  lateral  range  be  between  a;  and  a:  -|-  da: 
is  equal  to  the  proportion  of  targets  in  this  act  which 
have  such  a  lateral  range;  from  the  previous  calcula¬ 
tions,  this  proportion  is  scon  to  be 

Nwp(x)d.r  _  p(x)dT 

~1mv  W^’ 


Np(x,y)  (Ixdi/,  '.vlK'rc  p(x,jj),  which  may  ho  described 
ns  the  rat(!  of  first  contacts  at  the  point  (x,y)  per  unit 
area  and  per  unit  (hm-sity  of  targets,  is  obtained  liy  tlio 
argument  wliicli  follows. 

The  luimher  of  tai'giits  entnirig  dxdy  in  unit  time 
is  Abnd.r.  A  given  target’.s  iirohahility  of  litMiig  dc- 
teeted  therein  is  the  product  of  the  prohabilil)'  that 
it  fail  to  ho  detected  before  entering  this  n'gioii  times 
the  probability  that,  wtien  not  previou.sly  detected, 
it  he  detected  while  cro.ssing  dxdy,  i.c.,  during  the 
time  dl  =  dy/tv.  The  former  probability  is  in 

virtue  of  equation  (10),  where  F(x,y)  is  given  in  the 
ca.so  of  glimpses  by  equation  (20),  with  i  summed 
over -all  values  for  which  yi  <  y  (with  sufficient  ac¬ 
curacy  wc  may  write  i/,-  =  y  --  iwT  and  sum  for 
)•  =  1,  2,  •  •  ■  oo);  and  in  the  case  of  continuous 
looking,  by  equation  (21)  with  =  —  «  and  y"  —  y. 
'I'hn  latter  probability  is  given  by  (i(r)dy/v>T  (inter- 
mitt(;nt  glimpses,  one  cvc.ry  T  units  of  time,  dy/wT 
being  tlic  probability  that  a  glimpse  occur  while 
targ(!t  is  in  dxdy),  or  by  y(r)dy/w  (continuous  look¬ 
ing).  'finis  the  probability  is 


THE  DISTRIBUTION  IN  TIUIE  RANGE 

Again  wc  suiiposc  that  the  observer  makes  con¬ 
stant  siDocd  and  course  and  that  the  targets  do  like¬ 
wise  and  are  distributed  uniforiniy  over  the  surface 
of  the  ocean  witli  tlie  density  N  (average  luunbor 
per  unit  area).  Relative  to  the  observer,  tlie  targets 
all  move  parallel  to  tlic  y  a,xiH  in  the  direction  of 


y  axis 


increasing  y.  Hoio  many  tarycls  are  ddcclrd  on  the  arcr- 
oijr.  pi-v  unit  time-  in  (he.  snudl  rcyian  of  arm  dx<ly  of 
I'lgure  71  'flic  number  will  be  iiropurtional  to  M 
and  to  dxdy,  and  may  accoi'dingly  lx;  reprc.sented  by 


e->‘'<'x>g(r)dy  e  ”--’y(r)dv^ 


wT 


or 


w 


according  to  wlietlicr  glimpsing  or  continuous  look¬ 
ing  is  used.  To  obtain  tlic  moan  number  of  detections 
per  unit  tiioo  in  dxdy,  tlicso  expressions  are  multi¬ 
plied  by  tlie  number  of  targets  exposed  to  such  de- 
ti’ction,  Niodx.  Ilenco  the  answer  to  the  question  in 
italics  above  is  supplied  by  the  following  expressions 
for  p(x,ii) : 


P  (•^’,.'/) 
F(x,y) 


-  l)log[l 

»  -  I 


(30) 

I-  (y  -  m.'.'T)-)j 


for  intermittent  glimp.sing,  and 
p(x,y)  -  a"^''-''"’7(?-) 

F(x,y)  =  I  f  y(V x"  +  iF)  dy 

W  --o> 


(31) 


for  continiinus  looking. 

It  is  .siK'n  by  e.arrying  out  the  dilTcrentiation  that 
in  tlie  case  of  eciiiation  (31), 


p(x,y)  = 


(32) 
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In  the  caso  of  (30),  tlio  ('(irrosiionding  foniiuln  is 

p{x,!i)  =  7/iA„[1  -  r  (33) 

whoro  (lio  operation  A„  aiiplicMl  to  a  fiinntion  dcnolos 
din  rosiilt  of  tlio  following  jn-oci'ss:  lirsL  l•|'pl!^■(■  y 
in  tlio  function  by  ;/  -f-  Ay,  (A„  -=  ii>7');  socoiiil,  sub- 
tnirt  tho  original  valno  of  the  function  from  tlio 
now;  third,  divide  by  Ay. 

If  x‘l  is  a  plane  region  moving  with  the  olworv(-.r 
over  the  ocean,  the  averago  numhor  Q.,  of  targets 
detected  per  unit  time  within  yl  is  (by  adtlition  of 
averages) 

Qa  =  N  JJ  p{x,y)/lx(ly.  (34) 

A 

In  particular,  when  A  embraces  the  whole  plane, 
equations  (32)  and  (33)  lead  from  equation  (34)  to 
tho  previously  obtained  expression  Nq  =  NwW  of  (28) 
by  straightforward  calculation.  When  A  =  d/j  is  a 
circle  of  radius  li  centered  on  the  oliserver,  (34)  ex¬ 
pressed  in  polar  coordinates  (r.f)  (f  =  angle  from 
positive  y  axis  to  vector  r  drawn  from  observer  to 
target)  becomes: 

Q(R)  =  N  J J p(x,y)dxcly 

-  I  dr  I  gj„  pos  f)  r/f. 

Jo  Jo 

Now  tho  number  of  targets  detected  per  unit  time 
at  a  distance  (true  range)  from  tlio  oliserver  between 
r  and  r  +  dr  is  of  tho  form  Np{r)dr  (being  propor¬ 
tional  to  both  N  and  dr),  and  since  its  integral  from 
0  to  Tf  must,  for  every  value  of  It,  be  equal  to  Q{li), 
it  follows  (by  equating  tho  two  integral  expressions 
for  Q{R)  and  differentiating  through  witli  respect  to 
R,  etc.)  that 

^'2jr 

p(r)  =  I  rp(r  sin  f,  r  cos  f)  r/f,  (35) 
Jo 

p{r)dr  may  be  descrilied  a.s  the  rate  of  detection  in 
tho  range  interval  (r,  r  +  dr)  at  unit  target  density. 

If,  now,  a  target  is  known  to  lie  detected  but  at 
unknown  range,  tiic  probability  that  the  range  of  de¬ 
tection  lias  been  between  r  and  r  +  dr  i.s  .n(r)dr/iv]V. 
For  this  target  may  be  thought  of  as  clmsen  at 
random  from  the  .set  of  all  the  AbelF  detected  tar¬ 
gets,  of  whicli  there  are  N p{r)dr  delected  at  range  be¬ 
tween  r  and  r  4-  dr.  Hence  the  probability  that  the 
target  be  detected  at  .such  a  range  is  the  quotient 
Np(7')dr  pir)dr 

AbelV  ""  Vn  ■ 


'File  function  p{r)  (or  the  et|uivalent  functions 
Np{r)  or  p(?-)/((dr)  expi'csses  the  diMrilmliun  in  (trua) 
rnvye,  and  the  graphs  of  tho.se  functions  against  r 
are  callofl  runye  mrvc.'i.  They  fall  considiwably  for 
small  values  of  r,  sineii  relatively  few  targets  come 
close  to  the  ob.server  by  chance,  and  of  these  a  still 
smaller  number  are  apt  to  survive  undetected  up  to 
a  close  proximity  of  the  observer.  Figure  8  shows  a 
typical  range  curve  (actually,  for  the  inverse  cube 
law);  a.s  tlio  situation  approaches  the  definite  range 
law,  the,  curve  humps  up  indefinitely  about  tho  value 
r  =  if  of  tlio  definite  range,  and- falls  to  the  axis  of 
.ab3cis.sas  elsewhere. 

The  mean  value  of  the  range  of  detection  is  given  by 

(36) 

in  all  eases. 

In  the  case  of  the  simplified  inverse  cube  law,  we 
have  equation  (23),  in  which  we  set  u'  -  ir/2  —  f 
and  u"  —  It /‘I-,  we  obtain 


F(CJ  =  |(l+eosf)=^' 


in  1  -I-  cos  f 


r®  sin'  f 


Thus 


esc' 


■2 


p(x,y)  =  w  exp 


'27?-*' 


'''I'lii.s  (loponda  on  the  ovnhmlion  of  the  integinl 
<l>0.)  = 

'I'his  i.s  (lono  hy  the  following  ilevice:  DilTciontial.ing  wiUi 
rc-specl,  to  X, 

<?  racSOf/O 
=  C-  ^  f"  ''<’0  Ol/cot  0 

■  'ca 


ii.s  i.s  seen  on  channinn  lo  tlio  viuiatiln  of  inlOfiiiUion  .r  =  Vx 
rot  0,  anil  I  lie  u.se  of  llio  formulii  j),”  r.-^-  il.r  =  Vjr/2.  In- 
tP(;ralinK  (!>'  0.)  "'ilh  |■(«p^ct  (o  X,  ohsen'inc  that  (fifl))  =.  ir/2, 
we  obtain 

^iX)  -  >2  -  I'll-  Q  2  I'  -  '-rf  I  'X  I  ,  (38) 

asitapiirarsoii  chanxiiUC  to  the  variable  of  inloKrntioii  it  =  y  x. 
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where  "erf  .Y”  (the  "error  hniction”  or  “probability 
integral”)  is  defniecl  as 


erf  A" 


]5y  oxi)ressing  »i  in  terms  of  the  senreh  widtii  W  by 
moans  of  equation  (29),  equation  (87)  is  reduced  to 


Tliis  is  the  function  actually  graphed  in  Figure  8. 


Fuiuhk  8.  True  riuiKO  curve. 


For  values  of  r  not  over  about  15  miles,  it  is  in  reason¬ 
able  rougli  agreement  with  operational  data  (visual); 
but  farther  out  it  has  too  high  an  ordinate. 


2"  RANDOM  SDARCII 

In  the  hist  two  sections  both  observin'  and  target 
were  or.  straight  courses  at  con,stant  speeds;  this 
reprcsimts  the  n.xtremo  of  simplicity  of  paths.  At 
the  otlicr  extreme  is  tlto  ease,  where  both  are  moving 
in  comiilicated  paths  over  the  ocean  and  at  speeds 
wliieli  may  vary  iri  Ihe  course  of  time,  a  case  whicli 
is  called  that  of  randwn  mirch.  If  the  position  of  the 
target  is  in  the  area  of  interest  A  (whicli  may  be 
many  liundrcd  square  miles)  in  which  tlic  oliservor 
is  moving,  and  if  the  observer  is  without  pre- 
knowledgi!  indicating  tliat  the  target  is  more  likely 
to  he  in  one  p.art  of  A  than  in  another,  a  good  ap¬ 
proximation  to  the  prol lability  p  tliat  the  observer 
make  a  contact  is  given  on  tlie  basis  of  the  following 
three  as.sumptions: 

1.  The  target’s  position  is  uniformly  distributed 
in  i4. 

2.  The  ob.servcr’s  path  is  random  in  A  in  the  scn.se 
that  it  can  be  tliought  of  ns  having  its  different  (not 
too  near)  portion.s  jdai-i'd  independently  of  one  an¬ 
other  in  A . 


.3.  On  any  jiortion  of  the  jiath  which  is  small  rela¬ 
tively  to  the  total  length  of  path  but  decidedly  larger 
than  the  range  of  jKwsible  detection,  the  ob.server 
always  detects  the  target  within  the  lateral  range 
HV2  on  either  side  of  the  jiatii  and  nei'or  bevond. 

Tho.so  assumptions  lead  to  the  formnl/i  of  random 
s  fan'll 

p  =  ]  -  (40) 

whore  A  =  area  in  siiuare  milc.s,  TV  =  off eetive  .search 
width  in  mile.s,  L  =  total  length  of  ob.scrvcr’s  path 
in  A  in  miles. 

To  prove  this,  suppose  that  the  observer’s  path  L 
is  divided  into  n  equal  portions  of  length  L/n.  If  n 
is  large  enough  so  that  most  of  the  pieces  are  ran¬ 
domly  related  to  any  particular  one,  the  chance  of 
failing  to  detect  during  the  whole  path  L  is  the 
product  of  the  chanecs  that  detection  fail  during 
motion  along  each  piece,  If,  further,  L/n  is  such  that 
most  of  the  pieces  of  this  length  are  practically 
straight  and  considerably  longer  than  the  range  of 
detection,  tlion  in  virtue  of  (3)  the  latter  clmnco  of 
detection  is  the  probability  that  the  target  be  in  the 
area  swajit  (wliose  value  is  WL/n  square  miles),  and 
this  probability  is  WL/iiA  [assumption  (1)],  Hence 
the  cli.ance  that  along  nil  of  L  there  be  no  detection 
is  (1  —  WL/nA)",  and  lienee 


=  1  —  e~  for  largo  n. 

This  reasoning  assumes,  of  course,  tliat  a  large  n 
having  those  projiortios  e.xists.  This  is  essentially  as¬ 
sumption  (2). 

If  the  oxiiuiiential  in  equation.  (40)  is  replaced  by 
the  first  two  terms  in  its  power  series  expansion,  the 
equation  is  replaced  by  p  =  WL/A ;  this  corresponds 
to  the  probability  in  the  case  that  L  consists  of  a 


single  straight  line,  or  a  patli  so  little  bent  that  there 
is  practically  no  overlapping  of  swept  regions:  The 
total  :v."ea  .swcjrt  is  WL  and  the  ehaoeo  of  the  target 
iicing  in  it  i.s  \VL/A.  'I'lio  departure  from  this  .simple 


CONFIDI'liNTlAL 


PAHAUiKL  SWEEPS 


29 


value  represents  tlio  offeet  of  random  overlapping  of 
8wci)t  areas. 

Figure  9  sliows  tlie  way  in  wliieli  tlie  i)rohal)ilit.y 
inereascs  witli  tlie  length  of  observer’s  patli  L.  For 
ainnller  values  of  L  it  is  elosely  npproxi mated  ly  ita 
tangent  ?)  =  WL/A.  For  nnicli  larger  values,  it  ap- 
proaelics  unity,  exhibiting  a  ‘'saturation”  or  “dimin¬ 
ishing  returns”  effect. 


PARALLEL  SWEliPS 

Search  by  parallel  sweeps  is  a  mcthotl  frequently 
employed,  and  many  apparently  more  complicated 
aehomea  turn  out  to  he  equivalent  to  {)arnllel  sweeps, 
either  exactly  or  with  sufficient  approximation  for 
practical  purposes.  A  target  is  at  rest  on  the  ocean  in 
an  unknown  position,  all  equal  areas  liaving  the  same 
chance  of  containing  it;  it  is  decided  to  search  along 
a  large  ("infinite”)  number  of  parallel  lines  on  the 
ocean,  their  common  distance  apart,  or  mcep  spac¬ 
ing,  being  S  miles;  what  is  the  probability  P{S)  of 
detection?  Or  again,  the  target’s  speed  and  direction 
arc  known,  but  the  position  is  uniformly  dictributed 
as  above;  it  is  possible  to  search  in  equally  spaced 
parallel  paths  relative  la  the  target,  i.c.,  in  the  plane 
moving  with  the  target’s  motion  and  in  which  it  ap- 
f  pears  to  bo  a  fixed  point,  as  in  the  first  case.  It  is 

-  immaterial  whether  all  tlic  parallel  paths  are  trav- 

■-  orsed  l)y  the  same  oliservcr  or  by  different  observers 

I  having  similar  observing  characteristics. 

,  In  Figure  10  the.  parallel  paths  are  shown  referred 

:  to  a  system  of  rectangular  coordinatc.s;  the  axis  of 
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KiiumE  10.  I’linillcl  sweeps 


ordinates  i.s  along  one  of  tlie  paths  and  the  target’s 
(unknown)  po.sition  is  at  (.r,?/),  and  0  £  x  <  <S.  It  is 
olxscrvcd  that  this  incciuality,  expreasing  the  fact 
that  the  target  is  in  the  strip  immediately  to  the 
right  of  the  axis  of  ordinates,  i.s  a  consequenec  of  the 
method  of  elioien  of  the  axes,  and  implic.?  no  restric¬ 
tion  in  the  position  of  the  target. 

Tlie  first  step  in  calculating  PiS)  is  to  write  down 


the  lateral  ranges  of  the  target  from  the  variou.s  ob¬ 
server  patlis.  For  path.s  at  or  to  the  loft  of  the  axis 
of  ordinates,  the  lateral  ranges  are 

X,  a:  +  S,  X  +  2, S',  a:  +  3^!,  •  •  • 

For  those  to  the  right, 

,S  -  X,  2S  -  .T,  3S  -  a:,  •  ■  • 

All  these  cases  may  be  combined  into  the  absolute 
value  formula; 

lateral  range  =  |  a;  -  nS  |  (41) 

where 

0  ^  a:  <  )S  and  a  =  0,  ±1,  ±2,  ±3,  •  • 


Equation  (25)  is  now  applied  to  find  the  prob¬ 
ability  Pa  =  P  (util  lateral  range)  of  detection  by  the 
nth  sweep  wlicn  the  target's  position  is  given  as  (a:,y) 


where  the  potential  is  given  by  the  appropriate 
formula.  The  probability  of  no  detection  by  the  nth 
sweep  is  1  -  p„;  that  of  no  detection  by  any  sweep 
is  the  (infinite)  product  11(1  —  Pn)  for  all  values  of 
n  ( <  0,  =  0,  >  0) ;  and  tlie  probability  that  at  least 
one  sweep  detect  a  target  given  at  (x,y)  is 

P(x,H)  =  1-0° 


or,  finally, 

P{x,ii)  =  1  - 

+<o  (42) 

<J’(x,,S)  =  2]  /'’(l-c  -  «<Sf|),  0  S  a;  <  5. 


'I'liis  is  essentially  a  repetition  of  tlie  argument  prov¬ 
ing  the  additivity  of  the  potentials  Section  2.3. 

It  remains  to  find  the  probability  of  detection  P(S) 
wlicn  the  target’s  position  (the  value  of  a:)  is  not 
given,  but  has  a  uniform  distribution  between  0  and 
S.  An  cosy  jiroliability  argument  .shows  that  P(iS)  i.s 
the  average  of  ]^(x,  S)  over  all  values  of  x  in  this 
interval: 


/’(.<?)  =  I,  f'^l  -  dx 

*  VO 


•^co 

'fife's)  =  L 

n~  —oo 


(43) 


This  gives  the  general  solution  of  trie  problem. 

The  rifeclivc  visibililn  A'  i.s  defined  as  half  that  sweep 
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spficins  lor  which  the  prolmhility  of  dc'toction  by 
jiarollcl  ,-i\vcc]is  is  one  liolf.  In  other  words,  E  is 
dotorniiiied  as  the  solution  of  the  equation 

/■««)  - 1- 


'L'hree  eases  iin'  of  partieiilnr  inti'rest.  Tlie  first  is 
that  of  continuous  lookiup;  on  the  assiimirtion  of  a 
definite  ranpe  law.  Detection  will  .surely  occur  if, 
and  only  if,  the  target  haiqiens  to  lie  within  the 
definite  ranpe  R  of  either  of  the  two  adjacent  sweeps. 
The  ehanee  for  this  i.s  ?R/S  =  ll'/VS!  when  S  >  2R 
“  IT,  and  unity  wlieu  >s  IT.  ft  is  easy  to  .see  that 
the  effective  viaihiliby  E  =  11'. 


'I’lie  second  case  is  that  of  the  inverst;  cube  law 
(which  will  ho  taken  hert;  in  its  simplest  form).  Wo 
obtain  'h(.r,iS)  with  the  aid  of  etiuation  (26) 

ch(.vS)  = 

(44) 


=  2,n^^  cse^ 


the  latter  equality  resulting  from  a  well-known 
formula  of  analysis  (obtained,  c.g.,  from  the  expan¬ 
sion  of  tlie  sine  in  an  infinite  product  by  baking 
logarithms  and  then  differentiating  twice).  Inserting 
this  cxpre.ssion  into  equation  (43),  wo  must  find 


-  c.xp 


2w?r- 


CSC* 


'This  is  found  by  means  of  etiuation  (38),  on  setting 
9  =  rx/E  anti  X  =  The  re.sult,  which  can 

be  transformed  by  mciins  of  equation  (29),  is 


These  valut's  substituted  into  equatitm  (d.*))  give 
/'(.S’)  =  erf  ^0.064 

A  third  e.'i.se  is  useful  to  eon.siiler,  although  strictly 
■speaking  it  is  not  one  of  p.arallel  sweep, s  but  of  uni- 
ftirm  random  se.arcli.  It  may  ht;  described  as  the 
situatitm  wliich  arises  wlitm  the  searcher  attempts  to 
cover  the  whole  area  uniformly  by  a  path  tjr  paths 
which  place  aliout  the  samti  length  of  track  in  each 
strip  but  which  operate  within  a  given  .strip  in  the 
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11.  A  rectangle  of  random  sweeps. 


manner  of  thb  searcher  of  Section  2.6.  Lot  all  tlie 
strips  bo  cut  liy  two  horizontal  lines  a  distance  of  b 
miles  apart  and  .suppose  tliat  the  .search  is  for  a  tar¬ 
get  inside  the  huge,  rectangle  bounded  by  these  lines 
and  two  vortical  linos  NR  miles  apart,  as  shown  in 
Figure  11,  Tlie  area  is  A  =  NSb  square  miles.  As- 
.sunio  that  the  tot.al  length  of  track  is  equal  to  that 
of  all  included  imrallel  sweeps,  L  =  Nb,  then  apply 
equation  (10);  wc  olitaiii 

P{S)  =  1  -  c  (48) 


Wc  are  now  in  a  position  to  c.xpross  w  and  )!'  in 
terms  of  the  effective  visibility  E.  'I'o  find  E  wc  solve 


P{2E)  =  erf 


TT  -\/  2  m 

2E 


erl 


■y^rr  II' 
■I  a; 


1 

2 


'J'he  tables  of  the  probability  integral  show  that  erf 
0.477  =  O.r,;  henee. 


i.e., 


\/2i)i 

'  2E 


Vir  IT 

4  a; 


0.477, 


III  O.OiOA’y  IT  =  1.076A'. 


(46) 


12.  1’robuhililie.s  with  panillcl  sweeps. 

It  i.'<  independi'nt  of  N  and  li. 

Tlitw  thn-e  ea.ses  may  he  repre.senteil  by  means 
of  a  eonimon  diagram  (luguro  12)  l>y  iilotting 
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/’  =  /'(!//()  wlioi'o  )i  =  l  /N  is  tlio  smrp  dcmtily,  or 
of  H\v(’('i)s  por  niilo.  At  ono  oxtrome  is  the 
ease  of  the  delinitc'  ranKO  la  w,  at  the  other  tlie  ease 
of  random  siavreh.  All  aetunl  situations  ean  he  re- 
ganU'd  as  leading  to  intermediate  curves,  j.o.,  lying 
in  tl)('  sliaded  n'gion.  'Plu^  inverse?  cube  law  is  close 
to  a  middle  ease',  a  eireumstanee  which  indicates  its 
frequent  emiarical  us(!|  even  in  cases  where  the  special 
assumiitiona  upon  which  its  derivation  was  has(?(l  are 
largely  rejected. 

FORESTALLING 

When  the  observer  is  vising  two  dilTcrent  moans  of 
detection  simultaneously  and  independently  (i.e., 
when  neither  interferes  witl:  or  aids  the  other),  it  i.s 
sometimes  necessary  to  know  the  probability  of  mak¬ 
ing  a  first  detection  by  a  jiarticular  one  of  the  two 
moans.  Since  the  second  means  of  detection  can  de¬ 
prive  the  first  of  a  chance  of  deti.cting  (by  detecting 
the  target  first)  this  probability  may  lx?  lower  than 
if  the  second  means  had  not  been  present;  We  say 
that  tlio  .second  can  forcMall  the  first.  For  example, 
when  both  radar  and  visual  detection  arc  po.ssiblo, 
in  gathering  data  bearing  oil  tho  elTectiveneas  of  the 
radar,  the  po.ssihility  of  visual  forestalling  of  tin? 
ravLu'  musi;  be  taken  into  account. 

Again,  when  tlie  target  is  itself  capalile  of  detect.- 
ing  tlie  observer,  and  if  it  is  important  to  detect  tlio 
target  before  it  can  detect  the  ohaerv(?r  (a.s  wh(?n  tho 
former  is  a  surfaced  submarine  which  can  suinnergo 
if  it  deti?cts  tho  observer  first  and  so  deprive  it  of  its 
chance  of  detecting),  it  is  important  to  find  the  prob¬ 
ability  that  the  olxserver  deti'ct  the  target  finst,  be¬ 
fore  it  ha.s  been  forestalled  by  the  target’s  dideetion. 

•Just  n.s  the  chance  of  detection  is  mathematically 
equivalent  to  that  of  hitting  a  target  c.ontiniiou.sly 
expo.sed  to  our  fire  (intensity  varying  in  general  with 
the  time),  .so  the  question  of  fnrostnlling  is  mathe¬ 
matically  identical  with  that  of  hitting  the  target 
before  it  hits  us,  in  the  ca.se  where  it  is  an  enemy 
continuously  firing  back. 

It  wdl  be  sufiicii'iit  to  consider  the  cnsi?  of  con¬ 
tinuous  looking  with  the  instantaneous  jirohability 
yidt  for  the  fir.st  means  of  vlctoetion  without  fore¬ 
stalling  (Section  2.2),  the  proliability  /;(/)  of  detec¬ 
tion  when  there  is  no  forostalling  being  given  by 
equation  (b).  bet  and  p'{t)  be  tlie  corresponding 
(|U.antities  foi'  the  soeond  ineans  of  detection,  or  for 
th','  turget’.s  detection  of  the  observer  in  the  seeoial 
example?  above. 


If  r{t)  is  till?  required  (irobability  of  fiasL  d(?teetion 
during  the  int(?rval  of  time  from  0  to  t  by  tlic  first 
means,  wi?  consider  tlu?  value  of  /'(/  -f  dt).  It  i.s  tho 
probability  of  an  (?veiit  wliieli  can  succeed  in  cither 
of  the  following  mutually  exclusive  w.ay.s;  eitlier  by 
having  the?  ri'iiuired  detection  lietween  0  and  t,  or 
by  having  neitiu'r  means  detect  during  this  period, 
•and  hiiviiig  a  deteetioii  by  the  first  mc.ans  between  I 
and  i  +  dt.  'riiis  leads  to  tlie  eipiation 


Pit  +  dt)  =  Pit)  -I-  [1  -  p«)|  [1  -  2/(0171  dt, 

wbonee  a  dilTorential  equation  is  olitaincd,  the  .solu¬ 
tion  of  wliicli  is 

)dt\dt.  (49) 


m 


=  f  7,  exp  -  f  (7i  +  y/ 
Jo  _  do 


Precisely  the  .same  reasoning  leads  to  tho  cxpro.ssion 
7i'  exp 

for  the  probability  of  a  first,  detection  by  the  second 
means  in  tho  time  interval  0,<. 

Note  that  the  sum  Pit)  -b  P'it)  is  the  probability 
of  a  fir.st  detection  cither  by  tho  first  means  or  by 
tlic  second,  in  other  words,  the  iirob.ahility  of  a  de¬ 
tection  by  some  moans  between  0  and  t.  The  expres¬ 
sion  olitaincd  by  adding  tlie  above  equations  and 
carrying  out  one  integration  is 

Pit)  -h  P'it)  =  1  -  [-J^*  ( ^1  +  7i')df], 

whicli  is  simply  the  e.xpression  (())  with  y/  replaced 
hy  7(  +  y/,  tlio  hitter  being  the  instantaneous  proli- 
aiiility  v  lien  both  menus  of  detection  .a  i  in  con¬ 
junction  (additivity  of  potentials). 

When  a  large  number  of  independent  trials  of  tlie 
(lotoetion  experiment  are  in.adc  under  identical  con¬ 
ditions  and  all  c.a.ses  which  h.avo  ro.sulted  in  a  fir.st 
detection  by  tin?  fir.st  moans  an?  sorted  out  and  the 
])r(?ci.s(?  ('iioclis  of  this  detcctinn  are  averaged,  the 
result  will  (statistic.ally)  be  equal  to 


/' 


(7i  +  yi')dt 


dt 


ctv  r 

f  ty,  exp  -  I  (7i  +  yi')dt 
Jy  L  Jo 

Jo  L  J‘t 


(ti  b  yi')dt 


dt 


dt 


(fiO) 


d'he  dciiomiiuitor  i.s  propoi  tiomd  to  tiic  tol.il  number 
of  first  detections  by  first  means,  and  the  resu.lt  of 
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dividing  7,  cxji  ^  (7i  +  7/)'^^ J  (U  by  tiio  de¬ 
nominator  is  the  proportion  of  sueii  doteotiona  bo- 
twoon  i  and  t  -f'  db  Tliua  the  expression  in  ecpintion 
(50)  ropresenta  the  expected  value  t  of  I,  tlic  epoch 
of  dctecd.ion  liy  the  first  means. 

As  a  first  application  wo  consider  the  ease  of  con¬ 
stant  instantaneous  probabilities  of  detection,  7,  =  7, 
7i'  =  7'-  Equations  (48)  and  (49)  iwlucc  to 


7  +  7' 


It  is  thus  set'n  that  the  in'ojrortion  of  the  total 
number  of  first  contacts  by  tlie  first  means  (as 
f— >“)  i.s  7/(7  +  7')i  And,  correspondingly,  by  the 
second,  y'/(y  +  7').  And  the  mean  time  elapsctl 
to  the  former  is  tlie  same  ns  for  the.  latter,  i.e., 
1/(7  d"  70i  tlds  is  difTcrent  from  the  meantime  I/7 
when  no  forestalling  liad  been  possible. 

As  a  second  application  we  consider  th.c  straight 
track  case  of  Section  2.4,  and  ns.snme.  that  the  ob¬ 
server  is  an  aiiairaft  and  the  target  a  surfaced  sub¬ 
marine.  If  tito  observer  sights  the  wake  of  the  sub¬ 
marine,  his  ability  to  detect  may  reasonalrly  be  taken 
as  tlie  inverse  oulx)  law  of  equation  (10),  and  if  the 
submarine  sights  tlie  horizontal  surfaces  of  the  air¬ 
craft’s  wing,  the  same  law  (with  k  replaeed  by  a 
different  constant  k')  can  reasonably  be  n.ssumed  for 
the  submarine's  detection  of  the  aircraft.  If  it  is 
assumed  that  the  submarine  ciives  as  soon  as  it  de¬ 
tects  tlie  aiivraft,  what  is  the  [irobability  that  tlie 
aircraft  detect  tlie  submarine,  as  a  function  of  lateral 
range  .-r?  By  how  much  is  its  offoctivo  search  widtli 
decreased  by  this  new  possibility? 

J'iquation  (10)  under  the  circumstances  of  Section 
2.4  loads  to 

hh  ,  ^  k'h 

(x’ +  Vf“)V  (x^  +  vfVy-’ 


only  in  the  prc.sent  ease  the  time  intiTval  is  from 
—  »  to  /■  in.stead  of  from  0  to  t.  Witli  tlie.se  eliangos 
equation  (49)  leads  to  tin?  following  expre-ssion  for 
the  probahility  of  sighting  tiie  siihmaririe  before  tiui 
time  t: 


P(x,t) 


I'"'  "  m  -f  m'  / ,  ,  ?/  N"!  <hl 

"  “J  -  [  -  “i-  (‘  + #)  Js- + »’)■ 

where  m  =  kh/w  and  7u'  =  k'h/ir.  'Die  integral  can 


be  evaluated  explicitly  wlien  it  is  noted  tliat  the 
integrand  is  iirojiortional  to  tlie  derivative  of  the 
exponential  expre.s.si()n,  i.e,. 


_ 1 _ 

(.^'  +  ,'/=)’ 
1 


exp 


111  + 


m  +  m'  (hj 


exp 


+V.cT7>). 

r‘'(‘+  " 


w).  4- 
X 


)]■ 


The  result,  on  .setting  f  =  +  » ,  gives  the  following 
probability  of  sighting  the  submarine  some  time  on 
its  wJiolc  straiglit  course. 

/>(a;,oo)  =  — ?(L_.  [1  _  + 

To  find  the  value  of  the  search  width  (which  will 
he  denoted  by  W'),  this  expression  must  be  used  in 
tlie  place  of  (20)  in  equation  (27).  The  answer  is 
obtained  from  (29)  by  replacing  m  by  m  +  m'  and 
then  multiplying  the  result  by  vi/(ni  +  m');  it  is 

IV  =  2\/2™ 

V  m  +  III'  V  wi  +  m 

Tlius  tlie,  effect  of  forestalling  is  to  multiply  IT  by  a 
factor  lcs.s  than  unity  of  -f  m')-  And  the 

proliability  of  detection  oven  wlien  the  target  is 
down  over  {x  =  0)  is  B(0,«>)  =  m/(7n  m')  instead 

of  unity,  as  it  would  have  been  in  tlie  absence  of  fore¬ 
stalling. 

For  a  definite  range  law,  tlmt  means  of  detection 
which  has  the  greater  range  will  always  forestall  the 
other.  (Of  course  tliis  is  strictly  true  only  in  the  case 
of  continuous  looking.) 


^ «  CONCLUSION— OPEB  ATIONAL 

DISTRIBUTIONS 

Returning  to  first  principles,  as  sot  forth  in  Sec¬ 
tions  2,1  and  2.2,  it  has  been  laid  down  as  ba.sic  that 
detection,  even  when  possible,  is  an  uncertain  event; 
and  tlie  whole  subsequent  course  of  development  of 
this  chapter  has  been  toward  the  calculation  of  prob¬ 
abilities  of  di^tection.  But  an  essential  res  viction  lias 
lieen  imposed  in  all  tliose  calculations :  TIic  onn  source 
of  uncertainty  wliieli  lias  been  considered  is  the 
liiiman  fallilnlity  of  the  observer,  and  the  sudden 
uneontrollahle  iiuetuations  in  tho  physical  state  of 
affairs,  but  not  in  the  random  element  introduced 
by  unknoivn,  long-term  variations  in  the  underlying 
pliy.sieal  conditions  (conditions  which  are.  exjiressible 
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as  paravnott'rs).  'I'lius,  as  \\c  have  said  in  Section 
2.1  (ii),  under  given  meteorological  conditions  of  visi¬ 
bility  V  the  observer  will  liavt^  a  dcllnite  chance 
'y{r)cll  of  sighting  a  target  of  given  size  A  niul  back¬ 
ground  contrast  C]  and  auii.seijiu'nt  deductions  have 
been  made  on  the  assumption  that  while  the  range  r 
may  vary  in  a  given  manner  in  the  courat;  of  time, 
the  paranu'tera  1’,  A,  and  d  all  remain  fixed.  The 
distributions  calculated  on  this  a.ssninption  can  be 
e.vpeetcd  to  agree  with  the  distributions  found  cin- 
pirieally  when  the  results  of  a  large  number  of 
c.xporiinonfcs  are  obtained,  all  of  whicdi  arc  performed 
under  the  same  conditions  of  visibility  and  size  and 
contrast  of  the  target,  geometrical  ciuantitics  like  r 
alone  being  allowed  to  vary.  Ifut  as  soon  as  opera¬ 
tional  results  arc  eom]nl('d  yhieh  refer  to  cases  in 
which  V,  A,  and  C  vary  from  incident  to  incident, 
an  altoge.tlicr  dilTcrcnt  situation  is  jirescnt:  Tlie  cause 
of  the  uncertainty  of  tlie  event  of  detection  is  two¬ 
fold,  being  dependent  not  oidy  on  tla;  human  falli¬ 
bility  of  tlic  oh.servor  and  short-terin  (luctuations, 
but  on  th(!  more  or  1('.S8  unknown  and  hoterogeneous 
nature  of  the  underlying  physical  conditions.  And 
it  is  important  to  realize  that  in  many  cases  tliis 
second  factor  may  outweigh  the  firf5t.  When  this  is 
jiulgcfl  to  I)(!  the  ease,  it  may  well  bo  n.Npcditait  to 
em])loy  a  In'gldy  simplificai  law  of  detection,  sucii 
ns  the  definite  range  law,  and  then  seek  to  explain 
the  distributions  found  in  tlio  onerationnl  datn  «i?r>p!y 
by  averaging  tlic  ealeulatod  results  of  such  laws  over 
dilTeixmt  possible;  values  of  the  parameters.  Thus  if 
tlie  definite  range  law  is  assumed,  matiieinatical 
e.\pre.s,sions  deduced  from  it  will  involve  this  range 
R;  thou  it  may  lie  considered  that  ie  le  operational 
incidents  dilTcront  values  of  R  art  .-  -esont;  by  choos¬ 
ing  approiiriate  frcciuencies  for  tlie  different  values 
of  R  antf  combining  or  averaging  tlio  theoretical  re¬ 
sults  over  such  distributions  of  R,  a  good  agreement 
may  often  be  found  with  the  observations. 

It  must  iie  emijhasize.d  that  equations  .sueli  as  (1), 
(3),  (5),  and  ((i)  are  true  only  when  the  first  cause 
of  unei'itaiiity  alone  is  present,  and  when  the  untler- 
lying  physical  conditions  remain  eon.stant  (and  are 
known  to  he  of  constant,  though  not  neee.ssarily  of 
known  value.")  througliout  the  course  of  the  looking. 
Tinas  in  proving  (I),  the  jirolialiility  of  detection  for 
one  glimpse;  was  f/,  of  not  deteeting,  I  —  g;  now  pre¬ 
cisely  at  tlie  ixiint  where  it  was  n.s.sprted  that  the 
[irobaiiility  of  failure  to  detect  at  each  and  every  one 
of  tlie  fir.st  >i  glimiises  is  (1  —  g)”,  tlie  assumption 
that  the  n  different  events  arc  independent  was  made. 


This  is  justified  only  in  two  cases:  first,  wlion  the 
only  uncertainty  is  in  the  ohsorver's  clianeo  per- 
formaneo  so  tliat  his  iliffercnt  opportunities  (glimpses) 
arc  regarded  as  repeated  independent  trials  (a.s  in 
sueeo.s.sivc  to.s.so.s  of  a  coin);  .second,  when  there  are 
indeed  changes  in  physical  conditions,  but  of  such  a 
rapidly  fluctuating  character  that  if  no  doteetion  is 
known  to  occur  at  one  glimpse,  no  inference  can  be 
drawn  regarding  tlie  pliysical  conditions  pertaining 
to  any  otlior  glimpse.  But  if,  for  example,  the  visi¬ 
bility  V  is  not  fully  known,  the  fact  that  earlier 
glimpses  have  failed  to  detect  may  lead  to  the  pre¬ 
sumption  that  V  is  less  than  might  otherwise  have 
heori  supiiosed,  and  hence  tliat  later  chances  of  de¬ 
tection  are  less:  the  expression  (1  —  g)"  is  false. 

'J'lie  method  of  procedure  is  clear.  The  first  step 
is  to  carry  out  the  calculations  as  described  in  the 
previous  soction.s  of  this  chapter,  assuming  fixed  con¬ 
ditions  (such  ns  V,A,C).  The  .second  step  is  to 
average  the  results  obtaincfl  for  tho  probabilities 
(e.g.,  over  tho  possible  values  of  V,A,C,  with  ap- 
propriatc  weigliting).  Only  the  final  result  can  reason¬ 
ably  he  expected  to  furnish  the  probabilities  which 
accord  with  the  operational  data.  What  is  true  of 
probabilities  is  also  true  of  mean  or  expected  values 
(h'fined  by  them. 

This  will  bo  illustrated  by  many  practical  ex- 
ampli's,  partieularly  in  Clini)tcrs4,  5,  and  6. But  three 
simple  e.asc.e  can  be  raentionou  huio.  rlistiy,  suppose 
that  tho  lateral  range  curve  (Section  2.4)  involves  a 
parainotor  X  referring  to  an  unknown  factor'  in  tho 
underlying  physical  conditions.  Its  equation  is  p  - 
p(x,\).  Once  the  distribution  of  frequencies  with 
wliii  li  the  dilTercnt  values  of  X  occur  in  an  opera¬ 
tional  .situation  has  been  estimated,  the  operational 
lateral  range  curve  p  =  PopO-d)  (i.e.,  the  one  furnished 
by  a  histogram  of  the  observed  data)  is  found  by 
averaging  p{x,\)  over  tlio  values  of  X  on  the  basis 
of  this  frwiuoncy.  Thus  it  might  bo  reasonable  in 
some  eases  to  assimn;  that  tho  values  of  X  are  nor¬ 
mally  distributed  about  a-  known  mean  (with  a  known 
standard  deviation  a-.  Aecordingly, 

Vovix)  =  — ^  r  7;(.T,X) 

(T  V  27r  J  -CO 

Thus  if  />(:r,X)  re.sults  from  .a  definite  range  law  of 
range  R  —  X,  so  that 

p{x,  X)  =  1,  when  X  <  X, 

p(x,  X)  =  0,  when  x  > 
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tl'c  iMiuiition  hccomrs 
;vp(:r)  = 


g-i^-iF/<a=  ,/x 


tlic  grapli  of  which  is  sliowii  in  l''ii;iiro  13. 


P„„(2/^„„)  -  J P{2K,„\)fi\)(lX 


] 

2 


is  (iiiito  clilloront  from  tlu;  average  I<J: 

E  =  f  P(\)fi\)dK, 


FitnniK  la.  Lulo.i'ivl  raiigo  curve  based  on  a  normal 
(li.stribulion  of  deihule  lances. 


It  is  noted  tliat  wlien  x  =  0,  i>np(0)  is  sliglitly  Jess 
than  unity,  whereas  it  .should  exactly  c(iual  unity. 
This  i.s  heeauac  the  normal  distribution  of  definite 
ranges  allows  a  (slight)  elianee  of  negative  ranges,  a 
physical  alisurdity.  It  would  have  been  more  rpali.stic 
to  have  assumed  a  skew  nonnegativo  distrilnition 
(e.g.,  roarson’s  Type  HI  distribution, 

As  a  second  examiile,  consider  the  .search  for  a 
fixed  target  by  two  parallel  sw(>ep.s  at  distance  /S 
aiiart,  If  the  underlying  conditions  are  the  same 
during  the  two  sweeps,  and  if  ;;(.c)  is  the  lateral  range 
jirohability,  the  chance  of  detection  of  a  target  be¬ 
tween  the  i)aths  and  x  mikvs  from  one  of  them  is 
shown  liy  the  usual  reasoning  to  be 

P{x,S)  =  1  -  [1  -  p(.r)]  [1  -  p{S  -  .r)] 

=  p{x)  +  7)(<S  -  .t)  -  p(x)p(,fi  -x). 

If  p{x)  —  p{x,\),  a  weighted  averaging  proce.s.s 
must  be  performed  in  order  to  get  the  operational 
probability  P^,(x,S}  from  P{x,H,K)  given  by  the 
above  ecjuation.  And  of  eimr.se  if  x  i.s  determined  at 
random  between  0  and  S,  a  second  averaging  must 
be  done  to  g(!t  P„p{S),  the  operational  i)rol)ability 
of  di!ti'cl.ing  the  target  given  only  to  l)e  .somewhere 
between  the  .sweeps  and  with  a  given  distribution  of 
phy.sical  conditions.  The  order  in  which  these  two 
averagings  an?  done  i.s  immaterial.  A  corresponding 
treatment  is  given  in  the  ease  of  infinitely  many 
jjarallel  swei'ps.  It  may  be  rcm.-n-ked  tluit  the  oijcrii- 
tional  effective  visibility  v.'hich  is  defined  by  the 
(jquation  (see  Section  2.7): 


of  the  elTective  visibility  defined  under  fixed  condi¬ 
tions  corresponding  to  a  particular  value  of  X.  Here 
/(X)  is  the  a.s.sumed  frequency  with  which  the  values 
of  X  arc  taken  to  bo  distributed  under  the  operational 
conditions  in  question. 

A.s  a  third  example,  .suppose  that  a  radar  set  is 
chosen  at  random  from  a  lot,  only  the  fraction  e  of 
which  are  in  good  adjustment,  the  remaining  1  —  « 
not  in  a  condition  to  make  any  detections  possible. 
The  radar  lateral  range  curve  p(x)  for  a  radar  set  in 
good  adjustment  and,  e.g.,  mounted  on  an  aircraft, 
must  be  multiplied  by  e  to  obtain  the  operational 
curve  that  will  be  obtained  when  many  observations 
are  made  with  tlie  aid  of  many  sets  chosen  in  this 
way.  VVlien  a  set  or  simile.r  observing  instrumentality 
or  .setup  is  not  giving  the  results  whicli  could  be  ex- 
peeted  of  it,  it  is  often  said  to  bn  w'orking  at  an 
efficiency  less  than  100  per  cent.  In  the  above  case, 
a  natural  definition  of  efficiency  is  100«.  In  more 
complicated  eases,  the  concept,  while  useful  as  a 
general  concept,  may  not  bo  convenient  to  define  in 
all  precision. 

In  conclusion,  the  following  ])rineiple  is  laid  down: 

If  the  object  of  the  cnlculalion  of  probabililics,  aver- 
age.H,  and  tiindlar  dcdisticnl  detection  qiainlitics  is  to 
coordinate  and  explain  the  data  of  the  operations  of  the 
past,  then  the  helcrogencity  of  connitions  (dispersion  of 
sloivhj  varying  parameters)  is  placed  at  the  apex  of  the 
discussion,  the  influence  of  “subjective”  probabilities 
and  short-ienn  fluctuations  (the  main  subject  of  this 
chapter)  ■usunllij  playing  a  secondary  role. 

If  on  the  other  hand  the  object  of  the  calculation  is 
to  obtain  contemplated  performance  data  for  the  design 
of  search  plans  to  be  used  in  the  future,  and,  as  is  gener¬ 
ally  the  case,  udicn  the  conditions  (slmvly  varying  param¬ 
eters)  are  linoam,  then  the  probabilities  cn-i.ginating 
from  subjective  and  rapidly  Jluctuating  sources  occupy 
the  center  of  the  stage;  any  study  of  the  heterogeneity  of 
conditions  is  made  only  in  order  to  check  the  sensitimty 
of  the  search  plan  to  accidental  imperfections  in  the 
knowledge  of  the  condUions, 

All  this  will  1)(!  made  clear  on  the  basis  of  examples 
in  the  .succeeding  chapters. 
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Chapter  3 

THE  DISTRIBUTION  OF  SEARCHING  EFFORT 


THE  GENERAL  QUi'STION 

IN  AN  iMi'uH TANT  CLASS  of  prohloms  of  naval search, 
the  target  has  an  unknown  position  but  a  known 
distribution:  while  wc  do  not  know  where  it  is,  wo 
do  know  the  probability  that  it  is  in  this  place  rather 
than  in  that.  If,  as  is  usual,  the  total  availaldc  .search¬ 
ing  effort  (numhnr  of  hours  the  ohscrv(;r  can  devote 
to  tlio  search)  is  limited,  how  should  the  searching 
be  done?  How  much  time  should  tlie  oKserver  spend 
searching  in  this  place  and  how  much  in  that? 

In  otlier  cases,  there  is  no  doubt  ns  to  where  to 
search  but  there  may  be  a  question  as  to  when.  If 
the  target  is  only  temporarily  present  in  the  region 
where  tiic  searcli  can  be  made,  all  hours  of  the 
twenty-four  being  equally  likely,  should  the  limited 
sonrehing  effort  bo  spread  out  evenly  during  the 
twenty-four  hours,  or  should  a  more  intensive  .search 
be  eonchictod  during  only  part  of  tho  time?  This 
question  is  of  particular  interest  if  the  search  is  done 
by  aircraft,  when  only  a  limited  number  of  aircraft- 
hours  are  available,  and  if  search  in  d.aylight  when 
vision  and  radar  can  be  used  simultaneously  is  more 
effective  tlian  searcli  at  night  when  only  radar  is 
availahh'.  How  should  tho  search  he  divided  between 
day  and  niglit? 

There  .are  similar  (luc.stions  concerning  tho  opti¬ 
mum  distriliutinn  of  .sc.anning  effort:  An  observer  on 
an  aircraft  is  searching  for  a  surface  target;  how 
much  of  his  time  .should  he  devoted  to  looking 
straight  abend,  how  much  in  looking  abeam,  and 
how  mucli  on  the  intormedinto  h(:arings? 

There  is  a  close  matliomatical  analogy  between 
some  of  these  prolihjms  and  certain  (piestions  of 
gunnery  anrl  bombing  in  whicli  tlic  distribution  of 
targets  is  known,  and  tlic  optimum  rli.stribution  of 
firing  is  rciiuircd. 

It  lia.s  been  seen  in  Gha])ter  2  that  wlien  a  region 
is  .soarelied  the  ehaneo  of  detection  depends  not  only 
on  the  lau’  of  detection  (lateral  range  curve,  .search 
width,  etc.),  but  on  the  mctliod  of  search.  At  one 
extreme,  .such  a  liiglily  systcm.atic  method  a.s  that 
of  parallel  swcop.s  can  he  used;  at  tlio  other  extreme, 
r.andom  search  can  lu:  cnqiloycd,  leading  to  the  c(|U.a- 
tion  (40)  of  (.  ih.aptcr  2, 

p  =  1  -  c  '  ,  (1) 


whore 

A  —  area  soarelied  (square  miles), 

IE  =  effective  .search  widtli  (miles), 

L  —  length  of  observer’s  jiatli  inside  A  (miles), 
p  =  probability  of  detection  of  a  target  given  to 
Ire  in  A  and  uniformly  distributed  thc-roin. 
Throughout  this  chapter,  the  problems  just  men¬ 
tioned  w'ill  i)c  treated  on  the  basis  of  equation  (1). 
The  reason  for  the  assumption  of  random  search  is 
twofold.  On  tile  one  Iiand  it  is  realistic,  since  In  any 
protracted  search,  however  systematic  in  intent, 
navigational  errors  and  other  irregularities  and  un¬ 
certainties  arc  pretty  .sure  to  impart  to  the  search  a 
character  of  random;  hence  (1)  is  a  proper  estimate, 
on  tl'.G  conservative  side,  of  the  practical  results 
achieved.  On  tlic  other  hand,  the  assumption  is  con¬ 
venient  and  leads  to  nsefully  .simple  results;  this  is 
partly  because  equation  (1)  requires  nothing  con¬ 
cerning  the  particular  detection  law  (other  than  llie 
value  of  W)  to  be  assumed,  and  partly  because  of  the 
usable  niaturu  of  (1)  itself. 

ALTERNATIVE  RF.GIONS  OF  SEARCH 

Let  A\  and  /1 2  lie  two  areas  of  tho  ocean  (cither 
soiiarnte  or  liaving  a  common  boundary).  The  target 
to  he  found  is  cither  in  Ai  or  in  Ai,  with  the  respective 
])rob.ahiliti('S  pi  and  pt  of  so  being,  so  that  relations 

Pi  +  p2  -  1,  Pi  >0,  p:  >  0 

liold;  the  target  lining  .stationary,  pi  and  p2  do  not 
change  witli  the  time.  Let  tho  target  be  uniformly 
distributed  in  wliiclicvcr  of  Ai  or  Ai  it  lies.  Finally, 
let  the  total  lengtli  of  track  of  the  observer  (or  ob- 
scrvei'.s)  lie  L.  IIow  must  h  be  distributed  between 
.'ll  and  /I2  if  the  citance  of  detection  is  to  be  greatest? 
In  other  words,  if  L  =  Li  -f-  1.^,  Li  lieing  the  lengtli 
of  tlie  oliserver’s  track  in  A\,  Jj2  that  in  yl2,  what  re¬ 
lation  must  exist  between  Iji  and  for  tho  optimum 
.search?  If  W  i.s  the  search  width,  the  probability  p 
of  detection  i.s  given  liy 

p  =  Pi  (1  -  e  -"■'''/■■'')  -h  p2  (1  -  (2) 

as  results  from  a  simple  proliability  argument  Iiascd 
on  (1). 
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Miitheinaticnlly,  tlio  probldm  is  to  find  t’.in  vnluos 
of  Li  and  Li  wliich  jnaximizc  equation  (2),  subject  to 
the  cont'.itions 

Li  H  Li  =  L,  Li  ^  0,  U  S  0.  (3) 

It  is  convenient  to  proceed  grniiliically.  Setting 


I'lien  the  inclination  of  yi  will  continue  to  bo  still 
loss  tlian  that  of  //a  throughout  the  interval:  No 
internal  minimum  of  y  exists,  but  since  increases 
faster  than  //i  decreases  as  .r  moves  from  0  to  L, 
the.  minimum  occurs  at  x  ~  0  (i.e.,  Li  —  0), 

Case  2.  The  inclination  of  aXx  -  L  is  loss  than 
(or  equal  to)  that  of  7/1  at  tliis  point,  i.e., 


Li  ==  ;r,  Li  L  —  Xj 

Il’a/.t: 


Vl 


Vi  e 


1  1/2  —  Vi  a 


7h  ^  jn 
Ai  Ai 


we  have  P  ==  1  -  (l/i  +  Vi), 

so  that,  for  the  optimum  search,  x  must  be  deter¬ 
mined  so  ns  to  maximize  p,  i.e.,  to  minimize 


Then,  by  a  similar  argument,  the  viinimum  occurs  at 
a-  =  L. 

Case  3.  Neither  one  of  tlio  above  cases  occurs: 


V  =  )h  +  IJh 

subject  to  the  restriction  that  0  ^  x  ^  L.  Figure  1 
shows  the  graph  of  y  against  x  in  a  typical  case;  the 
ordinate  is  obtained  by  adding  the  ordinates  of  the 


graphs  of  7/1  and  Pi,  also  shown  in  the  figure;  the 
latter  arc  simple  exponential  curves.  It  is  seen,  cither 
by  differentiation  or  by  an  obvious  graphical  argu¬ 
ment,  that  for  y  to  have  a  minimum  at  a  point  x  in 
the  interval  (0,  L)  it  is  necessary'  and  cutficiont  that 
tlic  inclinations  (viz.,  absolute  values  of  the  slopes) 
of  the  tangents  to  the  //i  and  the  yj  curves  be  c(iunl 
and  opposite  (they  are  always  opposite  in  the  present 
case).  Now  the  inclination  of  tin?  y,  is  alw.ays  down 
and  tliat  of  the  y^  alwa.ys  up.  The  former  inclination 
decrea.ses  with  increasing  x  from  its  m.aximum  at 
X  =  0,  the  latter  increases  to  its  maximum  at.x  =  L. 
3'hus  there  arc  three  mutually  exclusive  jrossibilities. 

Case  1.  TIic  inclination  of  y.  at  x  =  0  is  less  tlian 
(or  at  most  equal  to)  that  of  7/2  at  this  point,  i.e., 

(4) 

^ 1  " 


A I  A  2 


e 


WLI^U 


and 


B.  V.  JL'- 

Ai  Ai 


e-tr/V.4,_  (Q) 


Then  the  inclination  of  yi  at  x  =  0  is  greater  than 
that  of  7/2  at  this  point,  but  this  advantage  is  steadily 
diminished  as  x  increases,  and  is  revonsed  when 
X  =  L,  at  which  point  the  inclination  of  7/2  exceeds 
that  of  7/,.  Hence  there  is  just  one  point  x  =  Xo  im 
the  interval  (0,  L)  which  makes  y  a  minimum.  This 
value  of  X  is  found  by  .solving  the  equation  dy/dx  =  0; 
a  eunvenient  form  of  the  answer  will  bo  given  below. 

In  order  to  grasp  the  meaning  of  the  .situation  more 
easily,  tlic  following  terms  arc  introduced: 

pi  =  PiIA\,  p'i  =  P2IA2 

(pi  —  WL]/Ai,  d>2  =  WL2/A2  (7) 

A  =‘  A I  A2,  $  ~  WL. 

On  account  of  tlio  uniformity  of  the  distribution  of  the 
target  in  whicliover  region  it  is,  the  probability  that 
it  lie  in  a  subregion  of  unit  area  within  A^  is  the 
product  of  the  probability  pi  that  it  bo  in  by  the 
probability  that  (in  this  cose)  it  bo  in  said  subregion, 
l/Aii  Thus  tlic  probability  in  question  is  pi/Ai  —  /j,. 
Hence  pi  is  tlic  probability  de.nsity  for  tlic  first  region; 
Pi  lias  the  corresponding  moaning  for  A-i.  Further¬ 
more,  the  length  of  observer’s  path  Li  in  A  j  is  a 
measure  of  the  searching  effort  devoted  to  Ai.  Rut 
WLi  is  an  equally  good  measure:  it  is  the  area  swept 
(some  of  it  multiply)  in  Ai.  Tlius  tlie  Gxpressio;i 
WLi/Ai  ~  ipi  is  the  density  of  searching  effort  in  the 
first  region,  and  <p2  is  that  in  tiie  second.  ^  is  the  total 
available  searching  effort,  anri  we  have 

AiCpi  f-  Aglpa  =  $,  <pi  ^  0,  0g  ^  0.  (8) 
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In  thp  third  pase,  rorrosponding  with  equation  ((>), 
tlu'  solution  of  thi/dx  =  f)  for  x  gives  a  result  which 
can  ho  simplified  by  first  rc'pliieing  x  and  L  —  x  by 
In  and  hi,  and  then  replacing  ratios  by  the  quantities 
introduced  in  e(iiuition  (7).  'Phe  following  ('(illations 
result  from  this  pnaa'ss;  they  answer  tlie.  question 
conc(‘rning  the  oiitimum  distribution  of  searching 
effort  in  the  pri'sont  ease, 

1 

<t>i  =  log  Pi  -  ^  (.4,  log  Pi  +  Ai  log  Pa)  H-  ^ 

(9) 

1  'h 

<h  =  log  ps  -  (dl  log  Pi  +  dalogpj)  + 

On  the  basis  of  equations  (4),  (5),  and  (0),  ex¬ 
pressed  in  the  terms  of  equations  (7),  and  (9),  every¬ 
thing  may  be  summed  up  as  follows : 

When  the  target’s  probability  density  pi  in  the 
first  region  is  not  only  less  than  its  density  in  the 
second,  but  is  so  much  less  that  it  remains  less  when 
the  second  is  multi))lied  by  tlio  factor  ( <  1), 
i.e,, 

(10) 

thoi  no  scnrchiiid  irhott^orrcr  nhnulrl  hr  rionr  hi  llw  first 
rcfiion,  /li,  oiul  the  whole  effort  should  be  denoted  to 
soarchinn  the  second,  dj.  Similarly,  if 

P.  ^  PI  0“'"^'",  (II) 

no  searching  should  be  done  in  dj.  When,  on  the. 
other  iiand. 

Pi  >  P2  e and  p2  >  Pi  c (12) 

the  searching  effort  should  he  distributed  in  accord¬ 
ance  with  equation  (9).  If  k  denotes  the  e.Npoiiential 
of  the  common  value  added  to  log  pi  or  to  log  p2  in 
(9),  these  equations  become 

01  =  iog /rpi,  02  =  log/cpi-  (13) 

Thus  the  optiiniun  densities  of  sefirchinij  effort  (in  case 
of  eipiation  (12)  ]  eqiml  the  Imiarithms  of  quantities 
■proportiifhal  to  the  respective  prolHibilitji  densities. 

ft  is  interesting  to  .see  how  the  situation  develops 
as  the  total  available  searching  cifort  ‘h  is  progres¬ 
sively  increa.sed.  're  have  a  definite  case,  suppose  that 
Pi  >  p-iuiiddi  <  dg.  When  <1>  is  very  .small,  equation 
(11)  holds:  all  .searching  must  be  done  in  di,  none 


in  d’l.  When  4’  increases  sufficiently,  (12)  becomes 
valid,  and  remains  so  for  all  further  increase  in  $. 
'riien  the  .searching  has  to  be  distributed  between  di 
and  A'i  according  to  the  logarithmic  law  enunciated 
in  ('(Illations  (9)  or  (13).  This  leads  to  a  curious  con¬ 
clusion  as  'I'  beconu'S  extremely  large.  For  equation 
(9)  shows  that 

liin  x  =  1. 


'i'hus  for  very  large  0,  0i  is  about  equal  to  02,  i.c., 
WIn/Ai  =  WLi/A-i.  which  moans  in  the  present  case 
whore  di  <  d'j  that  In  <  In.  The  first  region,  which 
for  very  .small  0  should  take  up  all  the  searching 
effort,  should  for  very  large  0  actually  have  a  shorter 
length  of  observer's  track  than  the  second  region,  a 
phe.rfomcnon  of  reversal  for  lareje  0. 

Supfio.se  that  after  completing  the  optimum  search 
with  the  expenditure  of  the  total  effort  0  =  WL,  with 
no  n'sulting  detection,  a  further  amount  of  effort 
0'  =  WT/  become, s  availalilo.  'What  is  tlie  optimum 
manner  of  expending  this  additional  effort? 

A.ssumo  tliat  in  the  first  part  of  the  search,  the 
third  ease  was  iirosented,  so.  tliat  0  was  distributed 
in  aeenrdanee  with  equation  (9).  Since,  ns  we  aro 
assuming,  the  target  is  not  (l('t('etc(l,  the  situation 
at  the  end  of  tlio  search  is  similar  to  that  at  the  be¬ 
ginning,  except  tliat  the  probabilities  th  Vi  have 
to  be  replared  by  dilTnront  values  p/.and  pf,  the 
vahu's  of  wliich  are-  romputed  by  means  of  Hayes’ 
theorem  (.see  Section  1.5,  in  particular  footnote  c), 
In  this  apiilieatioii,  the  a  priori  probabilities  of  di 
and  d2  (“ontnining  the  target  are  p,  and  ;>s)  f'ho  a 
posteriori  probabilities  are  pf  and  p^.  Tb'  ■'■o- 
duetive  probabilities,”  i.e.,  those  of  not  find!  , 
target  in  di  or  in  da  when  the  0  .search  is  done  a.s 
aRsumod  in  (9)  are  tlie  values  wliich  accrue  to  the 
quantities  and  when  Li  and  h  are 

given  by  (9)  in  conjunction  with  (7).  Thu-s  the  first 
produetivo  probability  is,  by  definition,  the  chance 
that  if  the  target  is  actually  in  di  the  searching  effort 
01  =  WLi/Ai  devoted  to  this  region  shall  fail  to 
nwenl  it;  by  the  formula,  of  random  si’areli,  this  i.s 
and  similarly  for  the  si'cond  region.  Hence 
by  Hayes’  formula. 


/»»,  ft  —  n  fti /.If 

_ _ _ _ _ _ 

or.  Using  ciiiintions  analogous  to  (7), 


,1=1  or  2; 


Pi  ~ 


Pi  cr 


dipic  -^'  +  djpac-'^-  ’ 


f  =  1  or  2. 


CONFfDFiVTIAL 


38 


THF,  niSTKIBTJTION  OF  SEAnCHlNO  KFFOHT 


To  find  the  optimum  distribution  of  4>',  observe 
first  that  on  account  of  (9),  the  relation  = 

p2C~*"  liolds;  hence  wo  are  in  tl>c  presence'  of  tlic 
third  case  [the  primed  anaioguo  of  (12)  J.  llcnce  <^i' 
and  (t>i'  are  given  l)y  eeiuations  like  (9)  (with  appro¬ 
priate  primes).  An  obvious  algebraic  simplificatu)n, 
using  the  original  (9),  shows  tliat 

<t>i  =<)>■/=  ■ 

A 

Now  tlie  total  density  of  scarelung  effort  flevotnd 
to  tlic  ftli  region  (i  =  1  or  2)  is  simply  0,-  +  This 
reduces  witli  tlic  aid  of  (0)  to 

log  pi  -  -  (A,  log  Pi  4-  A-i  log  pi)  -b 

But  this  is  exactly  what  (0)  woidd  have  given  if  we 
had  known  in  advance  that  tlio  total  amount  of 
searching  effort  would  be  +  4>'  rather  tlinn  >P.  In 
other  words; 

A  well-planned  search  can  not  he  improved  by  a  rc- 
dislrihiitinn  of  search  nwde  al  an  intermediate  stage  of 
the  operation  in  an  allcmpt  to  make  use  of  the  fact  that 
up  to  that  lime  the  target  had  not  yet  been  observed. 

Of  course  as  .soon  its  tlie  target  is  observed,  an  im¬ 
provement  can  be  made:  Discontinue  the  search. 

This  theorem  has  been  irrovcd  lu're  only  in  the 
ease  whore  equation  (12)  is  valid.  Other  cases  are 
treated  in  a  similar  mann((r,  witli  similar  results. 

In  thc!  case  of  ecjuation  (12),  formula  (9)  gives  only 
the  magnitude  of  elTort  to  he  dewoted  to  A  i  and  to  Ai; 
it  does  not  tell  liow  tlie  .search  .sliould  be  conducted 
in  time.  Supi)OS(!  tliat  at  thc  end  of  I  hours  the 
amount  of  scarcli  elTort  is  ‘hf/)  =  ct,  where  ^  =  l^fT) 
=  cT,  T  being  tlie  total  time  available  and  c  a 
constant  of  proportionality.  'J'hcn  in  order  to  find  thc 
target  as  soon  .a.s  possible,  we  miwt  proceed  as  fol¬ 
lows:  Wliatcver  thc  value  of  <  (  >  0),  tlic  search  ciTort 
ct  must  bo  used  so  as  to  maximize  tlie  clmnco  of 
detection  ujr  to  that  time,  in  accordance  with  tlie 
formulas  developed  above.  Tliu.s,  if  pi  >  pi,  we  must 
make  01  =  ct/Ai,  02  =  0,  as  t  goes  from  zero  to 
A  2  (log  p2  —  log  Pi)/ C,  i.e.,  when  ( 1 2)  comes  into  elTeet. 
From  then  on,  0i  and  02  must  be  taken  from  eqii.ation 
(9)  in  which  'I>  is  ro])laccd  by  cl. 

An  obvious  extension  of  the  iiroblem  treated  in 
this  section  is  to  tlic  ca.sc  of  n  regions  Ai,  •  •  A„. 

But,  while  this  presents  no  difliculty.  it  is  much  more 
worth  while  to  treat  a  iierfcctlj'  general  e.ase  which 
will  yield  the  n  region  ca.so  by  .specialization.  This 
will  be  the  object  of  thc  succeeding  .section. 


THE  GENERAL  CASE-TARGETS 
CONTINUOUSLY  DISTRIBUTED 

The  target  is  stationary  and  is  contained  in  a 
known  region  A  of  the  oci-an  (assumed  to  bo  a  plane 
in  whicli  a  carto.sian  system  of  coordinates  (x,y)  is 
e.stablished),  The,  probability  before  the  search  that 
the  target  be  in  the  infinitesimal  region  dxdy  is 
p(x,y)dxdy,  thc  probability  den.sity  p(x,ij)  being 
known  and  satisfying  the  conditions  of  continuity, 
of  having  in  A  tlic  positive  minimum. 

min  pix,y)  =  pn  >  0, 

A 

and  of  satisfying  thc  obvious  equation. 

p(x,y)dxdy  =  1. 

A 

The  total  availalile  scarcbing  effort  as  represented 
either  by  tlie  total  observer’s  track  L  or  by  0  =  WL 
is  given.  How  shall  the  searching  be  di.stributed 
throughout  A  in  order  that  the  chance  of  finding 
the  target  be  a  maximum? 

Thc  idea  of  a  distribution  of  searching  .e.ffort  in 
the  present  case  of  a  continuomsly  varying  distribu¬ 
tion  involves  a  loss  precise  conception  than  in  the 
case  of  Section  .1.2.  It  is  necessary  to  arrive  at  the 
notion  of  density  of  searcliing  elTort  0(.i;,?/)  as  a 
function  of  position  (x,y)  in  A.  This  is  accomplished 
as  follows: 

Consider  a  subregion  B  within  A.  Let  Lb  be  the 
total  length  of  oliscrver’s  track  in  B  (composed,  per¬ 
haps,  of  many  pieces),  Thc  qu.antity  <I>b  -  WLo/B 
obviously  corresponds  to  B  in  tlie  same  way  in  which 
01  of  (7)  docs  to  Ai  in  Section  .3.2.  But  consider  what 
happens  ns  B  shrinks  up  to  fixed  point  {x,y)  con¬ 
tained  therein.  If  B  is  large  and  of  not  too  irregular 
a  shape  [if  it  is  square  nr  circular  with  {x,y)  at  its 
center],  tlie  ratio  Lp/B  behaves  as  the  ratio  of  the 
number  of  molecules  of  an  inhomogeneous  body  in  a 
volume  to  the  volume  itself  as  it  shrinks:  After 
changing  slowly,  it  settles  down  to  a  qunsilimiting 
I’aliie,  remains  at  this  value  for  a  long  time,  only  to 
depart  radically  from  it  as  the  ai'e:i  (or  volume)  falls 
below  a  critically  small  size.  The  ciimsilimit  I  (x,y)  of 
Ljj/B  (corresponding  to  the  “mean  number  of  mole¬ 
cules  per  unit  volume,”  proportional  to  thc  density 
of  the  body)  may  be  c, ailed  the  density  of  observer 
track  at  (.r,y).  Ute  product  0(.r,?/)  =  117(0;,?/)  = 
(lua.silimit  of  ll'L/(/7)'  shall  be  e.alled  the  density  of 
searching  effort  or  .'icarch  density  at  (.r,;/).  An  obvious 
construction  shows  that 
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l{x,y)dxdy  =  L, 

and  (•onscqiicntly  that 

ff^x  ,(/)dxdij  —  WL  =  'I'.  (14) 

,1* 

Suinioso  that  the  searoli  density  <t>(x,y)  is  n  given 
function.  What  i.s  the  probability  l'[4>\  of  detecting 
the  target?  The  classical  reasoning  of  the  integral 
caloidus  (subdivision  of  the  region  A ;  approximation 
to  7^[(/i]  liy  a  sum  obtained  by  total  and  compound 
probability;  and  applioatin:a  of  the  formula  (1)  in 
the  limit)  furnislies  the  following  answer: 

^^[0]=  J  (15) 

A 

Wo  arc  therefore  in  the  presence  of  a  problem  of 
the  calculus  of  Variations :  Among  all  functions  <l>(x,y) 
which  scitisfy  (14)  together  with 


whereupon  the  following  solution  of  the  problem  is 
obtained  from  (17): 

(t>(x,y)  =■-  log  p(x,y)  -  jff  p{x,y)dxdy  H-  5- 

(19) 

Ilcturning  to  the  original  problem  with  (10)  in 
force,  it  i.s  seen  that  equation  (19)  automatically 
gives  the  solution  whenever  $  is  large  enough  to  make 
the  right-hand  member  of  (19)  nonnegativo  for  all 
(x,y)  of  A,  i.e.,  wlionovor  (po  being  the  minimum  of 
p(x,y)  in  A) 

log  Pc  -  jJ* J' log  p{x,y)dxdy  +  ^  S  0-  (20) 

A 

In  cose  this  inequality  is  not  realized,  we  shall  allow 
the  previous  formulas  to  suggest  ,a  <^(.T,p)  which  is 
written  down  ad  hoc,  and  then  show  a  posteriori 
that  it  is  in  effect  the  solution  of  the  problem, 
Introduce  the  variable  q  ranging  in  the  interval 


d'ixdt)  ^  0,  (le) 

find  that  one  which  gives  to  P[<h],  defined  by  (15),  the 
greatest  value. 

1'his  is  not  a  “regular”  problem  of  the  calculus  of 
variations,  because  of  the  one-sided  condition  (16), 
i.o.,  because  this  condition  ie  an  inequality  rather 
than  an  equality,  And  indeed  the  example  of  Section 
3,2  prepares  us  .for  the  possibility  tliat  under  certain 
conditions  the  maximum  cannot  bo  found  by  simply 
equating  a  combination  of  difforontial.s  (variations) 
to  zero. 

As  a  preliminary  step,  we  almll  solve  tlie  regular 
problcr  dar  to  tlic  above  but  with  the  condition 
(10)  omitted.  The  use  of  the  Lagrange  multiplier  X 
in  the  variation  of  (14)  and  (15)  lend.s  to 

sjjpi.'r,y){l  -  e~‘’'^'’"^)dxdy  -  xsj ^<t>{x,y)dxdy  =  0, 
A  A 

J f  l'/>(x,y)  -  X)  5(t){x,y)dxdy  =  0, 

A 

from  which  is  derived 

pix,y]  =  X, 

<t>ix,y)  =  log  pix,y)  -  log  X. 

To  determine  X,  introduce  tlii.s  in  (14)  and  solve  for 
log  X; 

logX  =  I  I  r  log  p{x,y)dx<ly  -  (18) 


Pu  ^  q  S  Pi  =•  max  p(:r,y), 

»  /I 

and  denote  by  A,  and  A,  tlie  two  parts  of  A  (i.e., 
A  =  A,  +  /!,)  defined  as  follows: 


•■q  I  -<*7/ 

P(^,y)  S  <1  for  all  (x,y)  in  A„ 
p(x,y)  <  q  fui'  all  Ov,y)  in  A,. 
Consider  tho  quantity 


(21) 


// 


llog 


log  q]dxdy 


=  -A,  log  5  +  ff^og  p(x,y)dxdy. 


Geometrically,  it  represents  tho  volume  of  that  part 
of  the  solid  under  the  surface  z  —  log  p(x,y)  [plotted 
in  !  '’<■  cartesian  coordinates  (s;,;/,^)]  cut  off  by  the 
piano  z  =  log  q  (and  above  this  plane).  As  q  de¬ 
creases  continuously  from  pi  to  po,  this  volume  in¬ 
creases  continuously  from  0  to 

-A  log  Po+  JJ log  p(x,y)dxdy. 

A 

Hcnco  Uio  expression 

log  ^  ~  V{xdj)<^xd<i  +  <1> 

•■If 

decreases  continviously  from  'T>  to  the  value 

A  log  Pit-  J  f log  v{x,y)dxdy  +  'h 

a' 
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wliich,  on  nc^jmint  of  the  assiimod  invalidity  of  (20), 
is  negative.  Tliert!  exists,  therefore.,  a  unifiuc  value 
q  =  b  for  whie.h  the  expression  is  zero,  i.e.,  for  which 

log  b  ~  I  f  log  ■p{x,y)dxdij  +  -^  =  0.  (22) 

A,, 

Wo  now  define  0(.r,i/)  as  follows: 

^{x,y)  =  logp(a;,j/)  “  “  J* J'ng  pOF.y)da:df/ + 

=  log  (23) 

when  {x,y)  is  in  d/,; 

4>{x.,ij)  ==  0 

when  (x,!/)  is  in  A/,, 

To  show  tlmt  this  <f>(x,!/)  is  the  solution  of  the 
problem,  it  is  ohsorved,  firstly,  tliat  it  sattsfios  (Hi) 
in  virtue  of  (22)  and  (2.1);  and,  secondly,  tliat  (by 
dirce.t  integration)  it  satisfies  (14).  It  remains  to 
show  that  of  all  the.  functions  satisfying  these  two 
conditions,  it  renders  P[<^]  a  maximum,  for  which  we 
will  regard  it  a.s  sufficient  to  sliow  that  every  ar¬ 
bitrarily  small  change  of  4>(x,y)  through  values  satis¬ 
fying  (IC)  and  (14)  deeronses  P[(t>] — or  loaves’  it 
stationary. 

First,  _considor  variations  whicii  leave  tlic  function 
zero  in  Ai„  i.e.,  whicli  correspond  to  a  r<!iirrangemcnt 
of  values  inside  Ai,.  To  find  tlic  maximum,  reireat 
the  preceding  ciiloulation  .starting  from  the  equation 
IP  —  X5$  =  0  with  Ah  replacing  A ;  tliis  leads  to 
(19)  with  A  replaced  by  Ai,,  i.e.,  to  (23). 

Second,  consider  variations  wliieli  transfer  some  of 
tlio  searching  eflort  in  Ah  to  Aj.  They  arc  obtained 
as  follows;  Let  \p(x,y)  be  any  function  continuous  in 
A  and  .satisfying  tlie  condilioiis 

'P{x,y)  g  0  for  (a-,?/)  in  A,., 

Hx;y)  ^  0  for  (x,y)  in  Ah, 

<t>(x,y)  +  ^{x,y)  S  0  for  (x.i/)  in  Ah, 

f  f  'f'(x,y)dxdy  =  0. 
a' 

Evidently  if  0  ^  ^  1,  will  have  tliesc  same 

general  irroperties  as  ^{x,y).  Then  ^{x,y)  +  ^^(x,y) 
ropresents  tlio  residt  of  varyinij  <t>{x,y)  in  tlic  manner 
described.  It  remains  to  sliow  that  if 

P(F)  -  JJ vix,!!)  [1 


then  7^'(i)  ^  0.  Wo  compute  ns  follow.s; 

^"(0)  =  ffp(x,?/)  \l/(x,y)dxdy 

A 

^  I  f  a-*'-'’"'  ^{x,y)dxdy 

-'Wj 

+  J'  J" vix,v)  c \l/{x,y)dxdy. 

From  (23), 

1>{x,y)  =  &  when  {x,y)  is  in  At,, 

p(x,y)  <  h  wlicn  (x,y)  is  in  Ah, 


hence 


F'(0)  =  'l'ix,y)dxdy  +  f j‘p(x,y)rP{x,y)dxdy, 
;'i‘  ''xh 

^  >>  f  <p(x,y)dxdy  +  fj Hx,v)dxdy  ■ 

'h.  Ah  _ 

=  ^  J f  'Pix,y)dxAy  “  0. 


fi'lii.s  coiniiletes  the  proof  tlint  (23)  gives  the  solution 
required. 

It  is  possihJe  to  [lut  this  result  in  n  geometrical 
form.  In  the  roetangulnr  coordinates  of  the  variahhis 
x,y,z,  plot  tlio  surface  z  =  log  p(x,y)  over  the  region 
A  in  the  xy  plane.  Cut  this  surface  by  the  horizontal 
plane  z  =  log  b,  choosing  the  constant  b  so  tliat  the 
vnluiuo  cut  off  (above  the  plane  and  below  the  sur¬ 
face)  shall  equal  and  denote  the  orthogonal  pro¬ 
jection  upon  the  xy  plane  of  the  portion  of  the  surface 
above  the  plane  by  Ah-  This  construction  is  the  gco- 
metric.nl  eountorpart  of  equation  (22)  defining  Ah. 
"J'he  search  density  ^ix,y)  is  then  taken  as  zero  out¬ 
side  Ah  (i.o.,  wherever  the  surface  is  below  the  plane) 
and  equal  to  the  length  nut  from  a  vertical  line  by 
the  surface  and  the  plane,  at  each  point  (x,y)  of  Ah 
(through  whicli  point  the  vertical  lino  is  drawn). 
This  is  a  consequence  of  (l>ix,y)  =  log  p(x,y)  —  log  b, 
wliicli  is  contained  in  (23). 

'This  construction  sliows  how  to  lay  on  additional 
.searcliing  in  case  an  additional  search  effort  Af*  be¬ 
comes  available  after  4>  has  been  used  up  fruitlessly: 
Lower  tlio  horizontal  piano  so  tliat  tlic  additional 
volume  between  it  and  the  surface  is  A<I’;  then  search 
throughout  tlio  (generally  larger)  region  Ai,  witli  a 
.searcli  density  equal  to  the  length-  of  the  vortical 
segment  between  tlii'  new  and  the  old  horizontal 
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l)laiU’s,  or,  in  new  parts  of  yl;,,  l)(!twe(>n  tlio  luav  plane- 
anrl  tin-  Hurfac.e.  'i'iin  n^sulting  total  layout  of  search 
density  is  obviously  tluit  which  corresponds  to  tlie 
total  a\'ailahle  effort  <!’  -f  A'h.  To  prove  tlmt  the 
knowledge',  tliat  the  first  imrt  of  the  search  (with  if) 
has  failed  to  detect  the  target,  leads  hy  Hayes’ 
theorem  to  the  al)ove  as  the.  oiitimum  pi'oeedure,  one 
emiiloya  the  iiK'.thod  of  rensoning  illustrated  in  the 
corresponding  question  in  Section  3.2. 

These  considerations  show  how  to  carry  out  n 
search  in  time  as  the  available  effort =  <I>(0  in¬ 
creases  progressively,  the  inirposo  Iwing  to  diitcict  as 
early  as  possible:  I.ower  the  horizontal  plane  z  —  log 
b  at  such  a  rate  that  the  volume  between  it  and-tlic.- 
surfaeo  z  =  log  p(3:,y)  constantly  equals  <{>(/),  and 
constantly  add  search  density  by  amounts  equal  to 
the  additional  lengths  of  vortical  segments  described 
above. 

It  may  be  nf)ted  that  a  very  slight  el'.angc  in  word¬ 
ing  of  certain  of  the  proofs  in  this  section  .shows  th.at 
the  solutions  hero  given  continue  to  be  valifl  when 
the  condition  pt,  >  0  and  pi  finite  arc  both  drojjped; 
and  also,  when  the  region  A  is  infinite  in  area. 
Actually,  p(x,y)  need  not  even  he  continuous.  And 
of  course  the  distrilnition  can  lie  in  a  line  or  in  spaee 
rather  than  in  the  xij  plane,  with  appropriate  reword¬ 
ing.  Finally,  this  problem  specializes  and  becomes 
like  the  one  of  Section  3,2,  as  is  seen  on  .setting 
A  =  Ai  +  Ai  and  taking  p(x,i/)  equal  to  pi/Ai  or 
Pi/Ai  according  as  {x,y)  is  in  Ai  or  in  A2.  Then 
equation  (23)  will  reduce  to  such  equations  ns  (9), 
etc.  Similarly,  equation  (23)  yields  the  .solution  of 
the  n  region  case  .spoken  of  in  tlie  last  paragraph  of 
Section  3.2. 

Corollary:  If  .in  all  the  previous  dtscassion  and 
oquation.s,  v{x:ii)  is  interpreted  not  as  the  prolmhility 
den.sity  of  the  distribution  of  an  individual  target  in 
A,  but  as  the  expt’oted  number  of  targets  per  unit 
area,  i.e.,  p{x,y)dxdy  is  now  the.  mean  or  expected 
number  in  the  infinitesimal  dxdy  region  at  {x,y)  where 
there  i.s  an  indefinite  nuinher  or  swarm  of  targets  in 
A  (which  may  he.  an  infiniti'  region),  and  where  the 
ejuantity  to  be  maximiz('d  is  not  the  probability  of 
detecting  Ihc  target  but  the  expected  number  de¬ 
tected — then  all  the  eonclu.sions,  equations,  and 
geometrical  construedions  nsnain  valid. 

This  can  of  course  lie  proved  1>3’’  paralleling  the 
whol(>  of  the  previous  discus.Hion.  Hut  it  i.s  simpler  to 
oh.sci've  that  the  probability  of  an  arbitrarily  chosen 
individual  tiirget  of  the  swarm  being  in  dxdy  is 
proportional  to  pix,y),  and  then  to  show  that  tlie 


constant  of  iiroportionality  cancels  out  of  the  crucial 
equations  (22)  and  (23)  and  makes  no  difference  in 
.-1,„  properly  defined. 


AN  APPLICATION 


bet  an  aiiproximately  stationary  target  bo  placed 
on  the  ocean  according  to  a  bivariate  circular  normal 
distribution  centered  at  the  origin  of  the  coordinate 
.sy.stem,  and  of  standard  deviation  tr\  thus 

Pix,!/)  =  -b  jy'h  (24) 


The  region  A  of  fieetion  3,3  is  now  the  whole  piano 
and  pn  ~  0;  but,  as  has  been  rernarked,  the  .solution 
given  in  3.3  is  valid  for  such  a  case,  and  the  optimum 
distrihutioM  of  the  available  searching  effort  $  is 
given  hy  (23)  together  with  (22). 

Let  a  he  the  distance  r  at  which  p(x,y)  assumes  the 
critical  value  b.  'I'hou  A/,  is  the  region  for  which 
r  g  a,  and  evidently 

A,.  ■-=  rrA,  b  =  7:-^  (25) 


Ruh.stituting  these  e,s.prc.ssion.s  into  equation  (22)  and 
eliminating  />,  wc  derive  tlie  cxpimsion  for  a, 

(26)  • 
TT 


Thus  a  is  proportional  to  V <r;  nlso  to  4>. 

Outside  tilt'  circle  centered  at  the  origin  and  of 
ratlins  n  no  searching  should  ho  done'..  Inside  the 
circle  the  searching  effort  .should  he  distributed  ac¬ 
cording  to  the  formula  (23)  which  in  this  case  reduces 
to 


0  (•■«,?/)  = 


(27) 


The  gmph  of  the  equation  z  =  <Pix,y)  in  the  space 
of  the  I’oonlinatcs  (x,y,z)  is  a  jiaraholoid  of  vertex  at 
{0,U,rtV2CT^),  axis  coincident  with  the  z  axis,  cutting 
the.  .r//  plane  in  the  aliove  circle  of  ratlins  a,  .and  is 
the  xy  ])lane  itself  outsitle  this  eircle. 

’Po  t’onsiiler  a  concrete  case,  let  tr  =  100  miles 
(whitili  mt'.ans  tliat  there  is  lualf  a  chance  that  the 
target  is  witliin  a  circle,  tif  118-milo  ratlins).  A.ssume 
tliat  tliere  are  five  130-knfit  aircraft,  each  available 
for  five  hours  of  .search,  so  that  L  —  3,250  milt's. 
A.ssumt'  a  .search  width  on  the  pre.sent  type  of  target 
of  ir  =  5  milt's,  'I’liu.s  <!>  =  WL  =  10,250  stpiaie 
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milos;  by  (20)  a  —  121  miles.  Only  within  a  circle 
of  this  railius  should  sonrehinK  take  place,  and  there 
the  path  length  per  square  mile  shouM  depend  on  the 
distance  r  from  the  center  according  to  the  formida 

<#1  1212  _  ,.s 

ir  100,000  ‘ 

3  ’  DISTRIBUTION  OF  EFFORT  IN  TIME 

In  certain  tactical  situations  involving  a  planned 
search  there  is  a  question  not  of  the  distribution  of 
searching  effort  in  space  but  in  time.  In  order  to 
illustrate  such  cases,  a  typical  but  simple  problem 
will  now  bo  considered. 

A  certain  relatively  narrow  region  A  of  the  ocean 
has  to  be  crossed  by  very  fast  enemy  surface  units. 
It  takes  each  one  a  definite  time  T  to  cross  A,  T 
being  of  the  order  of  an  liour  or  two.  We 'wish  to 
detect  such  units  by  means  of  aircraft  patrolling  the 
region  A :  Certain  features  of  the  tactical  situations 
recpiire  them  to  stoy  within  A  at  all  times.  Wc  have 
fvi. '  (ir  dis])osal  a  fair  numlKU'  of  aircraft  of  the  same 
type,  oaclv  cr'pabie  oi.a,  definite  number  of  flying 
hours  during  the  twenty-four,  (i  to  12,  for  example. 
Thus  the  total  lougdi  of  traca  of  •"•}>  aircraft  during 
twenty-four  hours  ha.s  a  fixed  v.oae  of  L  miles;  this 
is  a  mea.surc  of  the  total  available  searching  effort. 
During  the  twelve  daylight  Iiour.«,  radar  search  ran 
bo  supplemented  by  visual,  the  combined  power  of 
detection  bdng  exiirossed  by  the  value  IFi  of  the 
search  U’idth  for  each  separate  aircraft.  Duiing  the 
twelve  hours  of  darkness,  radar  is  the  .solo  moans  of 
detection,  and  the  searcli  width  falls  to  a  value  Wj, 

Wi  >  Wi.  (28) 

One  final  assumption  is  fundamental:  Tiie  enemy, 
not  being  aware  of  our  search  of  the  region  A,  is  ns 
likely  to  t;ro.ss  this  region  at  any  one  time  as  at  any 
otlier. 

It  may  bo  u.ssumcd  that  for  the  best  search  tlin 
number  of  aircraft  patrolling  during  any  one  hour  of 
the  twelve  dayliglit  hours  should  bo  the  same  us 
daring  any  other.  For  if  during  a  partieidar  liour 
there  arc  fewer  patrols  than  during  another,  the  loss 
of  cliancc  of  detection  during  the  former  is  not  quite 
compensated  by  tlio  additional  chance  during  the 
latter,  on  account  of  the  tendency  of  ovorlap]jing 
(saturation  effect),  which  is  always  present,  but  in¬ 
creases  with  increasing  number  of  patrols  in  ■:>  given 
region.  This  situation  could  of  course  ho  given  a  pre¬ 


cise  mathematical  formulation  and  proof,  with  which, 
however,  wo  will  dispense.  In  conclusion,  we  may  say 
tliat  in  any  scliemn  of  search  to  lie  considered  tliero 
exists  a  eonstant  number  ni  of  planes  airborne  dur¬ 
ing  the  day;  and,  by  corrcsiionding  reiusoning,  a  con¬ 
stant  number,  «2,  during  tlic  night.  If  v  is  the  com¬ 
mon  aircraft  speed,  the  total  daytime  and  nighttime 
length  of  track  flown  is  12;jn.i  and  12i>ns  miles  re¬ 
spectively.  1'hus  the  following  equation,  evpressing 
the  limited  total  searching  effort,  must  hold. 


Beyond  tliis,  ni  and  uj  arc  at  our  disposal;  they  char- 
aetcrizn  the  distribution  of  searching  effort  between 
day  and  night. 

If  the  enemy  unit  ere  s  A  during  daylight,  the 
total  length  of  track  flown  while  he  is  in  A  will  bo 
Tvni  (there  arc  ni  pianos  in  the  air,  each  of  speed  v, 
during  the  time  T  of  passage  of  the  enemy).  Hence 
by  the  formula  of  random  .search''  the  probability 
of  detecting  such  a  target  is 

while  the  probability  of  dctcoting  a  target  passing 
at  night  is 

1  _  (f-TtntW,/A 

Since  the  chance  of  tlio  cnerrty's  crossing  A  by  day 
or  by  niglit  are  tlic  same,  the  sum  of  ono-half  of 
each  of  the  above  nxpros.sions  gives  the  required 
proliability  of  detection  p  (assuming  for  simplicity, 
and  with  satisfactory  approximation,  that  the  chance 
of  a  passage  of  A  jiartly  at  night  and  partly  in  day¬ 
time  is  of  negligible  probability) : 

p  =  I  -  \  +  g-TmtWi/Ay  (30) 

Mathematically,  our  problem  is  to  choose  and 
?h  subject  to  (29)  .so  as  to  maximize  p.  The  details 
of  the  worlc  are  altogether  similar  to  tliosc  of  Section 
8.2,  except  tliat  «i  and  uj  arc  the  variables  in  the 
present  ease.  The  rc.sults  arc  a.s  follows: 

Case  1.  L  is  so  small  that 

Wi  g  Wi,  (31) 

“It  i.s  assumed  hero,  as  throunlioiit  Uiis  chaiilur,  Unit  the 
fliulit.s  ni'C  at.  random.  When  the  tlinclion  of  tlie  enemy  t-arRot 
across  A  is  known,  a  morn  efHeinnt  di.sposition  of  aircraft 
tracks  is  in  tlio  form  of  a  ci-o.ssovor  barrier  patrol  (Cliapter  7) ; 
the  formulas,  bul  not  the  iilmx  nml  rsfonliaL  rcmillR^  will  then 
he  changed. 
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tlien 

111  =  L/I2v,  iii  =  G,  (32) 

and  all  tlio  flying  must  ho  done  in  daytime. 

Cciite  2.  L  is  large  cncugli  to  make 

ir,  <  lU...  (33) 


then  botli  day  and  night  searching  must  bo  done 
according  to  the  equation.^  [analogous  to  (9)] 


whore  i  =  1  and  2. 


A.S  long  as  L  is  only  modoratoly  greater  than  the 
critical  size  o>q)rcssod  in  equations  (31)  and  (33), 
i.c.,  for  which  (31)  becomes  an  equality,  more  search¬ 
ing  should  ho  devoted  to  day  tlian  to  night  Oh  >  na). 
But  in  tlio  limit,  for  increasing  L,  (34)  shows  that 
n\/na  apiiroaches  Wa/W\,  which  is  loss  than  unity; 
thus  again  wo  have  the  phenomenon  of  rcvcrml 
signalized  in  Section  3.2:  If  a  very  large  amount  of 
searching  effort  is  availahlo,  more  searching  should 
be  done  during  the  unfavorable  period  than  during 
tlie  favorable  one. 


OPTIMUM  SCANNING 

Beturning  to  the  framework  of  ideas  and  notation 
of  Chapter  2,  suppose  that  the  observer  and  target 
are  on  straight  courses  at  fixed  speeds,  so  that  ndati  vo 
to  the  observer  the  target  i.s  moving  in  a  straight  lino 
at  the  .sp(!ed  of  w  knots,  his  lateral  range  being  x 
miles  (see  Cliapter  I,  Figure  5).  It  is  convenient  here 
to  regard  the  target  as  moving  down  tlio  line  parallel 
to  the  axis  of  ordinates  cutting  the  axis  of  ah.scissas 
at  the  point  of  abscissa  a;  >  0.  His  position  at  the 
epoch  t  is  at  the  point  of  coordinates  {x,y),  where  x 
remains  constant  and  y  =  —wl  (the  negative  .sign, 
because  of  his  downward  motion;  y  decreas('.s  a.s  t 
increases),  fl’he,  observer  remains  at  the.  origin. 

Instead  of  taking  the  instantaneous  proliahility  of 


v'letection  yidt  for  granted,  as  we  largely  did  in 
Chapter  2,  we  here  propo.se  to  inquire  into  it  more 
deeply,  and  in  particular  to  examine  the  effect  of 
varying  the  method  of  directing  the  line  of  sight 
(or  the  radar  or  sonar  beam)  from  po.sition  to  position 
over  the  field  of  view.  We  propose,  in  other  words,  to 
examine  the  oiTect  of  different  scanning  procedures 
upon  y,,  and  through  it,  upon  the  search  width  W. 
Anri  we  will  .any  that  ike  scanning  nixtkod  is  optimuni 
if  it  renders  W  a  maximum. 

For  any  method  of  detection  (visual,  radar,  sonar, 
etc.),  there  exists  a  quantity  A  defined  as  follows:  Lot 
the  relative  positions  of  the  target  and  observer  re¬ 
main  virtually  unchanged  during  a  short  interval  of 
time  dt,  during  which  the  observer  directs  his  axis 
of  vision  (or  the  radar  or  sonar  beam  axis)  straight  at 
tlio  target,  Assuming. no  previous  detection,  the  prob¬ 
ability  of  detection  during  di  is  \dt,  which  can  bo 
called  tlic  instantaneous  linc-of-sight  detection  prob¬ 
ability.  Wo  shall  a.ssume  that  X  depends  only  on 
range,  X  =  X(r).  We  sliall  assume  furthermore  that 
the  prol:)ability  of  deteotion  during  dt  is  insignificantly 
changed  by  a  slight  change  in  the  position  of  the 
target  out  of  the  line  of  .sight,  e.g,,  by  an  angle  less 
than  «  radians,  but  that  it  falls  virtually  to  zero  at 
greater  angles.  Tlie  reader  \dll  appreciate  tliat  this 
assumption  is  not  unrealistic  i.o  the  important  case 
of  a  target  close  to  tl>c  tlireshold  of  visibility  (or  with 
narrow  radar  or  sonar  lobes). 

For  any  metliod  of  scanning,  thnre  exists  a  function 
f(z)  (where  z  is  an  angle  in  radians  measured  from 
the  positive  axi.s  of  ordinates  in  the  clockwise  scn.so), 
defined  ns  follows:  fiz)dz  is  the  length  of  time  out  of 
a  comph^te  .scanning  cycle  during  which  the  axis  of 
vision  is  between  tl-.e  angles  z  and  z  +  dz.  If  the  total 
time  of  one  .scanning  cycle  is  T,  obviously 

r^7(z)rf2  =  7’;  also  f(z)  S  0.  (36) 

do 

It  i.s  now  pos.siblc  to  obtain  y„  the  instantaneous 
detection  prolmbility  dcn.sity  resulting  both  from  the 
in.sti'umont  of  detection  and  its  asc  (method  of  scan). 
Let  the  angle  f  (from  the  jiositivc  axis  of  ordinates 
to  the  target,  Figure  7  of  Ghaptcr  2)  and  the  range  r 
romaiii  prac,ti(!ally  constant  during  one  scanning 
cycle  (slow  relative  motion  or  fast  scan).  Then  at  each 
cycle  the  length  of  time  during  which  tlic  target  is 
witliin  tlie  angle  6  of  the  visual  axi.s  is 

rr  I  c 

I  =  2£ /■({■)  to  terms  of  higher  order  in  «. 

Jf-  6 
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Hence  tlio  prol>ivl)ility  of  detection  is 


mnkcH  tlio  (!X])n'Hni()ii 


(/  =  2e/(f)X(7-). 

Tliis  is  tiio  ono-giim])s('  iiroij.alnlity  of  (ieteetiou;  iii' 
doofi,  tlie  ideii  of  s<  iimiinK  automatipniiy  rommits  us 
to  tiin  notion  of  cieteetion  iiy  (iiscre't(>  ^iimpsc's  riitlier 
than  l>y  continuous  iookin^.  Hut  in  view  of  our  as¬ 
sumption  of  a  seanniiiR  wiiicli  is  fast  witii  respc'ct  to 
tile  relative  motions,  it  is  a  IcKitimate  a])proximntion 
to  jmss  to  tlie  latter  viewpoint,  ami  to  convert  g 
into  7,  by  division  liy  T  (compare  witli  the  similar 
reasoning  in  Section  4.4,  equation  (7)  in  particular). 
Tliis  wo  sliall  write 

yi  =  y(y,i)  -  ^/(s-)X(r).  (3G) 

It  is  to  be  noted  tliat  wliercns  in  the  greater  jmrt 
of  Cliaptcr  2,  7,  =  y(r),  a  function  of  rangi;  alone, 
tile  very  nature  of  tlic  present  eon.sidorntions  focuses 
attention  uiwn  a  yi  wliieli  dopondfi  botli  on  target 
range  ami  bearing.  Ne\’ertliel('s.s,  the  relevant  r<'ason- 
ing  and  formulas  of  Section  2,4  are  nppliealde,  and 
we  liave  as  tiie  cxprc.ssion  for  tlie  .searoli  width 


"  /![  ‘  "  (“  (37) 

Tlie  mntliematioal  nature  of  tlio  iiroblem  is  now 
clear.  The  quantities  le,  f,  X{r)  are.  fixed  liy  the  condi¬ 
tions,  wlicH'as  T  and  /(f)  are  at  our  flisposal,  .sub¬ 
ject  only  to  the  conditions  (35)  and  tliat  T  must  he 
small  in  comparison  with  the  time  required  for  an 
ajiprceiablo  change  in  relative  petition  of  target  and 
observer.  And  we  hatw  In  fend  that  fnnclinn  /(f)  wJeich 
enaken  V/  a  inaximinn. 

By  an  easy  ai'guinent  of  .symmetry,  the  optimum 
/(f)  is  symmetneal  about  the  axis  of  ..ordinates: 
/(“f)  =  /(.f).  Assuming  tlii.s,thc  integrand  in  (37)  be¬ 
comes  an  even  function  of  x.,  .so  tlint  W  is  twice,  the 
integral  from  0  to  «■.  Similarly,  the  integral  in  (35) 
can  be  rejilaei'd  liy  twice  its  value,  from  (1  to  tt.  Writ¬ 
ing  for  corivimience 

m  =  I  /(.f),  AO')  =  ^Xir) 


(35)  and  (37)  are  further  simplified,  .and  our  jirolilem 
is  reduced  to  tlie  following: 

Find  that  function  (^(.f),  0  ^  f  g  tt,  which,  among 
all  functions  satisfying 


0(f)  ^  0, 


/•)Q\ 


<'XP 


(/; 


dx  (39) 


a  maximum.  This  is  an  “irregiilnr”  problem  in  the 
ealculu.s  ol  variations,  not  In  be  soh'cti  siniiily  by 
equating  certain  variations  to  xf  io. 

Introducing  jinlar  coonliniites  (rf),  (39)  hecome.s 

Y  ■'"£  [’  “  <'xp^-;c 0(f)A(xcscf)esc2frff^jda;. 

(40) 

The  integral  with  respect  to  x  will  increa.se  when  its 
(nonnegative)  integrand  increases;  and  .such  an  in¬ 
crease  will  take  place  when  the  integral  in  the  ex¬ 
ponent,  i.e., 

U  =  f  0(f)  A  Or  e.sc  f)  esc^  fdf 
dn 

i.s  inercn.sc'd.  The  evident  difficulty  is  that  U  involves 
X  ns  well  as  0(f).  If  we  fixed  the  value  of  x  We  coiild 
try  to  find  the  function  0(f)  maximizing  U  subject 
to  (38);  blit  the  resulting  0(f)  could  be  expected  to 
be  one  function  for  one  value  of  x,  and  a  dilTeront 
one  for  anotlior  x,  and  consequently  u.scless  ns  far  as 
maximizing  TF/2  is  concerned,  ’’i’ho  remarkable  fact 
is  that  in  a  broad  class  of  oases,  including  all  those 
important  in  practice,  this  turns  out  not  to  be  the 
ca.se.  Indeed  wo  have,  the  theorem : 

/f  X{r)  =  Xi(7')/7'“,  xohcrc  Xfr)  decreases  with  in- 
crensinij  r,  the  itpl.imnm  scan  consists  in  fixing  the  lino 
of  sight  directly  along  the  axis  of  abscissas,  dividing 
the,  lime,  eqmlly  between  right  and  left.  When  most  of 
the  relative  motion  is  due.  to  the  observer  (e.g.,  a 
.senrehing  aircraft),  this  means  that  all  scanning 
should  be  done  abeam. 

To  prove  this  theorem,  wc  note  that  A(7-)  = 
^i(r)/r‘',  where  Ai(r)  decreases  as  r  inorea.ses.  Hence 

^  =  k  f  0(/)  Ai  (.r  esc  f)  r/f, 

and  our  iiroblem  is  to  elmo.se  0(f)  .subject  to  (38) 
wliieli  maximizc's  this  integrid.  iV.s  f  goes  from  0  to  ir, 

.r  e.se  f  decreases  from  +<»  to  a  minimum  of  x  at 
,f  ~  ir/2,  lUnd  then  inercii.se.s  to  -)-oo  agiun.  Hence  Ai 
has  its  maximum  when  f  =  ir/2,  and  this  is  true  for 
iiny  .r  >  0.  The  graph  of  A,  (.r  e,se  f)  against  f  i.s  .shown 
in  Figure  2,  which  jdso  .shows  that  of  </)(f)  [with  .sluid- 
ing  under  it;  tin-  shaded  anxi  must  bt'  unity  by  virtue 
of  (38)]. 
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(idoniotrically,  t)ic  iiroblom  is  to  d(5form  tlie 
ciirvo  (always  maintaining  it  aliove  the  f  axis  and 
bounding  unit  area)  so  that  thu  area  under  the  prod¬ 
uct  oniinato  curve  esc  f)  shall  boa  maxi¬ 

mum.  Obviously,  tlu!  more  the  <#>({■)  is  peaked  about 
the  mid-point  f  =  ir/2  tl>e  larger  the  area  under  tlic 


c 


Fkiukb  2.  Qfupliioal  ropro.'icnt.'il.ifm  of  llic.sciiniiiiig 
problem. 

product  curve.  In  otlKU'  words,  the  more  of  the  time 
the  Axis  of  vision  Is  directed  at  tlio  angle  j*"  =  ir/2, 
tlie  greater  will  be  th(>  v'aluo  of  the  soarofi  width  IF. 
'i'liis  i)rovcs  the  aliove  theorem. 

The  case  X(r)  =  Xi(v)/r^  Xi(r)  decreasing  with  in- 
erea.sing  r  occurs  when  X(f)  is  an  inverse  nth  power 
with  n  greater  than  2,  in  imrtioular,  witli  the  inverse; 
cube  power  law;  also,  when  there  is  an  exponential 
attenuation  factor  multiidyihg  an  invemc.  .siiunm  or 
higlu’i'  power,  in  fact,  it  occurs  in  the  majority  of 
cases  studied  in  Cliaptors  4, 15,  and  0.  And  the  theorem 
in  the  case,  of  a  definite  range  law  is  trivially  true. 

It  would  be  misleading  to  conclude  that  scanning 
should  always  be  confined  to  the  Ix  iim.  in  mo.st  cases 
it  is  imperative  to  detect  the  target  carl-!/,  for  ex¬ 
ample,  when  it  is  a  surfaec'd  submarine  which  may 
submerge  if  not  detected  and  attacked  before  it  sees 
u.s,  or  in  the;  ca.se  where  it  may  he  expectc'd  to  attack 
us  as  soon  ns  it  .sees  us. 


opTiMiiivi  Db:s'riuic'r[Vb:Ni-:.ss 

There  is  .a  elo.se  analogy  both  in  thought  and  in 
mathematics  between  the  problem  of  the  optimum 
distriliutiiin  of  searching  eflort  and  the  optimum  di.s- 
tribiition  of  gunfire,  bombs,  or  other  types  of  de¬ 
structive  missiles  which  are  projccte<l  into  an  are.a. 


To  bring  this  out,  it  will  suffice  to  consider  a  question 
which  leads  to  results  comidetc'ly  paralhd  to  those  of 
Section  ;b2. 

Two  areas  /li  and  .'la  contain  targets  of  the  nature 
of  factories  and  other  Iniildings  important  for  the 
enemy's  ei-onomy.  Iligli-level  niglit  homl)ing  is  con¬ 
templated,  and  it  is  assumed  tliat  such  bombing  is 
sufTicicntly  accurate  to  ])lacc  the  bombs  in  A  i  or  in 
A-i,  but  not  to  hit  particular  targets  in  those  areas 
except  liy  tlic  operation  of  chance.  Let  the  total 
vulnerable  area  of  targets  in  Ai  and  Ai  be  Ih  and 
r(;.spe(!tivcly.  Assume,  furthermore,  tliat  the  vul- 
norahility  of  all  targets  is  the  same,  and  that  the  rc- 
.sult  of  n  random  hits  on  tlie  target  area  (/ii  or  Bi) 
is  to  reduce  its  effeetivone.ss  (value  to  the  enemy) 
by  a  proportion  1  —  4;"  (wliere  k  <  1).  This  means 
tliat  if  the  Bi  targets  had  a  value  to  the  enemy  (pro¬ 
ductivity,  rate  of  en.sualties  it  could  inflict  on  us, 
etc.)  expressible  by  a  number  E,  the  value  after  n 
liits  on  Aj  would  lie  reduced  to  k"E,  tlie  reduction 
in  value  lieing  E  ~  k"E^  and  hence  the  jiroportional 
ri'diietion  in  value  l)cing  the  ratio  of  this  fiuantity  to 
E.  Assume,  finally,  tliat  the  value  to  the  enemy  of 
a  set  of  targets  is  proportional  to  its  total  area. 

If  jV  similar  bombs  are  at  our  disposal  and  if  it  is 
as  easy  to  drop  bombs  in  Ai  ns  in  Ai,  tlic  decision  as 
to  bow  to  divide  the  l)omb,s  between  A\  and  Ai  is 
properly  mnelo  on  the  l)asis  of  maximizing  tlic  ox- 
poctod  damage  to  lie  inflicted. 

Lot  /Vi  bonilis  lie  dropped  in  Ai  and  /Vs  in  Ai, 

.  A',  .4- _  ,V,  ,Vi^0,  Vs  go.  (41) 

Tlic  probability  tliat  one  bomb  dropped  in  d.i  will 
hit  tlie  target  is  Bi/Ai-  If  iVi  are  dropiied  in  Ai,  the 
proliahility  tliat  Ih  of  them  will  hit  the  target  is  (by 
the  binomial  distribution)  equal  to 

V,1  /«iYYi  W""' 

7A!(V,  - /?,)!  Vl,y  V 


'rii(‘  proportional  damage  done  by  tiu'  /fi  hits  lieing 
1  —  k'*',  the  expected  dnmneje  produced  bj'  N\  bonilis 
dropped  in  /li  is  given  by 


tlu;  last  eiiuation  being  establislied  liy  the  algelira 
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of  tlic  binomial  theorem.  It  is  convenient  to  write 
(for  1  =  1  and  2) 

(4.) 

~  ~  approyimntely ,  when  Bi/A  ,•  is  small. 

With  this  expression,  the  expected  (proportional) 
damage  is 

1 

Since,  os  we  arc  assuming,  the  value  to  the  enemy 
is  proportional  to  tlie  target  area,  the  expected  loss 
of  value  to  him  when  N\  and  bombs  arc  dropped 
in  Ai  and  At  respectively  is  proportional  to 

V  =  Ai  (1  -  0-“'^')  +  Ai  (1  -  e (43) 

This  is  the  quantity  which  has  to  be  maximized  by  a 
choice  of  Ni  and  Ni  satisfying  conditions  (41).  Ob¬ 
viously  the  problem  is  mathematically  identical  with 
that  of  Section  3.2.  Accordingly,  it  suffices  to  enumer¬ 
ate  the  results, 


Case  1:  piAt  e~'‘'’^  >  piAi. 

All  N  bombs  should  be  dropped  in  Ai. 

Case  3:  piA}  c~“'^  S  piAi. 

All  N  homl  should  bo  dropped  in  Aj. 


Case  3: 


and 


PiAie~'"‘^  <  piAi 
piAi  e""'"''  <  PiAi. 


Tlion  some  bombs  must  be  dropped  in  Ai  and  some 
in  A  2  according  to  the  formulas  (for  i  —  1  and  2) 


A'  i  -  - 


log  Pi  Ai 


Mi 


if//-  tog MiAi  log  p^Ai' 
Mil  Ml  fh 

j.  _.J= - -> . 

11 
-  +  - 
Ml  !Mt 


(44) 


When  N  is  very  large,  Ni/Ni  —  pi/pi,  which  ac¬ 
cording  to  (42)  reduces  to  {Bi/Ai)/{Bi/Ai),  so  that 
the 'numbers  dropped  are  inversely  proportional  to  the 
probabilities  of  hitting  the  targets. 
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Chapter  4 

VISUAL  DETECTION 


INTRODUCTION 

Tins  eiiArTKn  deals  witli  tlio  prohlom  of  visual 
sc^ai'ch  under  tlic  general  conditions  of  illumina¬ 
tion  which  obtain  dumig  the  daylight  hours.  The 
theoretical  studies  described  arc  based  on  laboratory 
tests,  operational  data,  and  service  trials.  'Phoy  at- 
tem])t  to  ans^ver  two  of  the  questions  projioscd  in 
Chapter  2.  These  arc,  first:  ^^'hat  is  the  maximum 
range  within  which  a  given  target  can  be  scon,  and 
second:  What  is  the  chance  that  the  target  will  be 
seen  while  it  is  at  any  given  range?  The  answers  re¬ 
quire  .some  kno\vledge  of  the  construction  and  per¬ 
formance  of  the  eye  considered  ns  a  detecting  in¬ 
strument.  Tn  what  follows  in  this  chapter,  therefore, 
the  eye  is  studied  first  as  a  deteetiiig  iri.strumcnt  and 
then  as  applied  to  specific  operational  problems. 

THE  EYE  AS  A  DETECTING  INSTRU¬ 
MENT-GENERAL  DESCRIPTION 

In  general  con.structinn,  the  eye  is  very  similar  to 
a  camera.-  The  tran.sparent  front  surface  or  comea 
.and -  the  cryslalliyic  lens  together  constitute  a  com¬ 
pound  lens  which  forms  on  the  rclina,  at  the  back 
wall  of  the  eye,  an  image  of  any  given  object  in  front 
of  the  eye.  Between  tlio  cornea  and  the  crystalline  lens 
there  is  a  small  aperture  known  ns  the  pupil.  'Pliis 
aperture  is  variable  in  size  over  a  limited  range  and 
detci'mines  the  quantity  of  light  v/liicli  enters  the  eye. 

The  retina  corresponds  to  the  sensitized  plate  or 
film  in  the  camera,  It  contains  two  different  types 
of  sen.sitivc  elements  or  receptors  known  as  rods  and 
cones.  The  rods  serve  for  night  vision  and  are  in- 
cajuihle  of  distinguishing  color.  Tho  cones  are  re¬ 
sponsible  for  vision  in  dayliglit  and  for  all  color 
vision.  'Pile  centr.al  jrart  of  tho  retina,  througli  whicli 
the  visual  axis  passes,  is  known  !vs  tlio  fovea.  The 
visual  axis  makes  a  small  angle  with  the  optic  axis 
of  the  compound  lens  system.  Tlie  diameter  of  the 
fovea  subtends  an  a-nglc  of  between  1  degree  and  2 
degrees  at  tho  effeetive  center  of  the  lens  (.■ictunlly 
the  nod.al  point  of  tlie  compound  Icn.s).  Tlu;  fovea 
is  the  region  of  most  distinct  dayliglit  vision.  It  con¬ 
tains  cones  only,  the,  average  angular  disLanco  be¬ 


tween  centers  of  adjacent  cones  being  about  0.5 
minute  of  arc.  As  the  angular  distance  from  the  axis 
increases  lieyond  tlie  edge  of  the  fovea  (i.e.,  as  tho 
parafoveal  region  is  entered),  the  number  of  cones 
in  unit  area  decreases,  at  first  rapidly  and  then  more 
slowly  while  the  number  of  rods  in  unit  area  gradu¬ 
ally  increases  out  to  about  18  degrees  and  then  de¬ 
creases.  In  daylight,  therefore,  a  given  target  can 
be  seen  most  easily  by  looking  straight  at  it  while  at 
night  a  better  view  is  obtained  by  looking  about  6 
degrees  off  from  the  most  direct  line  of  sight. 

Roth  rods  and  cones  are  capable  of  adjusting  them¬ 
selves  for  tho  general  level  of  illumination  to  which 
they  arc  exposed.  Tliis  adjustment  is  known  as  adap- 
iation.  For  liotli  rods  and  cones  adaptation  is  much 
more  rapid  to  an  increase  in  illumination  than  to  a 
decrease.  Furthermore,  both  light  and  dark  adapta¬ 
tion  are  more  rapid  fot  cones  tlmn  for  rods.  Dark 
jidaptation  for  the  conoS  takes  sdVeral  minutes, 
whereas  for  tho  rods  this  time  is  of  the  order  of  half 
an  hour. 

Unlike  tho  radar  wliicli  scans  continuously,  the 
eye  mo’,ros  in  jumps  while  searching  and  is  capable 
of  visiofi  only  during  periods  of  little  or  no  motion. 
Tlieso  periods  are  known  ns  fixatioyis  and  ln.st  for 
about  0.26  second.  In;,  a  given  fixation  or  group  Cf 
fixations,  a  target  .at  bxtrerne  range  can  be  seen  in 
daylight  only  on  the  fovea  so  that  the  visual  axis 
must  be  well  witliin  1.  degree  of  the  line  joining  the 
target  and  the  eye.  As  tlic  range  decreases,  regions 
outside  the  fov('a  become  capable  of  detecting  tho 
target,  at  first  those  near  the  fovea  and  then  those 
fartlier  out.  Hence  targets  at  less  than  extreme  range 
can  bo  seen  not  only  on  the  fovea  but  off  fovea  as 
well,  i.o.,  “out  of  the  corner  of  the  oyo.’’ 


THE  EYE  AS  A  DETECTING  INSTRU- 
Ml'iNT  -DliTAILED  PERFORMANCE 

Tho  characteristics  of  the  target  and  its  back¬ 
ground,  which  determine  whotlicr  or  not  tho  target 
can  bo  scon,  arc : 

1.  Brightness  of  the  background. 

2.  Brightness  of  the  target.  -■ 

3.  Color  of  the  background. 
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4.  CoIqi’  of  the  targot. 

5.  vSiz('  of  tlio  tai'gcit. 

6.  Range  or  distanco  of  tlic  target. 

7.  Sliapc  of  tlio  target. 

'Pile  harkgrounrl  liriglitne.s.s.  by  rca.son  of  liglit 
adaptation,  dot, (.'rininc's  that  difforontial  scasitivity 
witli  whicli  the  eye  discriminates  a.s  to  dilTenmees  in 
hriglitness  lietwexm  the  object  aiul  its  iinmediati'  sur¬ 
roundings.  When  the  hackgrnund  is  nonuniforin,  the 
sensitivity  is  sot  by  an  effective  hnchgroimd.  Voasibly 
because  of  the  fact  tliat  light  adaptation  i.s  inon^ 
rapid  than  dark,  the  contrihutions  of  the  lighter 
portions  of  tlio  field  to  the  .state  of  adaptation  is 
larger  than  that  of  the  (larkin'  portioas.  b'or  a  givt'n 
target  at  a  given  range  under  daylight  illumination, 
it  is  the  magnitude  of  the  difference  between  target 
and  immediate  background  brightness,  expressed  in 
units  of  effective  background  brightness,  which  de¬ 
termines  wliether  or  not  tlie  target  can  be  seen.  'Pliis 
quantity  is  defined,  for  purpose's  of  this  chapter,  as 
the  hrlghtness  contraai.  Under  conditions  of  daylight 
illumination,  i.o.,  for  all  illuminations  greater  than 
that  of  early  twiliglit,  a  gis’en  contrast  w'ill  cause  the 
same  visual  resilonso  regardless  of  the  magnitudes  of 
the  various  brightnc'sses  which  go  to  make  up  this 
contrast.  A.s  the  illumination  is  decn'used  below  that 
of  early  twiliglit,  the  various  brightnesses  involved 
enter  oxplic'tW.  Since  thi®  chapter  is  eone<>rned  with 
daylight  illumination  only,  this  further  complica¬ 
tion  is  not  considered.  It  is  to  be  rememl/er('(l  that 
the  definition  of  brightness  contra.st  given  above  for 
purposes  of  this  olmpter  is  not  the  u.sual  one  found 
in  the  literature. 

It  hiis  long  been  believed  that  in  coinparison  with 
hriglitne.ss  eontrn.st,  color  is  of  little  importance  in 
determining  whether  or  not  a  given  ■arget  ('an  ho 
seen.  Recent  investigations’  have  supported  this  belief 
"and  have  shown  that  any  elb'cts  due  to  color  can  he 
ignored  in  most  operational  prohlern.s  of  vi.nu;d  seareii 
without  thereby  introducing  any  appreeiable  ('rrons. 
With  this  as  justification,  all  effects  dtu’  to  color  are 
ignored  in  this  ehapti’i'. 

'J’he  size  of  the  target  and  its  range  combine  to 
determine  the  solid  angle  which  the  target  .subtends 
at  the  (lye  and  hence  the  size  of  t!ie  image  on  the 
retina.  Hence  tlie  tliree  charaeteri.sties  of  the  target 
and  its  background  upon  wliich  the  discrimination  of 
th(!  eye  depends  under  daylight  illumination  are: 

1.  (bntrast  of  the  target  again.st  its  background, 

2.  Solid  angle  .siihtendeii  iiy  tlic  target. 

.3.  Shaiie  of  the  target. 


The  two  sets  of  oicmiUreoK'iits  e.rnijioytal  to  de¬ 
termine  the  erfccts  of  l.tnw  tliU'e  viirinbles  are  those 
of  K.  .1.  W.  (iniik'’’”  and  mhiii-  Ufpjiubli.siied  rncasure- 
m('nts  made  in  collaboration  wil.h  Sdig  ifeeht  and 
Simon  Shlaer  at  the  balaaatory  of  llioiihysics,  Cn- 
hiinhia  University.'  TIk'  f  !oliuiiliia  cxiicriirKuits  were 
designed  primarily  to  determine  the  effect  of  olpjeet 
sliape.  While  tlu^y  are  more  detailed  than  th().se  of 
th'aik,  tlu'y  are  not  as  extensive  in  retinal  areas  in¬ 
vestigated.  The  result.'-,  of  both  .sets  of  measurements 
constitute  the  primary  laboratory  data  for  thi.s  chap¬ 
ter.  Uraik’s  mtawiinunents  are  (miploynd  to  determine 
the  elTe,et  of  solid  angle,  whihi  tho.se  made  at  Co¬ 
lumbia  .serve  to  determine  the  effect  of  target  shape 
and  as  a  check  on  the  Craik  experiments  for  tho.se 
retinal  legions  for  which  lioth  mea.sureme.nt.s  arc 
av.ailahle. 

For  any  given  target,  the  quantity  measured  in 
both  tlie  (h'aik  and  the  Columbia  experiments  was 
tlu'  ju.st-percc'ptihie  or  threahnld  conivaat.  .\s  is  the 
ea,se  with  any  mt'ii.surement,  this  quantity  is  not  de¬ 
termined  exactly  but  witliin  some  tolerance  or  un¬ 
certainty.  In  the  Oraik  experiments,  that  contrast 
above  which  the  tiU’get  .could  always  bo  .seen  and 
that  below  which  it  could  never  ho  .seen  were  moas- 
urecl  and  tlu!  average  of  these  two  was  taken  a.s  the 
thr(’.sliold  contrast.  In  the  Columbia  experiments  a 
frequency  method  was  employed  to  determine  the 
jirobahility  of  .sighting  the  target  ns  n  function  of 
contrast.  That  contrast  for  which  the  sighting  prob¬ 
ability  was  67  iier  cent  was  taken  ns  the  threshold 
contrast.  4'he  results  of  the  two  sets  of  measurements 
ai’'  in  excellent  agreement  .so  that  the  two  experi¬ 
ments  evidently  measure  the  same  quantity. 

From  the  results  of  the  Craik  experiments  with 
circular  targets  it  was  found  that  the  threshold  eon- 
tra.st  C,  can  he  repre.sentecl  a.s  a  function  of  the  .solid 
angle,  w  subterulod  by  tlie  target  at  tlie  eye,  by  the 
fallowing  eciuation: 

C,  =--0+^,  (1) 

where  a  and  h  are  eonstaiits  for  any  one  rctiii.al  region. 
Instead  of  Using  the  solid  angle  co,  it  is  often  more 
convenit'nt  to  emiiloy  tlie  scpiare  of  tlie  viaual  angle 
a,  i  ('.,  Ihr  angle  anbtcinled  at  the  eye  by  the  diameter 
Ilf  the  eiiiiiealent  circle.  The  (luantities  a  and  b  have 
(lilTereiit  valiU's  at  diffen'nt  angular  distanee.s  from 
the  eeiitei-  of  the  fovea.  If  0  is  this  angular  distance 
in  degrees,  fi'om  center  of  the  (‘(pii valent  cirele  to 
center  of  foi'i'a;  «,  the  visual  angle  in  minutes;  and 
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tlic  throsliold  contrast  in  p('r  c(>nt.  Criiik’s  diitii 
can  he  represented  iiy  the  following;  ciiuation : 

(',  =  LTM*  +  (2) 


Tlw.  /milmbilHij  g  /.v  «  Junction  of  the  ratio  C/Ct  = 
(target's  apparent  contrast)/ (targrl’s  threshold  contrast 
alone), 


(3) 


'Pile  value  of  6  which  must  he  emidoycd  to  ol)taiu 
the  I'oveal  data  from  e(iuation  (2)  is  0.8  desn'c  anil 
the  threshold  contrast  is  constant  between  0  =  0 
degrees  and  0  —  0,8  degree.  It  i.s  to  ho  pointed  out 
that  equation  (2)  i.s  purely  empirical.  It  represents 
the  Craik  experiments  with  fair  accuracy.  Since  the 
nuniher  of  measurements  made  hy  Craik  is  relatis'cly 
small,  the  experimental  error  is  fairly  high:  Hence 
slight  Jiiodiiications  of  equation  (2)  are.  to  l)e  expected 
when  the  more  extensive  Columhia  experimimts  are 
conipleti'.  The  reader  will  note'  that  in  the  present 
chapter  a  and  8  are  used  in  an  altogether  dilTeront 
meaning  from  elsewhere  in  this  hook. 

Tlu'  targets  employed  in  the  Columhia  experi¬ 
ments  were  all  rectangles  and  the  quotient  q,  the 
ratio  of  length  to  width,  was  takim  ns  a  measure!  of 
the  asymmetry.  This  quotient  q  is  known  as  the 
asymmetry  factor,  'i'hc  results  of  these  experiments  for 
the  different  background  hrightnes.ses  and  for  the 
various  retinal  regions  investigated  all  show  the  same 
general  trends.  As  the  sliaiie  of  a  small  target  is 
changed,  keeping  its  angular  area  constant,  the 
threshold  contrast  remains  con.stant  until  tiu'  n.sym- 
metry  factor  roaches  n,  value'  such  that  tiu!  angular 
longtli  of  the.  target  is  about  3  minutes  of  arc.  As  the 
a.symnietry  factor  i.s  increased  beyond  this  point,  the 
thresliold  contrast  gradually  increases.  As  the  shape 
Of  a  large  target  is  changed,  keeping  its  angular  area 
constant,  the  threshold  contrast  gradually  decreases 
until  the  asymmetry  factor  is  sucli  that  the  angular 
width  of  the  target  is  about  2  minutes  of  arc.  Beyond 
this  point)  the  threshold  contrast  again  increiuses. 
The  greatest  effect  of  asymmetry  is  olxservcd  when 
the  angular  size  of  the  target  is  about  10  square 
minutes.  As  the  fisymmctry  factor  is  changed  from 
2  to  200,  till!  tlireshold  contrast  increases  by  a  factor 
of  1.  Between  2  and  100  the  factor  is  3. 

'Pwo  further  fundamental  facts  have  been  c.s- 
tablisbed  by  tlu;  C'olumbia  exijerimeiits:  If  the  posi¬ 
tion  of  the  target  is  known  so  that  no  search  is  ri-- 
quired,  thi',  ])rubability  of  sighting  the  target  i.s 
independent  of  the  time  of  exisjsure  provided  this 
time  cxeec'ds  that  n'lpiired  for  a  .single  fixation;  and 
the  “glimi)se”  probability  g  that  a  target  be  sighted 
at  a  single  fixation  obi-ys  the  following  law: 


and  only  through  C,  do  the  targrt'.s  apparent  size,  ot  and 
the  off  axis  angle  0  intervene.  'Phe  ipiantity  g  is  pre¬ 
sented  in  Figure  1  as  a  function  of  C/C;.  This  is 
till!  experimental  curve  for  the  function  /. 


FimniK  ] .  ''Glirnp.so”  pn)biil)ilil.,v  of  dotcction  us  n  func¬ 
tion  of  uppurcnl.  contrust/Ihrcshold  contrast— experi- 
miiiitul  (lata. 


CON'rACT  PROBATilLITY  AND  SCAN¬ 
NING-GEN  ER  ALITl  ES 


L(!t  a  given  target  bo  viewed  under  given  condi¬ 
tion.?:  6,  and  its  apparent  size  (visual  angk',)  and 
contrast,  a  and  C,  arc  therefore  given.  The  latter 
determine  a  threshold,  value  On  of  the  angle  from  the 
linn  of  .sight:  mathematically,  by  the  law  cxprcs.sod 
in  (2),  i.e.,  6a  is  dclined  by  the  equation 

C=1.75ed+^. 

a“ 

On  the  other  hand,  0  and  a  determine  a  threshold 
contrnst  C,  by  the  same  law  (2)  ; 


f',  =  1.750’  -1- 


190 


On  combining  these  ('(illations  with  (3),  the  following 
is  (leriv('d. 


1.750,,’  -f 


190„ 


!/  =  ./■ 


1.750*  -f 


190 


14) 


The  philo.sophy  of  this  im'thod  of  obtaining  thi'  ox- 
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piTssion  (4)  for  f/  may  ho  (ioworilxMJ  as  follows:  TIu? 
triplet  of  valiK's  6,  and  a  detorminoa  the  rcfiuirod 
probability  ij.  To  find  the  unknown  g,  W('  rontomplato 
aucoossivt'ly  tlio  triplets  f';,  6,  and  «  and  f",  Ou,  and 
a,  oaob  dodormining  the  standard  thri'sliold  prob¬ 
ability  0.57  (by  dotormining  ft,  from  ('  and  a,  and 
(',  from  6  and  a,  by  (2)  to  g'v,;  this  tbro.shold  prob¬ 
ability).  Hooau.sc'  of  tlu^  fundamental  o(|uation  (3), 
this  elTeetively  furnishes  the  required  g  in  terms  of 
C,  e,  a. 

Now  fonsidor  what  happens  when  the  eondilions 
of  the  Imst  paragrajih  are  varied  ns  follows;  The  ap¬ 
parent  size,  and  eontrn.st,  «  and  C,  remaining  fixed, 
the  angle  8  is  varied.  Since  is  a  function  of  a  and 
C,  it  will  stay  fi.ved.  'riui.?  the  letters  6a  and  a  in 
(4)  represent  unclianging  (luantities,  6  alone  vary¬ 
ing.  Consequtmlly  (4)  oxpre.wcs  the  manner  of  de¬ 
pendence  of  the  one-fixniion  chance  Of  rnghling  g  upon 
■  the  angle  6  off  the  Une  of  sight. 

■:  For  targets  of  very  small  a.piwrent  size  (a  <  <  10), 
(4)  reduces  to  g  ~  f[6n/6),  a  graph  of  which  is  shown 


Fkuiuk  2.  “Gliiniiac”  pi  nbnljility  of  ilcicelion  as  a  lunc- 
tion  of  o(T-nxi.s  uUKlo/lhi'O.'iliold  nIT-axi.s  angle,  for  lar- 
gcl-s  of  (A)  very  small,  and  (H)  very  large  nirpnrent  si/,c. 
flj/9  is  the  X  axis. 


quantitic's  C  and  «  are  assumed  to  1)C  independent 
of  tlie  position  on  L.  'rhe  eye  fi.xatcs  once  upon  a 
random  point  on  L.  If  the  angle  .subtoiuha!  at  the 
eye  by  L  is  (-)  (h^grees,  it  i.s  easily  .shown  that  when 
(-)  is  large  g  i.s  given  with  .suiTicient  approximation 
by  the  formula 

2  r" 

g  =  ftdO.  (5) 

For  the  chance  that  the  point  of  fi.xation  0  be  close 
to  the  ends  of  L  can  bi^  neglected,  so  that  it  can  be 
a.ssumcd  that  Tj  extends  a  considerable  distance  on 
cither  side  of  0.  'I'lie  probability  that  the  target  be 
iietween  0  anrl  8  4-  do  rlecrrecs  away  from  Q  i.3  d6/&. 
llenc(!  the  chance  of  sighting  is  the  integral  of  gdd/Q 
over  tlio  whole  angular  range  0.  But  since  g  falls  to 
zero  at  appreciable  angles  from  0  [as  can  easily  bo 
.sliown  on  the  l)asis  of  equation  (4)  and  because  of 
what  has  been  .said  concerning  the  distance  of  the 
extremities  of  Ij  from  0],  the.  limits  of  integration 
can  be  taken  as  —  ®  and  -f-  “  [ft  being  defined  as 
zero  for  values  of  6  beyond  those  contemplated  in 
(4)].  By  symmetry  of  tlio  integrand,  twice  the  integral 
between  the  limits  0  and  +“  can  bo  used;  hence 
tlio  validity  of  equation  (5). 

In  combination  with  (4),  (5)  becomes 


in  Figure  2A,  For  targets  of  very  Large  apparent 
size  (a  >  >  10),  (4)  becomes  ft  =  /  {VOa/o),  plotted 
in  Figure  2B. 

Having  considered  the  de])cndenco  of  g  U]ion  6, 
it  is  now  nccc.ssary  to  evaluate  the  onc-fixation  ];rob- 
ability  g  ivhcn  the  value  of  6  is  unknown  but  dislrihuted 
at  random  xoith  a  known  frequency,  C  and  a  still  being 
given  constants.  The  circumstances  which  impo.se 
this  necessity  arc  the  use  of  the  eye  to  scmi  a  given 
location  within  which  the  target  is  supiiosed  to  be, 
but  in  an  unknown  position.  Two  cases  arc  important 
in  practice: 

1.  TAnear  Scan.  The  target  is  located  on  a  line  L 
and  is  uniformly  distributed  thereon;  the  jiertaining 


=  A  (9„,a), 

where  the  new  variable  of  intc'gration  A  =  ft/ftj.  The 
coellicient  A  (ft), a)  has  in  the  extreme  cases  a  <  <  10 
and  a  >  >  10,  the  values 

rc.spectivcly,  and  intermediate  values  of  a  are  found 
by  graphical  integration  to  lead  to  intermediate 
values  of  A  (ft), a).  To  the  ilegree  of  aiiproximation 
which  is  permissible,  it  can  therefore  be  assumt'd  to 
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be  inclojK'iulent  of  On  and  a.  We  sluill  assume  liencc- 
fortiithat  A  —  A(0i),«)  =  2.30.  Tliis  loads  to  the  basic 
proposition : 

The  probahilitj/  g  is  prnpnHioiial  to  the  threshold 
angular  dislaiiec  6q  of  the  target  from  the-  uisual  n3>is, 
and  is  inverseli/  proportional  to  the  angle  W  subtended 
hy  the  linear  locus  L  of  target  ■jmsitions: 

B 

It  is  now  expedient  to  modify  the  point  of  view, 
and  insteail  of  regarding  tlie  act  of  sighting  as  pro¬ 
ceeding  hy  a  rapid  succession  of  fixations  (glimpses), 
to  envisage  it  as  progressing  continuously  in  time 
(continuous  looking).  If  (It  is  an  interval  of  time 
wliieh  is  short  compared  witli  the  time  taken  for  the 
observer  and  target  to  change  relative  po.sitions  by 
an  appreciable  amount,  and  short  also  in  the  sen.so 
that  the  chance  of  a  detection  during  it  is  .small,  hut 
large  in  comparison  to  the  timi(  of  a  single  fixation 
(actually,  one  quarter  of  a  second),  it  Iroeomes 
legitimate  to  consider  ydt,  the  probalrility  of  detec¬ 
tion  between  the  opocdis  t  and  i  -|-  dl.  Since  when 
dl  -  second,  ydt  =  g,  wo  have  y  -  g,  i.e., 

(time  measured  in  seconds) 

®  (7) 

=  9.44  X  (time  measured  in  hours). 

According  to  equation  (4)  of  Cliaptcr  2,  the  mean 
“pickup  time’’  (time  required  to  detect)  is  1/y.  This 
provides  a  method  of  measurement  of  y.  Craik®  p(!r- 
formed  a  scries  of  laboi'atory  experiments  measuring 
mean  pickup  time  with  line  scanning,  witli  0  =  45 
degrees.  T!ie  re.sults  arc  .“.h.o’.vn  in  Figr.r."  .3,  •.vhoro  y 
is  plotted  again.st  On.  'I'he  .airproxlmate  linearity  is 
evident,  in  accordance  with  (7).  But  the  coefficient 
in  (7)  has  to  be  multiplied  l)y  about  0.13,  a  dis¬ 
crepancy  which  could  )jo  accounted  for  (;n  the  as¬ 
sumption  tliat  tlie  fixations  in  Oraik’s  experiments, 
instead  of  Ijeing  arranged  at  random,  occur  (!fr(s'tivcly 
in  groujis  of  7  or  8.  We  will  return  to  this  coeflicient 
in  a  later  place  in  connection  witli  the  practical  ap¬ 
plications. 

2.  Area  Scan.  The  target  is  located  in  a  region  of 
a  plane,  subtending  the  solid  angle  square  degrees. 
The  distriliution  i.s  uniform  over  the  area,  and  the 
([uantities  C  and  «  are  indeiiendent  of  position 
lleasoning  precisely  .similar  to  that  employed  earlier 
(with  double  integration  repl.aeing  single  integration) 


establishes  the  formula  for  the  one-fixation  prob' 
ability: 


Introducing  (4)  with  the  variable  of  integration 
X  =  0/6o  leads  to 


M(0o, 


g  =  MM 


«)  =2s-r  / 

Jo 


Fkicub  3.  Insliuitminoii.s  probability  of  ilatoolion  ns  a 
fimclion  of  llircsliolcl  olT-uxis  niigle — experimonini  data 
by  Crnik." 


9'he'extreme  values  of  this  quantity  occur  u'hen 
a  <  <  10  and  a  >  >  10;  they  .arc  re.spectively 

Correspondingly,  y  is  given  by 
Q  ^ 

7=  A  4.1/ (<lo,a)  (time,  in  .seconds).  (10) 
Wc  shall  return  to  these  expressions  later. 
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VISUAI-  DKTRCTION 


TMUil'T  \ND  HACKCniOUND 
— (IKNKHAL 

In  tho  piv(“('(ling  soctions,  tlir  ryo  lins  I.iccn  con- 
sidorod  as  a  dcti'ctinR  iiist.niini'iit.  opcratinR  on  tar- 
K('ts  of  ffivcn  apparent  amt  conlrasl  (and  shape, 
in  so  far  as  this  is  irlc'vant),  and  tin-,  laws  governing 
tlu^  prolialhlitics  of  detection  have  Ix'en  set  forth, 
ilcforo  tllese  ri'sults  can  lu'  applied  to  an  actual  case 
(viz.,  a  naval  operation),  it  i.s  necetwary  to  find  how 
tho  circumstancos  of  tin;  case  d<!tennino  those  vari¬ 
ables  and  hence,  iiulircK.tly,  the  probabilitu«  of  de¬ 
tection.  Now  in  any  actual  ease,  certain  intrin.sic 
eharactoristies  of  th(5  targot  may  be  regarded  as 
known.  'J'licse  are  its  geometrical  shape  and  dimen¬ 
sions  and  its  difTuae  reflecting  power.  I'lxoopt  within 
small  angular  distances  from  tho  sun,  the  latter  de¬ 
termines  the  intrinsic  hriglitno.ss  of  tho  target  in 
units  of  sky  hrightncs.s.  'riie.  intrinsic  characteristics 
of  the  immediate  and  general  hnekground  and  the 
relationships  between  all  intriiiisic.  and  apparent 
(luantities  arc;  determined  by  tbe  cireum.stanees  of 
the  case,  The  study  of  tbe.se  various  dei)en(lenees  and 
relations  i.s  the  sul)ject  of  the  two  following  .sc'ctions. 


'«  DEPKNDbNCE  Ol<’  APPARENT  CON¬ 
TRAST  ON  ATMOSPIIEUrC  CONDITIONS 

Tlio  presence  of  haze,  in  tlu'  atmosphere  alters  the 
pattern  of  light  received  by  the  eye  from  the  various 
points  of  the  target  and  liackground.  It  acts  in  two 
ways: 

1.  The  haze  rcmoncs  some  of  the  light  hy  al)s()rp- 
tion  and  scattering  oat.  of  tlie  line  of  .sight. 

2.  The  haze  adds  some  light  reaching  the  (\ye  from 
the  direction  in  which  the  observer  is  looking  hy 
scattering  into  the  line  of  sight. 

Tn  order  to  work  out  the  gt'neral  cfiuations,  let 
li  =  the  aiijiarent  la  ightne.ss  of  the  target, 

Ba  =  the  intrin.sic.  hi-ightness  of  the  target, 

=  the  apparent  hrightnc.ss  of  the  hackground, 
Bi,  —  the  intrinsic  hrightne.ss  of  the  hackground, 
yy,  =  the  hrightne.ss  of  the  sky, 

/3  =  the  atmosiiheric  .scattering  coi-iricient, 
i'  =  tlio  meteorological  visiliility, 

/(  =  the  target  range. 

The  apparent  brightiK’.ss  of  the.  target  is 

B  =  4  R.  (1  - 

where  the  first  term  reprcsiaits  flu?  light  reaching  tin! 


eye  dircictly  from  tlie  target,  and  the  .second  the  light 
scattered  into  the  eye  by  the  haze  betwe.en  the  target 
and  the  eye.  Similarly  the  apparent  brightness  of  tiio 
hackground  immediately  .surrounding  the  target  is 
given  by 

B'  =  +  B,  (1  -  c-""). 

The  difTenmce  in  hrightn(iss  between  object  and  im¬ 
mediate  background  is,  th(U'ofV>rc, 

B  -  «'  =  (/io  -  /ii) 

The  ap’panmt  contrast  is  the  ratio  of  this  brightness 
(lifTerence  and  the  effective,  hackground  brightne.ss  in 
iiceordanee  witli  the  discussion  of  bilghtnoss  contrast 
given  in  Section  4.3. 

'I'liere  aia;  two  main  cases  which  arise  in  actual 
operations,  one  in  which  the  immediate  background 
and  the.  (effective  background  arc  the  same  and  one 
in  which  they  are  different.  The  first  case  is  exempli¬ 
fied  hy  .search,  from  land  or  from  a  surface  .ship,  for 
a  surface  ship  silhouetted  against  the  .sky.  The  .second 
cast!  is  e.xemplified  by  search  from  tlio  air  for  a  target 
on  the  sea.  In  this  cn.s(',  the  lino  of  .sight  frequently 
approaches  the  horizon  so  that  the  adaptation  of 
the  eye  is  determined  partly  by  the  sea  brightness 
and  partly  by  that  yf  the  sky,  Because  of  the  fact 
that  light  adaptation  is  rapid  compared  to  dark 
adaptation,  the  bright  sky  is  responsible,  almost  en¬ 
tirely,  for  sc'tting  the  level  of  response  of  the  eye. 
Hence  in  both  ettse.s,  tho  sky  brightnc,ss  is  a  roason- 
iihle  appro.xim.ation  to  the  effective  background 
brightness  and  hence 

C  =  (11) 


is  the  intrinsic,  contrast  as  defined  earlier  for  pur¬ 
poses  of  this  chapter.  It  is  to  b<!  remembered  that 
within  10  or  15  diigrees  of  the  .sun,  tho  level  of  ro- 
.sponse  of  tho  eye  is  altered  hy  the  sun’.s  gl.are  .so  that 
tho  effective  background  brightness  is  somewhat 
gre.ater  than  the  average  sky  brightiKws  B,.  This 
(!fTcct  is  neglected  in  the  present  theory  hut  must  bo 
considered  in  any  exact  treatment. 

'riie  (piantity  u.sually  quoted  .as  a  measure  of  .at- 
mosplu'i’ic  conditions  is  not  the  scattering  coefficient 
/3  but  tilt!  ineteorolorpcal  eisihiliti/  V .  It  is  desirable, 
therefore,  to  expre.ss  ('Tjuation  (!  I)  in  terms  of  tlu! 
mett'orological  visibility  r.nther  than  in  terms  of  the 
seattiiring  coefficient,  Tbe  metetirologiciil  visiliility  is 
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usiially  (h^fined  loosely  as  tlic  maximum  clistaneo  at 
wl'.ich  large  targets  such  as  mouiitains  or  high  coast 
lines  can  ho  seen  against  the  sky.  Merton'  gi\’e8  78.3 
per  cent  as  the  intrinsic  contrast  of  such  targets  and 
2.5  iier  cent  ns  the  threshold  contrast.  8iih.stitutiiig 
C  =  2, .5;  Cip  =  78.3  and  H  =  V  in  equation  (11), 

=  3.44/r.  From  tliis  it  follows  that 

C  =  (12) 

Although  the  threshold  contrast  measured  in  the 
laboratory  is  often  less  than  2.5  per  cent,  an  examina¬ 
tion  of  operational  estimates  of  the  metoorologicrd 
visibility  indicates  that  2.5  per  cent  is  a  good  ap¬ 
proximation  to  the  practical  operation  figure. 

<  7  INTRINSIC  BRIGHTNESS  OF  THE  SEA' 

The  light  flux  reaching  the  eye  from  the  sea  con¬ 
sists  of  two  parts,  that  reflected  specularly  and  that 
reflected  diffusely.  If  the  sea  is  perfectly  calm,  these 
two  com},)in6  to  prodhcc  an  intrinsic  sea  brightness, 
4  per  cent  that  of  th.s  sky 'Immediately  below  the  ob¬ 
server  nnd  Increasing  gradually  to  100  ])er  cent  that 
of  the  sky  at  the  horizon.  Measurements  of  the 
sky/sea  brightness  ratio*  indioato  that  even  in  mild 
seas  the  mirror  surface  characteristic  of  a  perfectly 
calm  sea  is  so  broken  as  to  cause  wide  departures 
from  calm  sea  conditions  except  within  relatively  few 
degrees  of  a  low-lying  sun  or  moon.  For  sea  states 
other  than  calm,  the  intrinsic  sky/sea  brightness 
ratio  is  fairly  constant  from  tlic  horizon  to  about 
45  degrees  below  and  has  a  value  of  about  2.  For  an¬ 
gles  greater  tlian  45  degrees  below  the  horizon,  the  in¬ 
trinsic  brightness  of  the  sea  gradually  clecrcn.se8  from 
about  50  per  cent  at  45  degrees  to  near  4  per  cent 
directly  below  the  ob, server. 

«  MAXIMUM  SIGHTING  RANGE 

With  the  information  in  earliei'  section.s  (mneeming 
the  characteristics  of  target  and  Imckground  on  which 
visual  detection  depends  and  the  iiifiuencc  of  the 
opt:rational  situation  on  these  eharactcristic.s,  it  is 
possible  to  obtain  answers  to  the,  two  (luastions  pro- 
pos('(l  in  tlic  introduction.  'I'lic  first  of  thc.se  is;  What 
is  the  maxiinum  range  witliin  wliicli  a  given  target 
can  Ix'  scon?  The  (luimtilii  which  is  here  dejitmt  as  the 
iiutxiinitni  ramje  is  that  raheje  at  -which  the  target  con¬ 


trast  reaches  the.  faveal  threshold.  As  was  the  case  with 
the  threshold  contnust  discussed  in  Section  4.3,  the 
maximum  range  is  not  determined  exactly  but  within 
soinn  toh'i'ancc  or  uncertainty,  so  that  some  targets 
viewed  foverdly  will  be  seen  beyond  this  range  while 
others  within  this  range  vrill  be  missed  altogether. 
We  will  see,  later  in  tins  section,  the  magnitude  of 
this  uncertainty,  i.c.,  the  spread  of  ranges  over  which 
detection  fovcally  is  not  a  certainty.  It  is  the  pur¬ 
pose  of  this  section  to  determino  the  maximum  sight¬ 
ing  range  in  terms  of  those  quantities  w-hich  occur 
in  th(!  operational  situation.  We  liave  given  a  target 
of  actual  area  A,,,  apparent  area  A ;  intrinsic  contrast 
Co  and  asymmetry  factor  q  viewed  through  an  at- 
mospherc  in  which  the  meteorological  visibility  is  V. 
In  tcrnis  of  the  apparent  area  A  and  the  range  R, 
the  visual  angle  a,  defined  in  Section  4.3  is  given  by 

(13) 

where  A  i.s  in  square  feet,  R  in  nautical  miles  and  « 
in  minutes  of  arc. 

,  Consider  first  the  cose  in  which  the  target  is  cir¬ 
cular  anrl  tlie  meteorological  visibility  is  unlimited, 
bet  Ro  l50  the  mn.ximum  sijjhting  range  under  condi¬ 
tions  of  unlimited  visibility.  Substituting  equation 
(13)  in  equation  (2)  with  Oo  =  0.8,  its  value  for  fovoal 
vmion,  as  discussed  in  Section  4.3,  is 

/fo.=  0.104  [(G„  -  1.67)/1]V  (14) 

In  terms  of  the  actual  area  of  the  target  Ao,  there 
arc  two  en.ses  wliich  ocemr  frequently  in  operational 
situations,  one  in  whicli  the  target  is  viewed  at  ap¬ 
proximately  normal  incidence,  and  tho  other  in  which 
the  target,  flat  on  the  surface  of  the  sea,  is  viewed 
at  an  angle.  For  the  first  case,  tho  apparent  and 
actual  areas  of  the  target  arc  equal,  so  that 

/f„  =  0.104  [fUn  -  1.57)A„]‘ .  (15) 

If  /)  is  the  altitude  of  the  observer  in  feet,  then  for 
the  second  case  A  =  1.04  (  !0“^)d  „/)//?„.  Substituting 
in  equation  (14)  we  liavc  for  the  second  ease 

/I’n  =  1.04  (10--)  [(f'„  -  1.57)A„/i]^  (16) 

Considc'r  nc'.xt  a  circular  target  viewed  tlirougli  an 
atmosiflicrc  having  a  meteorological  visibility  F  .and 
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lot  R„,  bo  tho  maximum  sighting  range..  Tho  con¬ 
trast  is  given  by  equation  (12).  Making  the.  indicalod 
substitutions  in  equation  (2)  lead.s  to  tran.socnde.iital 
equations  for  case- 1  and  case  1 1 .  'riie.se  can  lx  solved 
for  the  meteorological  visibility  F  in  terms  of  the 
maximum  sigliting  range  ii,„.  'I'licse  equations  are,  for 
case  I, 


V  = 


1  Am„ 


"■'“[sroW 


and  for  case  II, 
logio 


1.49  R„ 


2. 


C«A„h 


2f.  (lO'O  R„A  +  1 


.f)7d«/J’ 


wbicli  can  be  rearranged  to  give 

F  ^ _ _ _ 1  _ _ 

A*  ,  Co  do  " _ _ 

°-'"L2.2G  ri0‘)  (Rm^'h)  -M.57/1 

The  cff<ict  of  target  asymmetry  reaclics  its  .maxi¬ 
mum  in  the  following  operational  situation;  A  target 
of  the  case  II  typo  having  a  ratio  of  a])parent  length 
to  airparent  width  of  100,  observed  at  a  range  such 
that  the  solid  angle  .subtended  by  tho  target  is  4.5 
square  minutes  under  conditions  of  unlimited  me¬ 
teorological  visibility.  Under  tliesc  conditions  the 
maximum  range  turns  out  to  be  Italf  what  it  Avould 
be  .for  a  irerfectly  .symmetrical  target  (disk)  of  tho 
same  intrinsic  contra.st  and  solid  angle  aubtendod.. 
Ivxccpt  in  such  rare,  eases  as  the  extreme  just  de¬ 
scribed,  the  elTect  of  target  asymmetry  on  maximum 
range  is  small.  'J'lvis  is  true  not  ordy  for  the  maxi¬ 
mum  range,  but  for  all  similar  quantities  (c.g.,  fti)- 
In  the  interest  of  simiilieity,  therefore,  and  with  only 
slight  loss  of  accuracy,  the  effect  of  target  asijmindry 
shall  he  ■neglected  hencefmih. 

We  are  now  in  a  ijosition  to  invastigate  llu!  un¬ 
certainty  in  the,  range  at  which  ji  targe^t,  vit'wed 
foveaily,  can  Ire  seen.  This  is  done  by  computing  the 
ratio  of  apparent  to  threshold  contrasts  for  e.aeh  of 
a  nuinbr  if  ranges  and  looking  up  the.  sighting  ])rol)- 
abilities  eori’csponding  to  tiiese  r.atios  from  Figure  1 . 
[F:s;scntia!ly,  the  use  of  (xiuation  (3).)  .Sighting  prob¬ 
abilities,  determined  in  this  way,  arc  pi-esented  in 
Figured  as  fuiietionsof  the  ratio  of  rjiiig\‘  toiua.\iinum 
range,  as  delliied  earlier  in  Ibis  section. 'I’he  curves  A,  C 
are  for  small  high-contrast  targets  seen  under  eondi- 


tions  of  unlimited  meteorological  visilrility  while  the 
curves  B,  D  air;  for  large  targets  seen  through  dense 
haze.  From  the.se  curves  it  would  appear  that,  as 
measurable  ciuantities  involving  human  behavior  go, 
tlu!  maximum  sighting  range  is  a  (luantity  which 
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4.  "01inip.so”  probability  of  delqctioii  iisa  fmio- 
tion  of  target  laiigo/maximum  nuige. 


can  1)0  determined  to  within  a  relatively  small  un¬ 
certainty. 

In  order  to  eoinimte  tho  maximum  sighting  range 
under  .some  specified  .set  of  conditions,  using  equa¬ 
tion  (17)  or  equation  (18)  as  the  case  may  be,  it  is 
necessary  to  know  tho  area  and  intrin.sie  (xmtrast  of 
the  target.  These  con.stants  Iiave  not  yet  been  deter¬ 
mined  for  any  large  number  of  targets,  llowevor, 
there  is  one  large  class  of  targets  for  which  these 
con.stants  arc  known  ren.sonably  well,  i.e  ,  surfaced 
ships  as  viewed  from  an  aircraft.  Here  the  target 
seen  first  in  the  ^’ast  majority  of  tho  e.a.ses  is  the  wake. 
.As  will  1)0  seen  in  a  later  section,  tho  intrin.sie  eon- 
tra.st  of  a  wake  is  al)OUt  50  per  c(>nt.  'i'hrec  general 
elassc.s  of  shi])s  arc  consideied  here,  surfaced  sub- 
mariiK’s,  shijis  iiaviag  ni'-diuiu-sizod  wakes,  and  those 
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liiiviijg  liH'RO  wakes.  'I'ho  seeonil  ('kiiss  ineliulcs  de- 
stroyi'iN,  de.stioyc!!'  oseorts,  and  m(a}ium-.s;zed  mcr- 
ehant  sliips,  \\  liilc  the  third  eln.s.s  indude.s  larne.  c-oin- 
batants  and  liifth-siK'ed  .x'cnn  liners.  The  wake.  a,rea.s 
for  till'  three  elas.s('s  are  given  apiiroximatoly  a.s 
l.UxlO',  IxlO*,  and  2x10“  square  feet,  respectively. 
In  l‘'igure  I),  /f,,, is  prc'.si'nted  for  ('aeh  of  tlu'so  oaac'.s 


KicaiSB  ■).  'Vai'intioii  of  ninsiinum  miigo  with  visibility 
for  three  (yiie.s  of  tniget  (linked  eyo). 


a.s  a  function  of  V/h^  for  naked  eye  seartdi.  In  Vigurc 
0,  tlio  same  quantity  is  presented  for  .search,  witli 
U.  S.  Navy  stanrlarrl  7x50  binoculars.  The  only  oiToct 


FnieiiK  (i.  Vni  iiilion  of  ninximtim  nitiKC  ivilii  visibility 
(7x50  l/moculai's). 


Jipparent  (xintiust  (beyond  tlait  due  to  haze)  whiiili 
re.sults  from  the  fact  that  the  hlnoeulars  are  not  iier- 
fectly  transiiai'ent,  the  rt'sults  [)re.sente.d  in  l''igure  0 
are  .slightly  oirtimistie  a.s  regards  niaxiniuin  sighting 
ninge. 


'•«  VISUAL  PERCEPTION  ANGLIi— PROB¬ 
ABILITY  OF  DhlTECTION 

As  observed  in  Section  4.4,  the  fundamental  cle¬ 
ment  y,  in  any  .study  of  the  probability  of  sighting  can 
be  exi)res.s(!(l  in  terms  nf  6o,  which  can  be  considered 
ns  the  visiinl  perceplion  angle.  The  equations  relating 
y  and  Bn  are  equation  (7)  and  equation  (10)  for  linear 
scan  iind  for  area  scan  respectively.  .lust  as  was  the 
case  with  tlie  maximum  sighting  range  diseussod  in 
the  last  si'ction,  so  tlio  visual  perception  angle.  Bn  can 
Ire  obtained  from  equation  (2)  in  terms  of  the  vari¬ 
ables  which  occur  in  the  operational  situation,  by 
making  tlio  ifrcpcr  .sub.stitution.s  for  visual  angle  « 
and  contrast  C.  'Phis  loads,  in  the  case  of  a  target 
viewed  normally,  to  an  cquationfor  So  involving/,  Co, 
V,  and  It,  and  of  a  target  on  the  sea  surface,  to  an 
equation  involving  .4,  Co,  V,  h,  and  It.  If,  instead. of 
tho  variables  listed  above,  the  variables  R/R,,,)  Rm/V-, 
and  (A)  arc  omployiid,  tlio  nuihBor  of  variables  is  re¬ 
duced,  in  ea.se  I  from  4  to  3,and  in  cose  II  from  5  to  3. 
Tliese  oliangos  of  variables  will  now  bo  made.  f?ijb- 
■stitutlng  in  equation  (2)  for  C  from  equation  (12)  and 
for  n  from  equation  (13)  leads  to, 

for  Case  1, 

Cn  C-'-"  =  1 .7o8n^  +  (19) 

/» 


If  R  =  R„„  equation  (19)  becomes 

g n.,/v  ^  T  5,55  ^  (2o) 


Eliminating  -in  between  eiiuations  (19)  and  (20)  giv(!s 

For  C;ise  II,  a  similar  iiroeediire  leads  to 


of  the  l)in()ci'.lar.M  wliich  lias  been  eon.sidcrc.d  i.s  that 
ol  it.s  luagmlyiiig  powi*!’ uii  the  apparent  tin  get  aiea. 
Hecause  of  the  negh'ct  of  the  slight  rednetion  in 


(  'ciC 


1 .700,,' 


-.'I.  I  i(/f.,/i'; 


1  ..5().o 


(22) 
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Ki 

i 

1?:- 

t 


From  these  equations  it  follows  that 


where 


and 


F 


_  i_5q5)2 


G 


Coc"-’-'-*  -  1.565 


(23) 


The  constant  n  has  the  value  2  for  Case  I  and  3  for 
Ca.se  II. 


A  R/Rm 

Fii.-iiiiE  7A.  'J'hrcsliokl  olT-iixi.s  angle  n."!  n  fiinelivin  of 
rango/muximum  iiingo,  (( 'use  II ;  C«  =  50  per  cent.) 

As  an  (;xamplo,  values  of  On  for  wake-type  tjirgcts 
arc  presented  in  Fifi;uro  7A  us  functions  of  It 

is  to  be  remcmljcnid  that  a  '\  ake  is  a  Case  II  tai-fret 


having  an  intrinsic  contrast  of  50  per  cent.  The  three 
curves  shown  arc  for  three  different  values  of  Rm/V, 
0,  0.5,  and  1.  The  value. /?„,/F  =  0  corresponds  to 
unlimited  meteorological  visibility  (no  haze)  wliile 
Rm/V  =  1  corresponds  to  haze  so  dense  that  the 
ma.\imum  range  is  determined  bj'  the  haze  alone. 


FioonE  713.  Contours  of  57  per  cent  detection  proba¬ 
bility. 

Tlic  curves  slio\Yn  in  Figure  7 A  have  all  been  termi¬ 
nated  at  90  degrees.  This  is  about  the  maximum 
value  of  00  for  which  vision  is  jrossiblc. 

It  is  interesting  to_  note  tluit  equation  (23),  as  a 
polar  equation  expressing  the  functional  relationship 
between  0o  and  R/Rm,  describes  a  surface  of  revolu¬ 
tion  which  is  generated  by  I'otation  about  the  lino 
of  sight.  Within  this  surface  tb.e  contrast  of  the  given 
target  is  above  thrt'shold  and  along  the  surface  the 
probalulity  of  detection  in  a  single  fixation  is  con- 
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stant  and  equal  to  57  per  e('nt.  Thifi  constant  prob¬ 
ability  surface  of  revolution  can  be  thouglit  of  as  a 
ileteotion  lobo  analogous  to  tlio  equal  power  surface 
wliicli  describ('s  the  radar  detection  lolie.  Visual 
scanning,  therefore,  can  be  thought  of  ns  an  at¬ 
tempt  to  so  align  the  detection  lobe  as  to  cause  the 
target  to  fall  within  it  so  that  detection  can  take 
place.  As  examples,  central  sections  through  loiies 
corrcsiionding  to  the  three  curves  of  Figure  7 A  arc 
presented  in  Figure  7B. 

If  the  type  of  scan  employed  is  known  so  that  it  can 
bo  classified  us  lino  scan  or  area  scan,  then  tbo  in¬ 
stantaneous  probability  of  detection  y  can  be  ob¬ 
tained  from  the  visual  pcrcci)tion  angle  9n  by  monas 
of  equation  (7)  or  ociuutiunAlO),  ns  the  case  may  be, 
with  one  reservation:  I'hc  constant  in  either  equa¬ 
tion  must  be  determined  from  the  circumstances , of 
the  case,  i.c.,  the  number  of  lookouts  employed  and 
the  fraction  of  the  time  during  which  each,  is  search-' 
ing  effectively.  In  some  cases  it  is  pos.sible  to  deter¬ 
mine,  from  operational  or  tc..t  data,  an  overall  con¬ 
stant  for  the  particular  search  situation. 

Thus  the  second  fundamental  question  finds  itself 
answered :  T/ie  prohabiUty  that  tfi'fi  target  mil  be  seen 
has  been  obtained. 


^•'0  SUBMARINES  AND  SURFACE  SHIPS 
AS  SIGHTED  FROM  AIRCRAFT 

'With  the  material  jwesonted  in  earlier  .sections  of 
this  chapter  and  that  in  other  pertinent  chapters  of 
this  book,  we  arc  now  prepared  to  analyze  some 
actual  operational  situations.  In  this  section,  the 
sightings  of  submarines  and  surface  ships  from  air¬ 
craft  are  examined  to  illustrate  the  application  of  the 
methods  so  far  developed  and  to  check  some  of  the 
conclusions  of  earlier  sections  of  this  chapter.  The 
emphasis,  in  this  section,  is  on  submarine  sightings, 
since  this  is  the  situation  for  whicii  the  most  com¬ 
plete  operational  information  is  available. 

The  sightings  of  submarines  and  surface  ships  from 
aircraft  come  under  the  Case  II  classification  of  Sec¬ 
tions  4.8  and  4.9,  since  it  is  the  wake  which  is  sighted 
first  in  tlic  vast  majority  of  cases.  In  order  to  de¬ 
termine  the  maximum  sighting  range  72^  and  the 
visual  perception  angle  So,  it  is  noccasary  to  know 
two  constants  characteristic  of  the  particular  target 
and  one  characteristic  of  the  surroundings  alono. 
These  arc  the  intrinsic  contrast  Cn,  the  area  An,  and 
the  meteorological  visibility  V.  An  estimate  of  the 


last  is  usually  given  in  any  operational  sighting  re¬ 
port. 

The  wake  of  a  ship  is  an  excellent  diffuse  reflector, 
sending  hack  practically  all  the,  ligl.t  which  falls  on 
it  so  that  its  hrightncAs  apiiroachos  that  of  the  .sky 
from  whii-.li  it  is  illuminated.  From  Section  4.7,  it  is 
clear  that  the  .sea  l)rightnc.ss  is  half  that  of  the  sky 
unlo.ss  the  sea  state  is  gla.ssy  or  the  lino  of  sight  is 
witliin  about  10  degrees  of  the  sun.  From  Section 
4.6  it  is  scon  that  tlic  effective  background  bright¬ 
ness  is  that  of  the  sky,  unless  the  lino  of  sight  comes 
within  about  10  degrees  of  the  sun.  Hence  from  the 
definition  of  intrinsic  contrast  given  in  Section  4.3, 
Ca  is  about  .50  per  cent  except  under  the  rare  condi¬ 
tions  of  soa  and  sun  mentioned  above.  These  rare 
conditions  arc  neglected  hero. 

There  are  two  mcthod.s  of  obtaining  the  target 
area  Ao  both  of  whicii  are  capable  of  reasonably  high 
accuracy  when  applied  to  data  taken  under  the  ideal 
conditions  which  usually  obtain  during  service  trials, 
and  usable  when  applied  to  operational  data..  In  iho 
first  method,  the  wako  area  is  obtained  from  measure¬ 
ments  of  photographs  taken  from  the  air,  Several 
submarine  photographs,  taken  during  operational 
sorties,  were  measured  and  the  Values  ranged  from 
7,000  to  15,000  square  feet,  with  an  average  of  11,000 
square  feet. 

In  the  second  method  the  area  is  obtained  by 
means  of  equation  (18)  from  measurements  of  the 
maximum  range  and  the', meteorological, visibility.  In 
service  trials  these  two  measurements  can  be  made 
with  fair  precision.  Under  operational  conditions, 
the  ranges  arc  distributed  between  zero  and  maxi¬ 
mum  and  tlic  meteorological  visibility  is  only  esti¬ 
mated,  so  that  tlic  required  quantities  must  be  ob¬ 
tained  indirectly.  The  Uncertainty  concernini^  the 
meteorological  visibility  is  overcome  by  considering 
only  those  sighting  reports  in  which  the  effect  of 
atmospheric  haze  can  ho  neglected,  i.c.,  those  in 
which  the  meteorological  visibility  was  estimated  to 
bo  unlimited.  Under  these  conditions  equation  (18) 
reduces  to  equation  (16).  To  obtain  Ra  a  histogram 
was  plotted  with  72//?.*  os  abscissa  and  the  number  in 
a  specified  interval  of  the  abscissa  as  ordinate.  The 
maximum  value  which  R/h'  can  have  for  ordinates 
greater  than  0  is  Ro/hK  The  value  of  Rn/h^  obtained 
from  the  histogram  of  submarine  siglitings  is  1.4, 
which,  when  substituted  in  equation  (16),  gives  Ao 
=  1.3(10'')  square  feet,  the  value  quoted  in  Section 
4.8.  ''J’'his  Viilue  is  believed  to  bo  more  accurate  than 
the  1.1(10')  .square  feet  obtained  by  the  other 
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method.  Tin*  jiliotoRi’iiiihic  metliod  wns  applied  to 
sliips’  wakes  to  obtain  the  values;,  of  10*  and  2(10*) 
s(iuar<'  fei't  for  medium  and  hirge  ship.s  respeetively, 
as  quoted  in  Sc'ction  4.8.  No  gresit  aeeuraey  i.s  elium('(l 
foi'  thes;;'  Last  two  vnhu’.s  of  tsiiget  .area. 

In  order  to  olilidii  y,  the  instantsineous  prol)al)ility 
of  (hsteetion,  it  i.s  neee.ssary  to  kiusw  first  the  types 
of  sean  employed  and  hence  tins  funetionsil  relation¬ 
ship  between  y  suul  the  visual  percej-ition  aiij^le  Sn, 
and  second  the  constant  of  irroportionality  which  re¬ 
lates  y  to  the  I'oquircd  function  of  Bo.  Tn  ord(>,r  to  de¬ 
termine  the.  b('3t  method  of  .scan,  a  little  more  in¬ 
formation  is  required  concerning  the  operational  situ¬ 
ation.  An  examination  of  the  submarine  .sighting  data 
sliows  that  the  altitude  of  flight  is  always  small  (!om- 
pnred  to  the  maximum  range.  If  both  are  expre.ssed 
in  the  same  units,  the  average  ratio  is  0.06.  Under 
these  eonditions,  if  fixation  is  at  a  point  on  the  ocean 
distant  from  the  aircraft,  then  any  target  be¬ 
tween  tliis  point  and  that  directly  under  the  aircraft 
is  well  within  the  visual  percei)tion  angle  da.  Indeed 
this  is  still  the  case  if  the  altitude  is  0.10  times  the 
maximum  range  or  600  feet  per  nautical  mile,  of 
maximum  range. 

The  greatest  chance  of  sigliting  a  grven  target  is 
obtained  if  the  aircraft  is  made  to  do  the  scanning. 
Tilts  scanning  is  done  by  simply  keeping  the  fixa¬ 
tions,  on  each  side  of  tlie  aircraft,  within  a  small 
angular  distance  from  a  point  on  the  surface  of  tlio 
ocean,  directly  abeam  and  distant  /?,„  from  the  air¬ 
craft.  With  this  scheme,  every  target  auist  pass 
through  the  visual  pcrcejition  angle  0n  and  if  it  .st.ays 
within  this  angle  for  more  than  ono-qunrtcr  of  a 
.second,  detection  by  the  eye  is  iiractieally  certain, 
given,  of  course,  co.mplete  attention:  missing  of  any 
targets  under  these  conditions  is  due  to  the  observer’s 
lack  of  attention. 

The  system  just  outlined  has  been  found  the  best 
possible  for  liunting  friendly  targets  such  us  life 
rafts.  For  enemy  targets,  however,  it  is  desiraldc  to 
snerifiee  some  chancc!  of  sighting  the  targiit  in  order 
to  incrcnsi!  the  range  at  whiidi  it  is  irawt  likely  to  be 
.seen.  A  first  apjiroximation  to  the  Ix'st  compromise 
for  enemy  targets  is  a  uniform  scan  along  a  line*  on 
the  ocean  surface  distant  Ji,„  from  the  aircraft.  It  is 
recommended  that  .scanning  be  confined  to  the  front 
180  degrees  of  azimutli  only.  'I'lie  eiianee  of  sighting 
the  target  under  the.se  conditions  is  the  same  for 
.surfaced  taigcts  as  if  tlie  .scanning  wiwe  uniformly 
di.stribuhsl  over  the  entire  .160  degrees,  for,  wluTen.s 
the  scanning  azimuth  i.s  hidveil,  the  elTort  over  that 


azimuth  is  doubled.  Mmploying  the  fir.st  180  degrees 
only,  therefore,  rc'.sults  in  no  loss  of  targets,  and  has 
the  advantage  of  early  largest  d(iteetioTi. 

At  the  altitudes  u.sunlly  employed,  le;ss  th.an  600 
I'ei't  per  nautical  mile  of  maximum  range,  the  angular 
departure  of  any  target  inside  the  maximum  range 
eirelc!  from  the  scanning  line  is  so  small  eonqrared  to 
the  visual  perception  angle  6„  that  no  gn-nt  <'rror  i.s 
made  by  considering  all  targets  as  Ireing  situated  on 
the  scanning  line.  Hence  the.  prolrlem  under  con- 
.siderntion  is  one  of  jaire  line  scan  with  y  proportional 
to  fill. 

To  ohtiiin  the  c.oh.stant  of  proportionality  Ixitween 
y  and  d„  it  is  n('.(:essary  to  resort  to  the  operational 
data.  The  quantity  which  can  be  olitaiued  from  these 
riata  is  the  sweep  width  W,  dofincrl  in  Chairter  2  as 


where  p,  is  the  probability  of  detecting  a  target 
distant  .t  from  the  aircraft  track.  To  do  this  the  529 
.submarine  sightings  on  whicJi  reports  wore  available 
wore  divided  into  groups  representing  ranges  of  Rm-- 
For  each  group  a  lateral  range  distribution  ciirvo  was 
plotted  and  normalized  to  unity  irt  the  condor,  (i.e., 
at  X  -  0).  'Phis  normalization  to  unity  in  the  center 
is  equivalent  to  saying  that  it  is  virtually  impossible 
to  fly  riirnetly  over  a  target  as  large  as  a  surfaced 
submarine  witliout  se.ciing  it — in  spite,  of  such  rare 
oee.urrenc.es  os  that  mentioned  in  Section  2,2.  There 
is  good  evidence  in  suppdft  of  this  view,’  The  area 
undei’  the  lateral  range  distribution  mirve  so  nunnul- 
ized  is  /"  p^dx  which  determines  If.  The  \'aluc3  of 
W  obtained  from  the  operational  data  are  presented 


FieCHE  8.  I’lilh  swept /maxiimiin  nuiKO  a.s  ii  fiuielion 
of  mnxinuim  rnnRe — eompiirison  of  eonipiitcd  t.solid 
line)  :ui<l  oi)eiiilioii.'il  (dotted  line)  results  (surfaced  snl)- 
nmriiies). 

in  Figure  8  as  a  function  of  R,,,-  Thc.si'  value.s  arc  in 
tmits  of  R„,  tind  the  dot.s  are  thi'  operational  pomts. 
In  oixler  to  comiiute  If,  it  is  to  Ix'  reetdk'il  that, 
from  (liaj)ter  2, 
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Ih 


=  1  -  (.-.Ct"", 


(25) 


ami  equation  (7)  y  =  A'fiii.  'Phe  (‘onstant  I'  for  t.lu! 
operational  situation  under  consideration  is  as  yet 
unknown  since  it  depemla  upon  the  numher  of  look¬ 
outs,  the  fraction  of  lookout  time  spent  in  search, 
and  the  degri'o  to  which  the  search  approaches  uni¬ 
formity  over  the  seanninR  line  consid('-red.  If  y  is 
the  distance,  in  nautical  miles,  of  the  target  from  the 
point  of  nearest  approach  to  the  aircraft  and  i>  is  the 
aircraft  velocity  in  knots,  ill  =  3,(i(K)  dy/v  in  seconds, 
so  that 


J'»  Co  ptx 

ydl  ^  k  I 

n  Ja 


dadl 


3,600 


DO  /*“  , 

~kl  W,/. 

I'lxpressing  dy  in  units  of  if„„ 

rydt^^:^k 

•/  0  0  i/  (i  ' '  m 


(26) 


(27) 


The  integration  indicated  in  equation  (27),  has  been 
carried  out  graphically  for  various  values  of  x/R-m. 
These  are  presented  in  Figure  9  as  functions  of  x/ 
The  two  curves  show  n  arc  for  R,„/V  -  0.5  and  R,„/V 
==  1  ,■  respcetivi'ly.  'Phe  values  of  employed  for  tlic 
integrations  were  obtained  from  Figure  7 A.  In  the 
operational  data  /i,„/l'  =  1  for  values  of  R„,  ^  5 
nautical  miles  and  0.5  for  A’„  ^  TO  naiitieal  miles. 
'Phe  aircraft  velocity  for  the  52{k  incidents  averaged 
135  knots. 

3'o  obtain  k,  the  following  procedure  was  em¬ 
ployed:  For  R,„  =  5,  Il,„/V  ■■=  1,  and  a  given  value 
of  k,  ,f"  ydt  wn.s  computed  from  equation  (27)  and 
the  integral  given  in  Figure  9  for  each  of  a  number 
of  values  of  x/R,„.  For  each  of  these,  was  com¬ 
puted  from  .equation  (26)  and  a  lateral  range  curve, 
was  plotted.  From  the  lateral, range,  curve  a  value  of 
was  obtained  by  gratiliical  integration.  'Phis 
proccflure  was  repcaterl  for  a  number  of  values  of  k 
until  one  was  found  which  fitted  the  operational  data 
of  Figure  8.  3'he  valiu’  of  k  obtained  in  this  way  is 
1.75  X  10-'. 

Various  latc’ral  range  curves,  comp.uted  u.sing  k  = 
1.75  XIO^"  and  v  =  135  knots,  are  prc.scnted  in 
Figure  10.  'Phe  (piantity  ll'/'/i’,,,  obtained  from  these 
curve.s  is  presented  in  Figure  8  ns  a  function  of  R„,. 
An  (lamination  of  Figure  8  shows  good  agreement 
between  tiu'  computed  ,and  the  o|)erational  points  at 
low  value.s  of  R,„  and  a  gradufd  .separation  of  the 


Kkumik  0.  Inlngnil  of  ('(inntion  (27)  na  n  function  of 
liUoml  range/miiximiirn  ninge. 


I'liiiiRio  10.  I.iitnral  iiiiif'i’ ilistribiUion  as  a  fuiiclion  of 
laici'al  l■anKo/mllxinmm  rmino,  a.ssuniiiiji;  A-  =  I.Tri  X  H) 

I'  —  i;i.')  UikjIs  (.sni'faroci  siilmmriiio). 
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two  ns  lt„,  incronsos.  Now  tin?  thoorotienl  curvo  is  for 
ships  wljinh  remain  siirfncecl,  '-vlhlo  the  experimental 
curve  is  for  submarines  wliicii  can  evade  dotcetion 
by  diving.  I'hi.s  effect  lia.s  been  investigated^  and  it 
has  been  .shown  tliat  tlie  ciTect  of  tliis  evasion  on  the 
path  swe])t  IF  is  negligible  for  values  of  R„,  ^  5 


Fiooiib  1 1.  Path  8Woi)tii8  a  function  of  maximuni  range, 
assuming  n  =  150  knots. 


nauticial  miles  and  gradually  increases  to  about  35 
l)er  cent  for  II, „  =  10.  'I'liia  tendency  is  apparent  in 
Figure.  8. 

In  Figure  1 1 ,  IF  for  50  per  cent  intrin.sic.  contrast 
targc’.is  is  prese,nt(!d  as  a  function  of  li,„  for  naked- 
eye.  sc'iirch.  'I'lni  niorc!  modern  figure  of  150  knoLs  has 
b(H'n  takc'ii  as  the  aircraft  velocity.  To  olitain  in 
any  iiarticular  ea.si?,  R,„  is  first  obtained  from  Figure 
5  and  tiien  IF  for  the  given  R,„  is  olitainod  from 
higuro  II.  It  is  to  be.  rememhcml  Ihnt  altitudes  greater 
than  600  feet  per  nautical  mile  of  maximum  rajige  are 
not  recommended. 

'I'lie  greater  values  of  R,„  found  in  Figure  6  for 
7x50  binocular  search  might,  at  first  sight,  load  to 
the  belief  tliat  W  should  be  greater  for  binocular  than 
for  nnked-oye  search.  It  is  to  be  rGmembcrcd,  how¬ 
ever,  that  inside  a  binocular  field  of  magnifying 
irowcr  7,  the  eye  must  search  a  scanning  lino  7  times 
as  long.  Honce  for  the  same  search  effort,  k  is  1/7 
ns  great.  The  (quantity  W,  computed  using  k  = 
3.75X10~V7,  is  also  prc.scnted  in  Figure  11  as  a 
function  of  7f,„.  An  examination  of  the  search  situa¬ 
tion,  using  Figures  6,  6,  and  11,  shows  that  binocu¬ 
lars,  even  under  the  best  of  conditions,  are  not  as 
effective  as  the  naked  cy(.^  if  the  meteorological  vis¬ 
ibility  is  less  tlian  10  nautical  miles. 

As  c.xamplcs  of  the  results  to  bo  obtained  from 
Figures  5  anrl  11,  values  of  IF  for  various  altitudes 
and  meteorological  visibilities  arc  prosontod  in  Table 
1  for  the  three  targets  considered  in  Figure  6.  To 
compute  .such  tobies  the  following  procedure  is  cm- 


TMmHbSwtwp  widlli  IV  in  nnuticnl  milns  for  imkcd-oye  senrcli. 


Altitude 

(foot) 

1 

.6 

6 

Mcteorologiuiil  Vlsihility  (nimticiil  milos) 

10  16  20 

30 

40 

60 

600 . 

0.9 

.3.2 

Subiiiariiicii  vr  nmait  merchant  vessels 

4,3  7.6  8,6 

9.0 

11 

12 

13 

1,000 . 

0.9 

3.7 

6.3 

8.6 

11 

12 

14 

15 

10 

2,000 . . 

3.7 

6.9 

0.0 

12 

14 

17 

18 

19 

S,000 . 

.  .  . 

,  ,  , 

0.4 

11 

13 

16 

18 

20 

21 

6,000 . 

... 

... 

... 

12 

15 

17 

20 

22 

25 

600 . 

0,9 

.3.7 

6.3 

jM edium-sized  ships 

12  15 

17 

20 

22 

25 

1,000 . 

0.9 

3,7 

0,4 

13 

10 

19 

26 

27 

29 

2,000 . 

.  .  . 

3.7 

7.0 

14 

18 

22 

28 

31 

34 

6,000 . 

.  .  . 

14 

10 

24 

30 

34 

37 

6,000 . 

14 

21 

20 

33 

37 

42 

7,000 . 

... 

21 

27 

34 

40 

45 

600 . 

0.0 

3.7 

Large  comhatanls  and  high 
0.4  13 

■speed  liners 

10 

19 

26 

27 

29 

1,000 . 

0.9 

3.7 

0,4 

14 

18 

22 

28 

31 

34 

2,000 . 

3.7 

7.0 

15 

19 

2/) 

31 

36 

37 

3,000 . 

7.0 

1.6 

21 

20 

34 

40 

43 

5.000 . 

15 

22 

28 

30 

43 

48 

7,000 . 

•  .  • 

22 

29 

38 

45 

50 

10,000 . 

30 

40 

47 

53 
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ployed.  For  each  pair  of  viiluo.s  of  V  and  h,  F//i’  is 
computed  and  tlio  (Corresponding  value  of  is 

obtained  from  Figure  5,  from  which  /v’,„  is  eomiJUted. 
Knowing  R„„  TF  is  olitained  from  Figure  11. 

ddie  value  of  h  obtained  from  the  operational  data 
provides  nu'ans  of  determining  tlu;  average  olTeetivc- 
ncss  of  si'arcb  from  aircraft.  The  value  of  k  obtained 
from  th(c  Craik  scanning  exia'rimenta  dc.sciibed  in 
Section  4.4  was  2.73  X  10“".  Since  this  is  for  scan  over 
45  dogrc'es  instead  of  180  degrees  it  mu.st  be  divided 
by  four  for  comparison  with  the  operational  value 
of  1.75  X  10“*.  This  division  giv(cs  G.8X10"“,  about 
four  times  the  operational  value.  It  is  clear,  there¬ 
fore,  that  the  entire  crew  of  an  aircraft  is  al)out‘ 
equivalent  to  ono-quartcr  of  an  ideal  lookout  carry¬ 
ing  out  search  under  laboratory  conditions.  A  num¬ 
ber  of  reasons  for  this  discrf'iiancy  can  bo  enumor- 
ated.  These  are.  soiled  or  scratched  windows,  fa¬ 
tigue,  interruption  from  search  caused  by  other 
duties,,  inability  to  .search  along  an  accurately  de¬ 
termined  best  .scanning  line,  and  nonuniform  angular 


distribution  of  scanning  effort.  Soiled  or  scratched 
windows  t(md  to  reduce  the  aiiparent  contrast  and 
lienee  both  and  0,,.  Tlic  need  for  keeping  the 
windows  clean  and  clear  can  not  be  overemphasized. 
On  long  sorties,  fatigue  is  inevitable.  However,  its 
elfects  can  be  minimized  by  relieving  monotony.  1  his 
can  be  done  by  making  freciuent  exchanges  in  .station 
for  the  various  lookouts.  Tlie  best  scanning  lino, 
(i.c.,  the  locus  of  points  on  the  ocean  .surface  distant 
R,n  from  the  aircraft)  is  u.sually  3  or  4  cicgrccs  below 
the  horizon.  A  rough  and  ready  rule  for  finding  this 
locus  is  to  extend  the  fist  at  arm’s  length  and  look 
about  two  or  three  fingers  below  the  horizon.  There 
is  good  reason  to  lielievc  that  the  scanning  effort, 
instead  of  being  uniformly  distributed  over  the  for¬ 
ward  1 80  degrees  is  heavily  weighted  in  the  front  45 
or  00  dogroesi  One  suggestion  for  overcoming  this 
tendency  is  to  assign  all  lookouts,  other  than  pilot 
and  copilot,  to  the  two  45  degree  sectors  just  for¬ 
ward  of  the  beams,  leaving  the  forward  90  degrees 
to  the  pilot  and  copilot. 
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■■''  ]i\Tiu)ni](yri()N 

'‘T’'iik  immknsk  vai.uk  find  versatility  of  tlu-  radar- 
1  eeho  prineii^le  in  its  military  applications  were 
ainjily  domonstniU'd  durinR  World  War  II.  'I'lie  aliil- 
ity  of  radar  to  provide  iireci.so  values  of  the  ranRe 
and  hearing  of  objects  on  or  above;  the  .surface  of 
the  .sea,  under  all  eonditiuns  of  vi.sihility,  and  fre- 
(lumitly  at  distance.s  con.siderahly  beyond  the  range; 
e)f  the  human  eye,  assure;d  its  constant  naval  use 
!us  an  instrument  of  ae'areh  and  earl3'  warning.  In 
addition,  it  readily  proveal  its  u.sefulne'ss  in  a  number 
of  redatid  eipplicahilities.  The.se  ineludeiel  fire;  e'ontrol, 
identification,  idtime;try,  and  aid  ter  bombing,  inter- 
ce-ption,  fight(;r  direction,  at.atiein  keeping,  and  navi¬ 
gation. 

N(;vertlie;leas,  airborne;  and  .shipbeu'ne  seaireh  raelar, 
use>el  both  olTonaivedy  and  defensively  te)  gain  e'ontact 
with  enemy  forcp.s,  anel  to  locate  miasing  frienelly 
units,  represented  perhaps  tlio  mo.st  wide'spn>nd  and 
.succes.sful  of  the'.se'  military  applications,  and  may  be> 
e;xpe;cte;d  to  continue  to  do  .so  in  the;  immediate;  future'. 
It  is  with  tliis  aspect  of  radar  that  the  present  chaj)- 
,  te>r  deals.  Kmphasis  is  |)liic(;el  on  basic,  seare-h  e'e)n- 
sieie;rations;  only  tljo.se;  tee'bnieal  que'.stions  which 
h.ave  bearing  on  this  subje'e't  are  eii.scu.s.se’el. 


MODKHN  SKAIir.ll  lUDAM 
CMAnACTKmSTICS 

The  type  of  raelar  e'urre'ntly  mo.st  useful  in  .sea 
.search  is  the;  airboi'ne;  microwave  (wavele;ngth  X  S 
10  cm)  search  radar.  A  brief  outline  erf  the  principle's 
of  operation  of  such  equiinnent  will  serve;  in  a  gen¬ 
eral  way  to  illustrate  those*  erf  similar  sets,  ine-lueling 
.sliipberrne  .search  gear. 

High-fre;eiiie;ne'y  raelier  e'ne;rgy  ge-nerate'el  in  the; 
tran.smitter  of  such  a  raehir  is  le-el  threrugh  a  wave, 
guide;  (a  re'sernant  e'opper  iripe  erf  rectangular  croas 
.se-e-tiern)  to  a  funne'I-sh,ape;el  herrU;  err  ter  a  eliperle- 
raeiiaterr,  lercate'el  at  the,  fete'us  erf  ei  jraraberletielal  metal 
re-de'e'tor.  'i'hc,  e'liergy  is  re-raeliate-el  frerin  this  rc- 
fle'cterr  in  a  letbe'-sh.'ipe'el  piittern,  as  inelie-ate'el  e'i-er.ss 
.se'e'tiernally  in  Idgure  I.  'I'lie-  be*am  ’.vielth — e-ernve'n- 
t.iernally  define'd  as  the  iingle'  0  be-twe'e-n  half-jtetv.er 


elire'ctiern.s — is  elehe-rmine'e!  by  the  size-  erf  the'par.tberl-'id 
re'lative’  ter  X.  In  prae'tice-  sultsieliary  Irae'k  and  .sielo 
lerlre.s  (not  shown  in  tlie'  figure')  are;  irreteluee'el  in.nd- 
elitiern  ter  the  main  lerbe;  hut  the;,se;  e-an  he  minimize;;! 
by  proper  ante.nna  de'.sign — ^i.e*.,  by  merdifie-atiern  erf  the 
reflector  sha)re,  aelelition  of  pariisitic  radiaterrs,  etc. 


Kiciiuk  1.  leleinlizcd  pattern  of  a  microwave  .soiircli 
raelar.  Ix;nK!.h  of  I'lidiiis  vecterr  i.s  pi  oportional  to  power' 
radiated  in  thttl.  eliroclioti. 


Actiiall.y,  in  mo.st  search  ot]ttipment,  the  paraboloidal 
reflector  is  tritnetitcd  or  otherwise  modifierl  in  .siicli 
a  way  ns  ter  produee  a  narrow  antenna  pattern  in  the 
herrizontal  plane  (sornotimes  as  narrow  as  1  degree)  and 
a  relatively  broad  pattern  (usually  about  10  de'greos) 
in  a  vortical  plane,  '.riiis  provides  extended  eerverngc 
in  altitude  and  l(;ssoned  .sensitivity  ttr  anteirnn  tilt, 
feratitres  particularly  dt;sirabIo  for  airhtirne  early 
w.arning  and  shirihorne  aircraft  wtirning  rtielar. 

In  pre'st;nt  radar  .sets,  higlt-frequeirey  eiu'fgy  is 
ttt've'f  emitted  continuously;  instt;ae!,  it  i.s  trans- 
niitte'ei  in  siicet'.ssivp  liigli-power  ptiLstts  of  \'er,v  short 
ehu'atie)!).  In  oreier  to  de.creivse  the  minimum  nidar 
range,  anil  to  improve,  range  resolution,  as  well  as  to 
pe-rmit  the;  use;  e)f  higher  peak  transmitte'el  iieeweT,  it 
is  de'sirable;  to  reduce  the  duration  of.siirh  pulses  to  a 
minimum.  Ilowe'ver,  against  the’se  eonsiele'rations 
must  be;  balanee'd  the  fact  that  a  very  sharp  pulse 
wave  form  ean  l)e;  reproeliue'd  iie'eurately  only  by  a 
brejael-band  rceeiver;  and  an  inereiise  in  bnndwielth 
rn.sults  in  an  inewe'iise'  of  ree-e'iver  noise  Ie'\'e'l  relative 
to  e-e'lu)  strength,  with  a  eeu're'sponding  re'due'tieen  in 
maximum  raehir  range',  Ihilse  duratie)ns  u.seel  in  prae- 
tie'e;  are*  ge;ne'rn!ly  l>e'twe;e'n  0.1  anel  2  micreise'e'emels, 
with  1  inie'ro.se'eemel  a  eeimme)!;  value.  The  rate  at 
which  sue'h  inilscs  are'  repoate’el  is  u.sually  be'twe'e'n  400 
;inel  1 ,000  pulse'.s  jje'r  se'e'onel  in  e'urri'iit  se’are'h  e'eiuip- 
me'nt.  Simh  re;pe'titie)n  rates  .-dlow  a  suffie'ie'nt  time; 
inte'W.al  fe)r  e'lU'igy  in  eene'  transmitteel  i)ulse'  te;  tiai'e'l 
e)Ut  to  .‘I  elisteint  target  anel  lee  re-flee'te'el  hae'k  to  t!;:; 
raelar  liefe)re'  the'  ne'xt  pulse*  i.s  e'mitte'el.  In  se'are'h  for 
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\  i'ry  fur  distant  taiRC'ts,  lowin'  jiulsc  ropotitioii  ratos 
may  ho  ncoossary. 

Signals  rofloctod  from  a  target  are  picked  up  hy 
tlu'  same  antenna  used  i.o  transmit  them;  they  are 
then  amplified  In  tlu'  radar  receiver  and  presenteil 
as  a  resjionse  on  an  imlieator.  d'lit'  kiiul  of  pri'senta- 
tion  most  fri'qiiently  eini)l<)yed  in  modern  search 
radars  is  that  of  the  iilan  jiimiliou  indicator  (I’I’l 


causes  a  bright  s]iot,  known  as  a  “blip,”  to  apjanir 
on  the  fluorescent  sen'cn  at  a  radial  distance  pro- 
]X)rtional  to  the  (-lapsed  time,  and  tiieniforc  to  the 
range  of  the  target.  Tlie  ix-rsishmee  of  the  sen-en 
is  sufficiently  gn-at  that  such  an  intensified  sjmt 
usually  remains  visible  for  several  seconds.  When  the 
electron  beam  has  swept  to  the  outer  edge  of  the 
scope,  eorn-sponding  to  maximum  range  ohtainahh^ 


l-’idOiiK  2.  I’laa  imsifion  hidicalnr  (I’I’I)  prcsenlalioii.  I’liino  liniiriiiK  mdar  was  at  iia  afiitiicie  of  20,000 
(col,  (lircclly  ever  Hoslmi.  Ciipn  Cod  may  bo  (dourly  diaooviind  iioar  t  lin  center  of  the  iihotonrapli. 


.se()i:ie).  In  this  type  of  "inteii.sity  moduhited"  indieti- 
tion,  response  is  ohtidned  on  the  face  of  a  cathode- 
ray  tube  hy  means  of  variations  in  the  inten.sity 
of  a  radially  sweeping  electron  beam.  At  tin-  in.stant 
tin  (-nergy  jiulse  is  transmitted  from  the  radar  an- 
ft-nna,  tliis  l)eam  begins  to  sweep  nut  at  a  uniform 
rate  from  the  center  of  tlie  indicator.  When  tlie  re¬ 
flected  pulse  from  ii  l.tirget  returns  to  the  radar,  tin; 
.amplified  energy  is  u.^ed  to  increase  the  volume  of 
the  electron  stream  impinging  (ju  the  .seoix-.  'I'liis 


on  the  particular  rangi-  scale  employed,  it  reverts  al- 
mo.st  instantaneou.sly  to  the  center  of  the  scoiie, 
and  another  pulse  i.s  emitted,  '’f'he  angular  position 
(azimuth)  of  the  swei-p  trace  on  the  .scopi-  is  de¬ 
termined  hy  the  direction  in  which  the  antenna  is 
momentarily  pointing. 

In  order  to  old.itio  area  em'erage,  the  radar  an- 
ti-nna  is  rotated  about  a  vertical  axis.  X'arious  radans 
permit  mamed  control,  .sector  .scan,  or  3()0  degree 
.scan,  'file  last  is  mo.st  of'h-n  em|iloy(‘(l  in  airborne 
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snarch,  tlic  antonna  boinp;  rotated  at  rates  usually 
botwocn  5  and  24  revolutions  p(n’  minute  (12  rpm  is 
a  comrnon  vaHie).  The  usi?  of  this  type  of  scan  in  con¬ 
junction  with  PIT  indication,  in  which  the  radial 
sweep  trace  of  the  ehTtron  beam  is  made,  to  rotak; 
in  synchronism  with  the  ank'nna,  results  in  con¬ 
tinuous  presentation  of  a  lilan  mai)  of  tlic;  region  sur¬ 
rounding  the  radar,  ns  illustrated  in  Figure  2.  Maxi¬ 
mum  scanning  rat(!  is  limiti'd  by  the  n(’cessity  of  re¬ 
ceiving  scvcr.al  successive  pulses  to  produce  a  notice¬ 
able  blip  (estimates  of  this  minimum  number  of 
pulses  vary  from  4  to  10,  depemding  on  the  tyjx;  of 
screen  used).  It  is  thus  related  to  the.  antenna  beam 
width  and  the  pulse  repetition  rate,  which  in  turn 
depends  on  jiulse  duration  and  the  maximum  average 
power  the  transmitter  tube's  can  handler;  se'anning 
rate  is  therefore  related  indir(^c,tly  to  target  resolu¬ 
tion.  In  present  search  equii)mont,  l>etwocn  10  and 
100  pulses  reach  the  target  per  scan,  so  that  the 
maximum  po.ssible.  scanning  I'ate  is  not  generally  at¬ 
tained.  It  may  be  noted  that  with  rapidly  scanning, 
narrow-beam  antennas  .some  “.scanning  loas’’  may  be 
experienced,  owing  to  a  turning  of  the  nntenna  (lur¬ 
ing  the  finite  echoing  time.  The  effect  is  usually  small 
in  practice. 

Other  types  of  antenna  scan  and  visual  prexsenta- 
tion  than  those  described  aho\'e  are  oeea.sionally  em¬ 
ployed  ill  search  cciuipmont.  Narrow-beam  antennas, 
for  instance,  may  bo  scanned  lu'lically,  or  rocked; 
some  of  the  newiw  airborne  .S(!t3  have  their  antennas 
gyro-stabilized  in  order  to  prevent  distortion  of  the 
PPI  map  due  to  antenna  tilt.  An  alternative  m(!tho(l 
of  intensity  modulatixl  ]rrcsentation  .soini'.timts  en¬ 
countered  is  tlint  of  the  B  scope,  in  which  range  is 
measured  along  a  vertical  and  bearing  along  a  hori¬ 
zontal  axis;  this  ncco,s8arily  results  in  some  distortion, 
but  provides  greater  resolution  of  nearby  targets.  It 
usually  is  oomlaned  with  an  antenna  scan  of  180 
degrees  or  less  in  the  forward  direction. 

«■'  VISUAL  AND  RADAR  SEARCH 

Having  outlined  the  basic  operative  features  of 
current  scareh  radar  equipment,  rve  shall  find  it  in¬ 
structive  at  this  point  to  compare  the  process  of 
visual  search,  dealt  with  extensively  in  the  previous 
chapter,  with  that  of  radar  search. 

It  will  be  recalled  that  the  eye,  when  sciUching 
sy.stematioally,  tends  to  look  in  one  direction  for  a 
short  period  of  time  (of  tlie  order  of  one  second), 


during  which  several  fixations  occur.  It  then  skips  to 
a  new  line  of  sight,  frequently  differing  in  direction 
from  the  iirevious  line  by  as  mucli  as  10  (k'grees. 
Since,  during  any  single  fixation,  the  eye  can  resolve 
distant  objects  only  within  an  arc  of  about  1  degree, 
the  distant  coverage  iiattern  for  vi.sual  search  tends 
to  lie  nagged;  there  i.s  a  considerable  probability  that 
small  objects  at  long  rangi's  will  be  passed  over.  At 
sliorter  ranges,  on  the  other  hand,  there  io  a  broad 
lobe  of  peripheral  vision  in  which  prominent  objects 
off  the  dinx't  line  of  sight  are  readily  detected  (.see 
Figure  7B,  Chapter  4). 

In  contrast,  radar  scans  continuously,  without 
gaps  in  its  coverage,  and  does  so  over  a  nonsidorablo 
range,  at  a  rate  of  .scanning  usually  considerably 
greater  than  that  of  the  eye.  A  minimum  radar  range 
limitation  i.s  imiioscd  in  airborne  search  by  the  shape 
of  the  vertical  antenna  pattern  and  by  the  antenna 
tilt  setting.  Furthermore,  there  will  in  general  be  a 
near-by  “sea  return’’  area,  in  which,  transmittod 
energy  is  reflected  back  to  the  radii!'  from"  waves, 
with  tlie  I'osult  that  an  irregular  bright  patch  is  pre¬ 
sented  in  thO'  center  of  the  FIT  scope  (.sec  ’Figures 
2  and  .1).  The  extent  of  this  patch  increases  with  the 


FimiUB  .f.  S('.lii!niali(!  illiisi.rnl.inn  of  vcrlinnl  antDiuia 
pal.fcrii  mid  1,00  return  area  for  airborne  early  warning 
radar. 

altitude  of  the  antenna  and  the  roughness  of  the 
sea.  'Fargets  witliin  the  sea  return  area  cannot  readily 
be  detected  in  most  cases,  although  special  circuits 
in  newer  sets  offer  some  improvement  in  discrimina¬ 
tion.  Maximum  radar  range  is  generally  limited  (ap¬ 
proximately)  by  the  horizon,  although  under  certain 
conditions  of  (mergy  propagation  considerably  greater 
ranges  may  be  obtained.  This  effect  will  be  discussed 
in  Section  5.4. 

The  typos  of  search  coverage  obtained  by  the  eye 
and  radar  are  illustrated  qualitatively,  by  means  of 
contours  of  constant  detection  probability,  in  Figures 
4  and  5.  It  should  be  understood  that  only  the  gen¬ 
eral  sha])e  of  those  patterns,  prosonted  for  com- 
pari,son,  is  significant.  These  diagrams  serve  to  illus- 
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tratc  the  fact  that  radar  and  visual  search,  ns  roRards 
coverage,  are  to  a  large  extent  romplonientary.  'I’liis 
is  true  in  nrany  other  resiiects,  too.  While  the  eye, 
for  instance,  is  not  directly  ea])ahle  of  exact  range 
determination,  the  accuracy  of  ('leiitronic  timing  cir¬ 
cuits  makes  radar  well  adaiited  for  thi.s  jiurpose;  on 


Figuub  i,  Schematic  hoiizontal  oovorage  padorns  for 
(A)  the  eye,  and  (H)  radar.  Cioiitours  of  eonstnni.  prob- 
al)ili(.y  of  doleclion  arc  shown. 


tuned  sot  scanning  uniformly  over  a  (small)  target 
within  easy  range  (a  ea.s(!  tinalogous  to  assured  fixa¬ 
tion)  blips  may  not  l)o  returned  on  every  scan.  '^I'his 
effect,  largely  a  eoristaiuenta;  of  vtirying  targ(3t  a.s- 
jaict,  will  he  di.scussed  at  greater  Icngtli  in  Set^tion 
5.6.  The  point  of  ohi(!f  importance  to  the  pnisent 
discussion  is  that  in  hotli  eases  detection  is  a  matter 
of  uncertainty,  (dtsirly,  tlio  probability  methods  de¬ 
veloped  in  Chapter  2  in  the  treatment  of  the  general 
theory  of  detection  will  liave  applications  in  the 
solving  of  radar  detection  problems.  We  shall  in¬ 
vestigate  the  mathematical  formulation  of  some  of 
tlicse  in  Section  5.(i. 


PROPAGATION 


Radar  energy  is  propagated  in  free  space  accord¬ 
ing  to  an  inverse;  sciunrc  variation  with  distance.  That 
is,  if  Pi  is  the  i)ower  transmitted  in  a  pulse,  the 
power  gain  of  the  antenna  for  transmission  (a  func¬ 
tion  of  its  shape  and  size),  and  Po  the  power  density 
at  distance  r  along  tlic  axis  of  tlic  antenna, 


PtOi 


(1) 


tlic  other  liand,  tlic  eye  possesses  olivious  superiority 
in  target  resolution.  Wc  may  also  note  that,  since 
radar  wavelengths  arc  largo  in  comparison  with  the 
dimensions  of  smoke,  dust,  and  water  particles  in  the 
atmosphere,  radar  radiation  (except  that  of  ex¬ 
tremely  high  frequency)  is  only  slightly  alTeetcd  by 


Fiouiie  /).  OoveraKO  obtained  in  Hoanniiiic  (lirotiKb  00’’ 
for  (A)  the  nye,  and  (H)  radar. 


When  tlie  energy  strikes  a  target  at  range  r,  a 
certain  portion  of  it  is  scattered,  that  is,  diffusely 
rcfioctov'l  (rc-radiated).  The  scattering  ability  of  the 
target  is  measured  by  a  quantity  a,  the  “offoctivo 
radar  cross  section,”  defined  as  tlin  ratio  of  total 
power  refleoted  from  the  target  to  incident  power 
density  impinging  from  the  direction  of  the  radar. 
Tlic  amount  of  jiower  re-radiated  from  the  target 
is  therefore  Po'o.  Tliis  power  is  likewise  attenuated 
according  to  the  inverse  square  law;  its  density  at 
the  radar  antenna  is 

p '  =  Ell  -  .  (2) 

47rr»  ~  (47r)V^  ^  ‘ 

The  total  jiowor  received  from  the  refieeted  pulse 
is  the  jiroduct  of  P^  and  ff,.,  the  gain  of  tlic  antenna 
for  reception,  i.c.. 


sucli  olistaeles,  wlierea.s  visible  radiation  is  strongly 
attenuated  or  roHocted  by  tiicin. 

In  the  visual  ca.se,  fixation  on  a  target  has  been 
regarded  a.s  making  (li;t('(;ti()n  certoin;  tlie  (Jianent  of 
chance  is  introduced  by  the  uncertainty  of  obtaining 
a  fixation.  It  is  an  important  dilTerentiating  cliar- 
acteristic  of  .search  radar  that,  even  with  a  well- 


1>,  =  J>/  Ur  = 


l\Gt  Gr<7^ 
(Itt)’?''' 


(3) 


In  ca.se  the  antenna  is  a  paraboloid  of  aperture 
area  A,  it  can  he  .sliown  that  tlic  above  exiirc.ssion 
reduces  to 


Pr 


Ittc  ’ 


(4) 
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If  V  Miin  is  the  minimum  \  aluo  of  roflci-Uul  power 
Unit  can  l)c  amplified  by  tli(>  radar  rtTeiver  to  furnish 
a  recognizable  blip,  we  find,  .solving  e(]U!ition  (4)  for 
r  (with  Pr  =  /'min),  tbut  tile  maximum  range  of  de¬ 
tection  of  a  largi't  of  elTe('ti\  (>  ero.ss  si'ction  <r  is 


^  ina\ 


o'-*) 


Although  these  formulas  have  been  di'veloped  for 
the  ease  of  iirbpagntion  in  free  spare,  it  i.s  fouiul  that 
they  may  be  employerl  to  n  reasonable  dc'grec  of  nji- 
proximntion  under  many  conditions  eneountered  in 
practice.  For  examiilc,  in  the  rase  of  sea  .search  by 


airborne  radar  at  common  altitude.s  (.such  that  the 
efi'erts  of  interfen'iici'  with  power  reflected  from  the 
sea  are  of  .si'condary  importance),  the  hast  formula 
provides  at  least  a  (lualitative.  indication  of  the  in- 
fiuenrr.  of  various  factors  on  maximum  radar  range. 
In  particular,  the  relative  insimsitivity  of  rnmx  to 
large  variations  in  transmitteil  power  is  shown :  owing 
to  the  fourth  root  relationship,  an  inerea.sc  in  trans¬ 
mitted  power  of  sixteen  fold  i.s  necos.sary  to  double  the 
maximum  range.  (In  this  connection,  it  might  be 
pointed  out  that  in  Figure  1  of  Section  5.2  of  this 
chapter  the  reflected  signal  has  sufficient  strength 
to  give  good  rnnge  over  a  wider  beam  than  the  power 
pattern  would  indicate.  Thus,  at  the  half-power 


I'li.l  uK  li.  VariiOion  uf  ectio  imipliUulc  willi  l■llllslllll(  riiiliir  iii'irorniaiiic.  'I  intrel  .10  inilcs  fmni  i;ii!nr,  willi  path 
(if  piil.-ios  pii.ssiiij;  over  spa. 
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points,  maximum  rangols  n'duc'.'d  l)y  a  factor  of  only 
l/'</2  =  0.S4.) 

Near  tlio  surface  of  tlu^  .s(>a,  a  difTcrc'nt  typo  t)f 
propagation  is  commonly  observed.  Mnergy  that 
strike's  the  surfaeo  at  a  small  angle  is  reflected,  as 
from  a  good  conductor,  undergoing  a  180  de'grce' 
change  of  jiha.se'.  Ovea-  a  calm  ocean,  tlu'.  alte'rnatc  rc- 
inforc('ments  ami  cancellations  of  radar  <'n(>rgy  fol¬ 
lowing  the  two  iiossiblc  paths,  direct  and  rcnecteel, 
cause  the  antenna  pattern  to  hcennie  .stratified.  With 
longer  wavi;  radars,  tho  null  regions  thus  produced 
cause  a  pvonounccil  recorrent  fading  of  echoes  from 
airborne  targets.  But  for  tlie  microwave  .sets  in  in¬ 
creasingly  common  use.  in  search,  tlio  stratified  lol)e.s 
are.  so  closely  spaced  (spacing  loss  tlian  1  meter) 
tliat  such  fading  ccnsc's  to  he  a  jrroblcm.  Under  these 
conditions  of  transmission  near  a  calm  sea,  the  echo 
power  s'ecciveii  froni  a  target  also  near  the  .sea  can 
ho  sliown  to  vary  according  to  an  inverse  eiglitli 
power  of  range,  rather  tlian  an  inverse  fourtli  power. 
Near  the  surfaGC  of  a  rougli  sea,  some  inha-nuxiiatc 
law  may,  in  effect,  be  more  (dosely  hdlowr'd. 

As  previously  montionccl,  maximum  radar  range, 
except  in  the  case  of  very  small  targets,  usually  is 
not  limited  as  a  result  of  attenuation  suffered  by  tho 
radiated  energy  (for,  althougli  this  jittomiation  is,  as 
we  liave  soon,  considerable,  corrosi)on(lingly  large 
amounts  of  power  can  be  tran.smittcd  in  the  rnciar 
Ifulscs),  but  is  limited  by  the  horizon.  Actually,  owing 
to  refraction  in  tlio  earth’s  atinosiilicre,  a  portion  of 
the  energy  is  licnt  around  somewhat  beyond  the 
liorlzon.  It  lias  been  found  tliat  tliis  clTect  can  lie 
taken  into  account  approximately  liy  computing 
maximum  range  as  liorizon  range  for  a  fictitious  eartli 
of  radius  four-tliirds  tliat  of  tlio- real  one.  A  con¬ 
venient  formula  based  on  this  a.ssumption  is /j!  =  1.25 
{\/hr  +  V%).  wlicrc  11  is  the  maximum  radar  range 
in  nautical  miles,  is  tlie  radar  altitude  in  fi'ct,  and 
hi  is  the  target  altitude  in  feet. 

Under  certain  meteorological  conditions,  generally 
associated  w  ith  inversion  of  the  normal  temporature 
or  humidity  gradients,  ahnorinally  long  rnilar  range, s 
may  lie  observed.  Tho  elTeet,  particularly  noticeable 
if  lioth  radar  and  target  are  close  to  tho  .surface  of 
the  s('a,  is  mucli  tlie  .same  as  if  a  portion  of  tlie 
radiatc'd  energy  w'cre  trapped  Ixuieath  the  iin’crsion 
level.  Aiipai'ently,  trapping  of  .some  ('nergy  in  a  .sur¬ 
face  duet  does  not  in  geimia)  interfere  wiLli  jiroiiaga- 
tion  at  liigher  altitudes,  sinet;  alinormally  long  de¬ 
tection  iang(!s  near  the.  surface  are  frequently  oli- 
.serveil  ti,  he  aeeompanieil  liy  good  range.s  from  .sur¬ 


face  to  air,  or  viet;  versa.  In  extreme  cases,  tlio  exis- 
tmiee  of  anomalous  conditions,  both  of  alinormal  and 
of  sulinormal  propagation,  may  lead  to  very  pro¬ 
nounced  and  rntlior  rajiid  variations  in  (leho  strongtli, 
as  indicated,  for  example,  in  Figure  (i.  (Note  tliat  on 
one  of  the  days  covered  in  tlii.s  eliart  a  variation  in 
received  power  of  53  dli,  or  200,000-fold,  in  a  perioil 
of  2]/^  liours  is  recorded.)  In  certain  geographical 
ingions,  notably,  tho  eastern  seaboanl  of  the  United 
States,  conditions  of  “anoriialous”  jiropagation  arc 
more  or  lc.s8  prevalent.  In  mo.st  localities,  hoivovcr, 
large  or  rapid  fluctuations  in  propagation  conditions 
arc  not  generally  to  be  expected. 

BLIP-SCAN  RATIO 

It  was  mentioned  in  Section  5.3  tliat  when  a  radar 
scans  across  a  target,  particularly  near  tlie  limit  of 
its  rang(5  capabilities  for  that  target,  it  is  the  general 
exporienee  that  a  blip  is  not  presented  on  the  radar 
indicator  on  oaeli  scan.  In  order  to  cliaracterize 
analytically  the  behavior  of  a  given  radar  with  re¬ 
spect  to  a  specified  target,  it  is  convenient  to  intro¬ 
duce  tlic  concept  of  “blip-scan  ratio.’’  Tliis  ratio, 
which  wo  shall  denote  by  ■/'(?■),  is  defined  as  the  pro¬ 
portion  of  scans,  upon  a  target  at  range  r,  during 
w'liicli  a  recognizable  signal  is  presented  on  the  PPI 
scope.  It  thei’ofoi'e  rejn'esents  the  probability  that  a 
single  .scan  will  produce  an  ofTcctivo  blip,  i.o.,  a  blip 
which  is  actually  recognized  by  an  operator  who  is 
focii.sing  liis  attention  on  tlio  part  of  tlio  scope  wlicre 
it  appears:  a  “recognizable’’  blip  may  actually  fail 
to  he  recognized  by  an  operator  wliose  attention  is 
lagging,  or  is  directed  to  another  part  of  the  scope 
w'lierc  objects  of  interest  arc  seen;  this  effect  of 
operator  fiillibility  will  be  considered  later.  In  other 
worils,  wo  arc  separating  the  study  of  tlie  uncertain¬ 
ties  (probal)ility)  of  radar  detection  into  tw'o  parts; 
the  question  of  the  probability  ^  of  detection  of  the 
blip  when  the  operator  is  concentrating  on  the  part 
of  tlie  scope  wlierc  it  occurs,  and  tlio  matter  of  how’ 
likely  lie.  is  to  be  so  concentrating.  While  tliis  separa¬ 
tion  is  somew'hat  unrealistic  (an  intense  blip  is  apt 
to  1)0  seen  out  of  the.  corner  of  tlio  eye,  a  faint  but 
“rocognizable’’  one  is  not),  it  affords  a  convenient 
simiilification  and  will  lie  made  the  ha.sis  of  tlic 
pre:«nt  treatment. 

(Ih'arly,  tlio  value  of  the.  hli))  f-can  ratio  is  de¬ 
pendent  on  a  numlicr  of  long-term  variables  tliat 
may  in  an  approximate  treatment  lie  regarded  a.s 


CONFIDENTIAL 


68 


RADAR  DETKCTION 


constant  during  a  particular  search,  or  at  least  dur¬ 
ing  long  parts  thereof.  These  include  tyj^c  of  target, 
conditions  of  jiropagation,  a(;a  state,  direction  of 
search  with  respect  to  that  of  the  wind,  radar  alti¬ 
tude,  antenna  tilt,  level  of  ojicrator  anti  set  per¬ 
formance,  and  radar  charactcri-stic-s  such  as  wavc- 
lengtli,  scanning  rate,  etc.  In  addition,  two  basic 
short-term  variables  arc  involved — range'  and  target 
jispcct.  As  we  sliall  see,  the  aspects  of  naval  targets 
varj'  characteristically  in  short-time  cycles;  it  is  this 
fact,  represented  by  appropriate  mathematical  as¬ 
sumptions,  that  permits  the  treatment  of  as  a 
specific  function  of  range  only.  Before  formulating 
these  assumptions,  however,  let  us  investigate  briefly 
the  general  subject  of  radar  echo  fluctuations. 

The  components  of  radar  targets  which  arc  most 
effective  in  reflecting  energy  are  flat  surfaces  (normal 
to  the  axis  of  the  radar  beam)  and  internal  rectangu¬ 
lar  corners.  Metallic  conductors  are  always  more 
effective  than  nonconducting  materials.  Since  a  fiat 
surface  reflects  radiation  specularly,  its  orientation 
must  bo  within  a  few  degrees  of  normality  to  the 
beam  direction  to  return  an  appreciable  signal;  other¬ 
wise,  most  of  tlio  incident  energy  is  shunted  off  into 
space.  The  corner  reflector,  on  the.  other  hand,  has 
tile  property  for  microwave  radar  energy,  as  for  light, 
of  reflecting  radiation  along  tlio  direction  of  in¬ 
cidence,  over  a  wide  range  of  angular  aspect.  It  is 
thus  relatively  insensitive  to  momentary  aspect  and 
movement. 

We  may  accordingly  in  a  general  way  distinguish 
two  types  of  naval  targets.  The  first  typi^,  which  we 
sliall  call  Class  A,  represented  by  Iivrgc  vcs.se.ls,  in¬ 
cluding  warsliips  and  merchant  sliips,  and  in  most 
cases  by  beam-aspect  surfaced  submarines,  is  char¬ 
acterized  by  tlio  prevalence  of  flat  reflecting  surfaces 
and  rectangular  corners  ami  brackets.  Energy  re¬ 
flections  from  the  many  components  of  such  targets 
reinforce  or  caned  in  accordance  with  tlicir  various 
momentary  phase  relationships.  When  miero-wavc- 
lengths  arc  emnloyed,  very  slight  target  movements 
cause  radical  alterations  in  tlic.sn  phase  rclation.ships, 
ivith  consequent  rapid  variations  in  cclio  strength. 
In  the  case  of  naval  targets,  such  movomcnt.s  may  be 
rcpre,sented  by  sliip  roll  and  pitch,  or  even  by  pliysi- 
cal  distortion  of  the  vessel  in  a  seaway,  bonding  of 
the  masts  in  a  wimi,  etc.  It  is  found  for  targets  of  this 
typo  that  the  cclio  fluctuations  arc  rapid,  even  in 
compari.son  with  the  short  time  interval  required  for 
the  beam  of  a  searching  radar  to  sweep  across  tliom. 
Consequently,  oti  any  particular  scan,  although  large 


momentary  (pulsc-to-pulso)  echo  variations  occur, 
an  ai’cragc  signal  strength,  resulting  from  summa¬ 
tion  of  the  pulses,  is  presented  on  tlic  radar  indicator 
at  a  rouglily  constant  level.  Since  this  average  level 
does  not  vary  greatly  from  scan  to  scan,  but  in¬ 
creases  steadily  witii  decreasing  target  range,  the 
blip-scan  ratio  ,  for  targets  of  Class  A  usually  in¬ 
creases  from  zero  to  unity  over  a  rather  short  range 
interval.  It  is  apparent  that  this  corresponds  ap¬ 
proximately  to  a  ‘‘definite  range  law,”  the  definite 
range  being  that  at  which  the  average  signal  first 
l.iccomos  perceptible.  The  effect  Is  illustratcal  in 
Figure  7. 


Fiouhe  7.  Blij)-soan  ratio  for  Class  A  ami  Class  B 
targets. 


The  second  type  of  radar  target,  which  wo  shall 
call  Class  B,  consists  of  relatively  smooth,  con¬ 
tinuously  curved  surfaces,  having  few  sharp  corners 
or  angles.  Examples  arc  surfaced  submarines  in  bow 
or  stern  •  aspect,  periscopes,  and  schnorchcls  (cylin¬ 
drical  submarine  ‘‘breathing”  mcchanism,s).  The 
energy  return  from  such  targets  also  varies  witli  their 
momentary  aspect,  but  the  fluctuations  aru  much 
slower  than  those  observed  for  Class  A  targets.  In¬ 
deed,  the  rate  of  variation  in  this  ease,  being  usually 
of  the  order  of  magnitude  of  the  scanning  rate,  is 
sufficiently  slow  that  the  energy  return  per  pulse  docs 
not,  in  general,  change  radically  during  the  time  the 
radar  beam  is  sweeping  across  the  target.  From  scan 
to  scan,  however,  thcio  is  wide  variation  in  .signal 
intensity.  As  illustrated  in  Figure  7,  tlie  blip-scan 
ratio  for  sueli  small,  smoothly  shaped  targets  is  in 
no  way  suggestive  of  a  definite  range  law. 

Although  mo.st  targets  fall  into  one  or  the  other 
of  the  classifications  rlcserihed  above,  a  few,  sucli  as 
intermediate-aspect  surfaced  submarines,  cannot 
readily  be  regarded  os  either  large,  comiilex  targets 
or  small,  simple  ones.  It  is  convenient  tlu-reforo  to 
extend  our  definitions  of  those  elassc.s;  Cia.ss  A  will 
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include  tliose  targets  for  vvhieli,  to  tlie  desired  degree 
of  approximation  (witli  specified  values  of  the  lortg- 
torm  variables)  a  definite  range  law  can  bo  defined; 
(^lass  H  will  include  all  others.  Methods  of  dealing 
with  the  definite  range  situation,  including  averaging 
for  distributions  of  iiaraineters,  may  Irost  ho  illus¬ 
trated  in  connection  witli  sonar  search,  whieli  forms 
the  subject  of  Chairter  fi.  For  the  remaimhw  of  the 
jjrescnt  study,  tlu’refore,  wo  slinll  confine  ourselv('.s 
largely  to  the  study  of  Class  B  targets. 

Wo  are  now  ready  to  formulate  one  of  the  assump¬ 
tions,  previously  mentioned,  regarding  variation.-?  of 
target  aspect.  We  shall  assume  that  they  are  of  siudi 
a  nature  that  the.  blips  returned  from  a  target  at  a 
certain  range  arc  distributed  ol  random  among  the 
radar  scans  (with  a  relative  frequency  corresponding 
to  the  blip-scan  ratio  at  that  range),  in  other  words, 
that  ^(?’),  the  probability  that  a  blip  be  presented 
on  a  particular  scan,  is  independent  of  what  may  be 
known  about  the  results  of  prtwious  scans.  'I'liis  a.s- 
sumptidn,  as  we  have  shown,  represents  a  roosonahle 
approximation  to  operational  facts,  for  most  targcits 
and  for  common  seannitig  r;ite.s.  It  greatly  simplifies 
tlie  mathematical  treatment  of  radar  detection  prob¬ 
lems,  to  be  dealt  with  in  th<!  following  section. 

The  effect  of  changes  in  general  target  aspect,  re¬ 
sulting  from  relative  travel,  has  been  found  to  be  of 
secondary  importance.  For  symmetrical  targets  such 
as  schnorchcl,  this  is  obviously  the  ease.  And  al¬ 
though,  for  other  targets,  unusually  long  ranges  can 
be  obtained  at  certain  general  asiiecks,  tlie  .angular 
regions,  in  the  horizontal  plane,  over  which  tliis  is 
true  are  found  in  practice  to  be  relatively  small. 
(The  .situation  is  indicated  .sehematieally  in  Figure 
8,  for  several  types  of  targets.)  We  .are  th(!rcforc 
justified,  in  most  cases,  in  assuming  that  these  angu¬ 
lar  regions  may  be  ignored  and  that  the  blip-scan 
ratio  may  be  regarded  ns  approximately  inchipendent 
of  general  horizontal  aspect. 

The  prol)lom  of  predicting  blip-scan  ratio  from 
theory  would  be  found  (if  it  had  to  be  dealt  with) 
to  be  a  formidable  one,  indeed.  Not  only  would  it 
be  necessary  to  make  computations  of  elTective  radar 
cross  section  tr— dependent  on  the  size,  .shape,  and 
materials  of  the  tai-get,  and  on  tlie  wavelength  and 
polarisation  of  the  rad.ar  radiation  —  but,  in  addition, 
assumptions  as  to  the  di.striIuition  of  v.alue.s  of  <7  with 
respect  to  time  would  be  required.  A  tlieory  involv¬ 
ing  .such  variables  .-md  .a.ssumi?tions  would  necessarily 
tend  to  become  ov(!rcomi)lieiited  .and  artificial. 
(Nevcrthele.ss,  efforts  made  to  show  with  sufficiently 


simple  geometrical  figures,  such  as  cylinders,  that  the 
blip-scan  ratio  sliould  vary  witli  sea  state  in  the 
ohserved  manner  have  met  with  some  success;  their 
extension  to  more  complicated  figures,  however, 
would  be  prohibitively  difficult.)  It  is  fortunate, 
therefore,  that  we  arc  not  forced  to  rely  upon  theory 
for  our  knowledge  of  blip-scan  ratio.  Test  data  are 
available,  in  considerable  abundance,  which  provide 
n-asonably  accurate  v.alue.s  of  ^(r)  for  specified  sets 


Fkiurb  8.  'I'ypical  polar  diagrame,  showing  contours  of 
constant  detection  probability  as  a  function  of  general 
horizontal  a.S()Cot  for  various  kinds  of  targets. 

of  values  of  tlie  long-term  ^’ariables,  and,  as  a  prac¬ 
tical  matter  it  is  tlii.s  availability  that  makes  the 
concept  of  blip-scan  ratio  useful. 

The  effect  on  ^(r)  of  one  long-term  variable,  the 
tyiic  of  target,  lias  been  indicated  in  Figure  7.  In 
Figure  9  the  effects  of  two  others,  sea  state  and  di¬ 
rection  of  search  relative  to  that  of  the  wind  (up¬ 
wind  and  downwind  search)  are  illustrated  for 
AN/AFiS-l.nA  radar  u.scd  again.st  schnorchcl  tar- 
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got.  The  operational  significance  of  variations  in 
these  and  otlier  basic  parameters  may  perhaps  bo 
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Fioubb  0.  Effect  of  sna  state  and  wind  diiwlioii  on 
blip-scan  ratio  for  AN/APS-ISA,  attitude  flOO  feet, 
schnorchel  target  (experimental  data  from  ASDovLnnt 
Project  647), 

bettor  Understood  in  terms  of  tlicir  indueneo  oh  radar 
search  width,  to  be  discussed  in  Sections  S.fi  and  5.7. 


the  summation  extending  to  infinity  because  the  rela¬ 
tive  track  is  a.saumcd  to  be  of  indefinitely  great  ex¬ 
tent  in  the  direction  toward  which  the  searcher  is 
traveling.  The  distribution  of  true  ranges  of  first  de¬ 
tection  is  expre.ssiHi  [see  equation  (35),  (.Ihaptcr  2]  by 
nr+s 

p{r)  ==  I  rp{r  sin  f,  r  cos  f)  df,  (9) 

the  integration  extending  over  the  angular  scanning 
range,  assumed  symmetrical  about  the  y  axis  {6  rep¬ 
resents  the  radian  measure  of  half  this  range;  for 
all-around  scanning  B  =  tr).  The  funetion  p{r)  may 
be  alternatively  regarded  as  the  rate  of  detection  in 
a  unit  range  interval  at  range  r  for  unit  target 
density.  If,  ns  is  the  case  in  certain  operational  tests, 
the  searching  craft  makes  its  approach  to  the  target 
on  a  radiab course,  the  sighting  range  distribution  is 
expressed  by  equation  (7)  for  lateral  range  zero,  i.e.. 


RANGE  DISTRIBUTIONS  AND  SEARCH 
WIDTH 


Wo  shall  now  study  tlie  application  to  radar  de¬ 
tection  problems  of  the  methods  of  analysis  outlined 
in  general  terms  in  Chapter  2  for  the  determination 
,  of  sighting  range  distributions  and  search  width.  The 
coordinate  system  (Figure  7,  Chapter  2)  and  mucli 
of  tlic  notation  previously  employed  will  bo  retained; 
in  particular,  it  will  bo  recalled  that  w  is  the  relative 
speed  of  target  and  searching  craft,  T  the  glimpsing 
(radar  scanning)  ircriod  and  giy/x'^  -I-  y^)  the 
"glimpse"  probability  of  detecting  on  a  particular 
scan  a  previously  undetected  target  locatefi  in  the 
neighborhood  of  the  point  (.r,//). 

In  Section  2.3  it  was  shown  that  the  probability 
of  first  detecting  in  the  area  dxdy  a  target  that  lias 
moved  along  in  relative  simcc  parallel  to  the  y  axis 
to  the  neighborhood  of  the  point  (x,y)  is 

(6) 


and  that  the  average  detection  rnt(?  in  dxdy  for  unit 
target  don.sity  is 


p(^,v) 


(7) 


In  botli  ca.scs. 


g(y'x^  +  {y  -  ■iw7')^)j,(8) 


p(r)  =  e-moeM.  (10) 

The  quantity  wT  that  appears  in  equation  (8)  rep¬ 
resents  the  distance  traveled  by  the  target  along  its 
relative  track  between  successive  radar  scans.  Since 
it  is  small  in  most  eases  (wT  =  0.2]  nautical  miles, 
for  a  160-lcnot  searching  aircraft,  stationary  target, 
and  12  rpm  .scanning  rate),  an  important  .simplifica¬ 
tion  of  the  exi)rcssion  for  F(x,y)  can  bo  made  (the 
summation  can  be  replaced  by  integration).  Thus, 

F{x,y)  =  -~ff  jog  [l  -  (7(V'F+I^)]di/,  (11) 


the  upper  limit  of  integration  lying  in  the  scanned 
range  of  y  =  x  cot  f,  for  f  in  the  range  (r  —  B.r  4-  B). 

Writing  Pfr)  for  the  quantity  —log  [1  —  (/(r)], 
equation  (9)  becomes 


By  analogy  with  the  corresponding  equations  of 
Chapter  2,  the  distribution  of  lateral  ranges  of  first 
sigliting  is  given  by 


■p{x) 


r  1  /-IjI  cotfr-o) 


r(r)d2/ 


;  (13) 


the  radar  .search  width  W,  corresponding  to  the  area 
under  the  lateral  range  curve,  is 


—  exp 


\  pUl  Pot  (t— (?) 
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and  the  average  detection  range  is 
'  ■ 

r(r)  can  readily  be  exiiandcd, 
r(r)  =  -  log  [1  -  !7(r)l 

=  0{r)  +  i  gKr)  +  J  (l^{r)  -f-  •  •  •  .  (IG) 

Under  the  condition 

0(r)  <  <  1,  (17) 

r(r)  may  be  replaced  by  g{r)  in  equations  (12)  to 
(15),  thus  completing  the  analogy  (writing  y  for  p, 
\/w  ioi-l/wT,  and  ir  for  6)  with  equations  (1),  (3), 
(31),  and  (3G)  of  (Umptc-r  2,  ck-rivod  for  tlic  case 
of  continuous  all-around  looking.  Altliough  condi¬ 
tion  (17)  is  sometimes  not  satisfied  for  all  ranges,  it 
is  often  satisfied  at  ranges  of  particular  interest. 
Thus,  in  tlio  calculation  of  lateral  range  distributions 
for  the  larger  targets,  it  is  found  that  p(x)  approaches 
unity  while  g{r)  is  still  small.  The  approximation 

V  r'(r)  =  f/(r)  (18) 

may  therefore,  if  used  judiciously,  yield  much  useful 
information  and  shorten  computation  considerably. 

In  order  to  obtain  an  analytical  expression  for  g(r), 
the  single-scan  probability  of  detecting  a  target  at 
range  r,  it  is  necessary  to  determine  the  relationship 
between  this  dclocUon  probability  and  tlie  Idip-scan 
ratio  (Section  6.5),  representing  the  single-scan  prob¬ 
ability  of  obtaining  a  recognizable  blip  on  the  radar 
indicator.  Wo  shall  discus.s  in  detail  a  particular  set 
of  assumjitions  regarding  this  relationship,  and  also 
consider  briefly  the  effects  of  slight  alterations  in 
these  assumptions. 

Concerning  the  radar  operator,  we  sliall  make  the 
assumption  that  if  ho  has  seen  no  Idip  on  a  particular 
scan  his  probaljility  of  noticing  a  recognizable  signal 
on  the  succeeding  scan  is  pn;  and  that  if  he  Iras  seen 
a  blip  lie  will  be  .alert  on  the  following  sc.an,  certain 
to  detect  any  Idip  presented.  If,  however,  no  blip  is 
presented  on  this  second  sc.an,  the  operator  is  as¬ 
sumed  to  lose  interest,  his  chance  of  noticing  a  new 
signal  reverting  to  Po-  The  value  of  this  probability 
is  dependent  on  the  st.atc  of  training  and  fatigue  of 
the  operator;  we  shall,  for  the  time  being,  regard  it 
ns  a  known  constant  and  as  independent  from  scan 
to  .sc.an.  We  shall  also  assume  that  the  operator  must 
sen  a  certain  number  n  of  su(;cessive  blips  for  detec¬ 
tion  of  a  target  to  occur.  For  rapidly  scanning  air¬ 


borne  search  radars,  experience  indicates  tliat  n  has 
tlie  value  2  or  3  in  most  cases. 

Under  these  assumptions,  wo  sec  that  a  necessary 
and  sufficient  comlition  for  the.  detection  of  a  target 
on  a  particular  (fth)  scan,  given  that  no  previous  de¬ 
tection  has  occurred,  is  that  blips  be  returned  on 
that  scan  and  on  the  preceding  (n  —  1)  scans,  and 
also  that  the.  operator  see  the  first  of  these  n  suc¬ 
cessive  blips.  Expressed  in  symbols, 

Oiir)  =  Po  n  (Va:^  +  iy  -  (19) 

Jnmi-n+l 

If  wT  is  small,  if  n  is  small,  and  if  ^  is  a  slowly 
varying  function  of  range  (all  of  these  conditions  are 
generally  satisfied  in  practice),  then  the  ^’s  in  the 
above  expression  are  all  nearly  equal.  Therefore, 
dropping  the  subscript,  we  have  approximately 

.  ‘  0(O  =  Vo^’'{r)-  (20) 

Note  tliat  the  multiplication  of  tlie  lA’s  in  equa¬ 
tions  (19)  and  (20)  is  permissible,  .from  the  prob¬ 
ability  viewpoint,  only  if  the  independent  probability 
assumption  mentioned  in  Section  5.6  is  justified. 

Condition  (17)  under  which  r(?-)  may  bo  replaced 
by  g{r)  becomes 

Porir)  <  <  1.  (21) 

It  is  satisfied  at  ranges  for  which  the  blip-scan 
ratio  is  small,  .and  at  all  ranges  if  the  operator  is  very 
inattentive.  It  should  bo  noted  that  this  "ihatten- 
tivoncss”  may  bo  of  an  effective  kind,  the  result  not 
only  of  actual  distractions  and  fatigue  but  also  of 
difficulty  in  finding  tlic  target  blip  among  others  of 
a  random  nature,  dependent  on  noise  level  and  char- 
actcrist'cs  of  presentation.  The  value  of  pa  will  there¬ 
fore  in  operations  frequently  be  very  small. 

TIioso  assumptions  regarding  operator  efficiency 
and  the  criterion  of  detection  have  been  chosen  be¬ 
cause  of  their  reasonable  nature  and  the  simplicity 
of  the  result  they  yield.  Tlicy  arc  by  no  means  the 
'only  ones  th.at  might  be  made,  and  are,  indeed,  im¬ 
mediately  suggestive  of  several  similar  ones,  of  per- 
haps  equal  validity.  For  instance,  it  may  be  that  the 
detection  rcciuircmcnt,  instead  of  tlic  occurrence  of 
n  successwe  blips,  is  tlio  occurrence  of  n  blips  dis¬ 
tributed  in  any  way  among  s  scans  (.s  being  a  small 
number,  gro.ater  tlian  n).  In  this  case,  treating  ^  as 
coastant  during  the  6  scans,  wc  hiavc 

5(r)  =  ?)nC;’.if.»(l  -  (22) 

=  PoCn'l'’"  +  higher  terms. 
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where  r*.  is  tlio  binomial  coefficient 

_ x! 

“  «!(*'-«)!■ 

If  \j/  is  sufficiently  .small  that  the  higlicr  term.s  of 
equation  (22)  can  be  negleetcsl,  wc  again  havc^  an 
expre.s,sion  for  Q{r)  of  the  sanu'  form  as  that  of  equa¬ 
tion  (20),  differing  from  it  only  by  a  con.st.ant  factor. 
Wc  cuiichuli!  that  for  small  values  of  ^ — those,  as 
wo  have  pointed  out,  which  are  usually  of  greatest 
interest — this /oral  of  g{r)  is  insensitive  to  the  exact 
nature  of  the  assumptions  mode  in  deti'rmining  it. 
Wc  shall  therefore  use  as  our  radar  flctcetion  law 

g{r)  -  krir),  (23) 

in  computing  range  distributions  and  sweep  width 
from  equations  (12)  to  (1.5).  Tlic  exact  value  of  the 
constant  k  (as  in  the  analogous  visual  sighting  case) 
and  also  of  a,  is  beat  determini'd  by  comparison  with 
test  (or,  for  some  purposes,  operational)  results. 

6-7  COMPUTATIONAL  MIvTlIODS 

The  application  of  the  formulas  derived  in  the 
piticeding  section  to  the  solution  of  specific  radar 
detection  problems  may  be  illustrated  by  a  brief 
discussion  of  computational  methods.  In  particular, 
wc  fihall  be  interested  in  the  utilization  of  test  data 
for  the  predicting  of  operational  re.sult.s  and  in 
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t’aieiiK  10.  (Irnpli  of  1'  (;■)  =  log  |I  —  ^^(r)|  us  u  fuiit- 
lion  of  range,  u-siiig  blip-seiin  dativ  of  ^'iguro  9.  Coni- 
piited  us  an  iiilermediate.  step  in  llin  dclermiimlion  of 
the  true  range  dislribution  for  search  ahead  only. 

methods  of  correlating  theoi’etic.'al  results  witli  tliose 
of  p.ast  oper-ations. 

The  distrilnition  of  detection  range, s  under  a  par¬ 
ticular  set  of  conditions  for  se.arch  ahead  only  (zero 
lateral  range),  characteristic  of  certain  convenient 
test  proccdurc.s,  may  readily  1)C  computed  hy  mean.s 


of  a  single  integration  for  each  range  value,  provided 
blip-scan  data  obtaineii  from  tests  made  under  the 
specified  conditions  are  available;  and  provided  a,s- 
sumptions  are  made  regarding  the.  values  of  the  con¬ 
stant  k  aiifi  the  number  n  of  recognized  blips  neces¬ 
sary  for  detection.  3'lie  integration  to  obtain  F{Q,r) 
is  performed  graphically,  in  accordance  with  equation 
(11),  first  plotting  r(r)  against  r  (see  Figure  10).  Use 
(■an  be  made,  if  desired,  of  the  simplification  cm- 


r'ldimu  11.  'I'nie  range  disfribution  for  search  ahead 
only.  Computed  using  blip-scan  data  of  Figure  9. 


bodied  in  equation  (18),  for  most  values  of  r.  Tlic 
title  "range  distribution  is  then  comijutod  directly 
from  equation  (10).  Figure  11,  as  an  example,  illus¬ 
trates  the  results  obtained  using  the  blip-scan  ratios 
of  Figure  fi  and  tlin  assumptions  fc  ■=  1  and  n  -  2 
(i.c.i  g(r)  =  ^Fhc  particular  value  of  sucli  cal- 

cuhtinns  is  that  range  distributions  computed  under 
various  a,?, sumptions  as  to  tlin  values  of  k  and  n 
may  be  compared  with  the  range  distributions  actu¬ 
ally  ohtaine,d  in  the  tests  (provided  these  are  sta- 
tistieally  significant),  ns  a  means  of  determining 
which  of  these  assumptions  provide  the  best  fit.  Sneh 
trial-and-crror  calculations  offer  tiie  most  practical 
.mctliod  of  evaluating  these  parameters.  It  should  he 
noted,  liowevcr,  that  parameter  estimates  based  on 
tests  in  general  give  optimistic  results,  as  compared 
witli  those  of  operations;  it  may  therefore  he  pvef- 
crahlo,  when  sueli  are  available,  to  employ  opera¬ 
tional  (rathe)'  than  test)  data,  in  the  manner  out¬ 
lined  in  Section  4,10. 

Tlic  computations  involved  in  determining  true 
range  distrilmtions  for  the  ease  of  sector  or  all- 
around  scarc.l)  for  targets  uniformly  distrilmtcd  at 
all  lateral  ranges  are  similar  in  principle  to  those  out¬ 
lined  above,  but  are  more  comiJicatcd,  since  addi¬ 
tional  integrations  are  required,  'file  method  of  pro¬ 
cedure,  in  lirief,  i.s  to  express  equation  (11)  in  polar 
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coordinates  l)y  means  of  the  familiar  relationships 
X  =  r  sin  f,  1/  =  r  cos  f;  then,  for  fixed  values  of  f 
and  of  r,  to  determine  hy  Kraiihieal  intt'gration  tlie 
value  of  this  expression  and  consequently  of  the 
intenrand  of  equation  (12);  finally,  for  each  value  of 
r,  to  perform  graphically  the  f  ink'gration  required 
by  the  latter  equation.  If  this  is  done  for  enough 
values  of  the.  (h'sired  ranpe  distril)ution  may  be 
determined  as  aceuraUdy  as  required.  Figure  l‘i  illus- 
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FiauiiB  12.  True  range  (lislributiou  for  nlUarmiiul 
scarcli.  Computed  using  blip-sciin  daln  of  Figure  9. 

trntes  tlie  type  of  distribution  obtained.  As  before, 
AN/APS-16A  blip-scan  data  arc  supplied  by  P'igure 
9,  and  the  assumptions  =  1 ,  a  =  2  are  made.  As 
regards  the  general  shape  of  the  distributions,  the 
results  arii  seem  to  lie  not  far  different  from  those 
obtained  for  the  previous  case  of  search  straight 
ahead.  Sector  scanning  radars  (such  as  AN/APS-3, 
which  scans  150  degrees  forward)  also  give  true  range 
distribution.s  of  a  .similur  eliaraeter. 
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FKiiiiiE  lU,  Lateral  range  distritjutioii.  Conipiitcd  u.s- 
ing  blip-.sean  data  of  Figure,  0. 

The  distribution  of  lateral  detection  ranges  Is  most 
easily  computed  in  terms  of  rectangular  coordinates. 
F.quation  (11)  is  evaluated  much  jls  before,  with  the 


integration  extending  over  all  values  of  y  in  the 
scanned  region,  for  fixe^d  values  of  lateral  range  x. 
liquation  (13)  then  gives  the  corresponding  ordinates 
of  tlie  lateral  range  distribution.  Graphical  integra¬ 
tion  of  the  curve  so  obtained  yields  the  value  of  the 
search  width  W  [equation  (14)]  directly.  Figure  13 
shows  lateral  range  curves  obtained  under  the  same 
n.ssumptions  as  before;  corresponding  values  of  sweep 
width  are  indicated. 

By  collecting  test  data  on  ^(r)  for  known  sets  of 
conditions,  varying  only  a  single  parameter,  we  can 
readily  determine  the  influence  of  this  parameter  on 
8(uirch  width.  As  an  example,  the  effect  of  aircraft 
altitude  on  W  is  shown  in  P'igure  14,  for  the  case  of 
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Fiouub  14.  Scarcli  width  IF  as.  a  function  of  aircraft 
altitude.  Seiindi  fur  Huifuriiii  submarine  hy  AN/ASP- 
l.'iA,  spa  stales  1  and  2. 

soarcli  for  surfaced  submarines,  witli  the  usual  as¬ 
sumptions,  A'  =  1,  ?i  -  2.  The  differences  in  search 
width  for  beam  and  bow-sLeni  runs  against  this  type 
of  targc't  arc  clearly  shown.  As  previously  indicated, 
however,  true  beam  runs  arc  encountered  in  ojicra- 
tions  with  relative  infrequency,  so  that  the  results 
for  ho\i  -stcrn  runs  give  a  truer  average  picture. 

The  effect  on  W  of  variations  in  another  param¬ 
eter,  direction  of  search  with  respect  to  that  of  the 
wind,  has  been  indicated  roughly  in  P’igure  13,  for 
search  against  schnorchel  in  sea  states  1  and  3,  In 
sea  state  1,  it  will  bo  observed,  wind  direction  is  un¬ 
important;  in  sea  state  3,  liowevcr,  upwind  search 
is  already  impossible,  and  the  search  wddth  is  greatly 
reduced  even  for  downwind  search.  Results  of  an 
intermediate  cliaractor  arc  obtained  for  sea  state  2. 
If  area  search  is  to  be  conducted  in  sea  states  greater 
than  1  by  means  of  p.aralU'l  swc'ep.s  in  one  diri'etion 
(with  a  number  of  searching  craft),  it  is  clearly  most 
advantageous  to  choo.«e  that  direction  as  downwind. 
Usually,  however,  .searcli  is  conducted  on  a  round- 
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trip  or  shuttle  basis;  if  this  is  tlio  ciisD,  it  might  prove 
best  to  scareli  at  an  angle  to  the  wind.  (Confirmation 
of  this  conjecture,  however,  awaits  the  olrtaining  of 
further  te.st  data  on  blip-scan  ratio  for  ero-sswind 
search.)  It  should  be  noted  that  these  remarks  apply 
only  to  very  small  Cdaaa  B  targets,  such  as  periscopes 
and  schnorchels.  For  larger  targi^ts,  including  sur¬ 
faced  submarines,  differences  betwec'ii  upwind  and 
downwind  search  are  usually  found  to  be  of  little 
significance.  A  useful  empirical  relationshij)  regarding 
search  width  for  these  larger  targets  is  that  W  is 
roughly  equal  to  twice  the  range  at  which  =  0.1, 
\l/(r)  being  approximatelj'  independent  of  wind  direc¬ 
tion.  (Since  the  blip-scan  ratio  for  sucli  targets  rises 
rapidly  in  this  range,  W  is  not  sensitive  to  the  exact 
value  i/  =  0,1.) 

We  have  thus  far  dealt  only  with  situations  such 
as  those  to  be  encountered  in  future  operations,  in 
which  conditions  may  bo  regarded  os  homogeneous, 
i.e.,  situations  in  which  specific  values  may  be  a.*;- 
signod  to  each  of  the  parameters  in  our  equations.  If 
we  desire  that  our  theory  duplicate  actual  past  op¬ 
erational  results,  however,  the  analysis  does  not  pro¬ 
ceed  so  simply.  In  this  c.ise  it  is  necessary  to  adopt 
methods  of  averaging  for  distributions  of  the  basic 
parameters.  Occasionally  tluiso  distributions  arc 
known;  more  frequently  they  must  be  estimated. 
The  reader  is  referred  once  more  to  the  final  para¬ 
graphs  of  Chapter  2,  in  which  the  topic  of  long-  and 
short-term  parameter  variations  in  relation  to  the 
analysis  of  post  and  future  operations  is  summarized. 

Owing  to  the  inadequacies  of  available  operational 
data  and  of  knowledge  concerning  distributions,  wo 
shall  not  here  enter  into  the  discussion  of  averaging 
methods,  Iiut  defer  this  until  the  next  chapter.  We 
may,  however,  mention  again,  for  emphasis,  a  few 
of  the  long-term  factors,  the  variations  of  which  are 
particularly  significant  in  tlic  analysis  of  past  op¬ 
erations.  Namely,  (1)  sot  performance,  which  may 
change  slowly  over  considerable  periods  of  time  (as 
in  the  case  of  seepage  of  moisture  into  wave  guides 
or  radomes,  causing  a  gradual  decline  in  the  per¬ 
formance  of  certain  types  of  radar)  or  more  rapidly 
with  changes  in  set  tuning;  (2)  propagation  condi¬ 


tions,  wliich  as  wc  have  pointed  out  may  vary  rather 
radically  and  unpredictably  in  certain  localities;  and 
(3)  operator  performance,  which  ilopcnds  on  train¬ 
ing,  experience,  and  alertness.  Qualitatively,  the  curnu- 
lalivi:  effect  of  these  factors  is  always  to  increase  con- 
sulernbly  the  dispersion  of  operational  range  distribu¬ 
tions,  and  usually  to  reduce  average  detection  ranges 
and  search  widths  (sometimes  by  a  factor  of  2  or  3). 
It  is  expected  that  analy.ses  of  operational  data  on 
Cliiss  A  targets,  for  wliich  the  dispersion  is  largely 
due  to  such  unas.scsscd  factors,  will  lead  to  a  better 
understanding  of  these  effects.  Figure  15  shows  an 
c.\Hinple  of  the  type  of  range  distribution  obtained 


Eioubb  16.  Operational  true  range  distribution.  Ob¬ 
served  ranges  of  radar  lirst  contuota  on  surfaced  sub- 
niarino.s  loading  to  attacks  for  the  period  July  1943  to 
March  1044.  (Includes  nil  types  of  radar,  day  and  night 
service,  under  all  weather  conditions.) 

in  operations,  during  the  earlier  part  of  the  past  war, 
for  surfaced  submarines. 

Wo  have  omitted  consideration  of  a  number  of 
important  topics  relating  to  radar  .sc-arch,  such  sa, 
for  o.xamplc,  the  effects  of  forestalling  due  to  counter¬ 
measures  (search  receivers)  in  search  for  enemy  units. 
Sucli  forestalling,  might  possibly  be  met  by  operat¬ 
ing  the  searching  radar  intermittently;  but  the  effect 
of  such,  operation  on  the  radar  search  width  must 
also  be  raken  into  consideration.  We  have  likewise 
omitted  discussion  of  visual  forestalling  and  the  cal¬ 
culation  of  combined  radar  and  visual  search  widths 
(necessary  for  tho  determination  of  optimum  search 
altitude).  Sucli  topics  represent  in  themselves  sepa¬ 
rate  subjects,  which  must  await  more  detailed  study 
elsewhere. 
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SONAR  SEARCH— (IKNISRAL 

IN  sunsTiP.FAOE  WAHFAHK,  rolianpo  must  be  planed 
on  sound  (or  supersonies)  for  acareli  and  deteetinn, 
since  sea  water  is  virtually  opaque  to  elcetromagnotic 
waves.  Neither  visual  nor  radar  search  is  possible  in 
a  water  medium.  Consequently  sonar  must  be  used 
when  searching  for  submerged  submarines,  torpedoew, 
mines,  or  other  underwater  objects.  Magnetic  d(^tce- 
tion  is  also  possible,  but  the  range  of  detection  is 
normally  much  leas  than  for  sonar.  Sonar  search, 
therefore,  is  of  importance  in  the  operation  of  sub¬ 
marines  and  of  antisubmarine  forces. 

Sonar  detection  involves  either  listening  or  echo 
ranging.  Simple  listening  gear  consists,  of  a.  receiver 
and  amplifier  which  iiick  up  sounds  generated  by  the 
target  and  present  them  to  the  sonar  operator’s  oar. 
Echo-ranging  gear  has  a  transmitter  in  addition, 
which  sends  sound  into  the  water;  the  sound  received 
is  then  an  echo  rcfloctod  from  the  target.  In  general, 
listening  gear  has  the  advantages  of  simplicity  and 
long  detection  range  on  a  noi.sy  target,  but  is  not 
effective  if  tlio  target  runs  quietly,  Echo-ranging 
search  has  tlie  advantage  tlmt  it  cannot  lie  defeated 
by  slow-spocd  quiet  running.  In  addition,  echo  ranging 
provides  information  on  range  to  the  target,  which 
listening  docs  not..  As  a  result,  both  listening  and 
echo  ranging  are  liscd  for  search,  with  preference 
sometimes  given  to  the  former,  sometimes  the  latter. 

In  this  chapter  examples  of  both  listening  and 
echo-ranging  .search  will  be  discussed,  but  only  ns 
examples  to  illustiate  the  type  of  problems  involved. 
The  aim  of  the  operational  analysis  of  sonar  search 
is  to  determine  how  search  gear  or  searching  craft 
should  be  used  in  any  particular  situation  to  give 
the  best  result.  This  result  may  be  expressed  lis  a 
lateral  range  curve  or  a  sweep  rate  in  accordance 
with  Chapter  2,  Tlierc  are  a  great  many  factors  v.'hich, 
determine  the  lateral  range  curve,  involving  char¬ 


acteristics  of  the  gear,  its  operation,  the  target,  its 
behavior,  and  sound  transmission  in  the  ocean.  Some 
variables,  such  as  speed  of  .searching  ship,  ran  be 
determined  by  the  searcher,  whereas  others,  such  as 
.sound  conflition.s,  are  beyond  his  control.  The  values 
of  these  uncontrollable  variables  often  determine 
how  the  values  of  the  others  should  be  chosen.  In 
any  i)artieular  case,  the  various  factors  must  be  con¬ 
sidered  in  detail,  and  the  lateral  range  curve  obtained 
in  accordance  with  estimates  of  the  physical  situa¬ 
tion.  Reforc  analyzing  any  typical  problems,  how¬ 
ever,  it  is  worth  while  giving  a  general  outline  of  the 
factors  which  come  into  play. 

In  detecting  the  target  the  sonar  operator  must 
distinguish  the  signal  from  the  evei'pi’esent  back¬ 
ground  noise.  Hence  the  factors  of  interest  can  be 
divided  into  the  three  following  classes: 

] .  Those  which  influence  the  strength  of  the  signal 
which  it  is  desired  to  detect,  the  signal  being  either 
noise  incidental  to  the  operation  of  the  target,  sound 
transmissions  by  the  target,  or  an  echo  rofleoted 
from  it.  Tbeso  include  characteristics  of  the  sonar 
gear  being  used,  of  the  target,  and  of  the  ocean, 

2.  Those  which  determine  the  background  level 
ngainsi  which  the  signal  must  be  heard,  including  noise 
from  own  ship,  noise  from  waves  and  animal  life 
in  the  ocean,  and,  in  the  case  of  echo  ranging,  re¬ 
verberation. 

3.  Tsyclwlogical  factors  and  characteristics  of  the 
sonar  data  presentation  which  determine  the  prob¬ 
ability  of  detecting  a  given  sign.al  in  the  pre.sennc  of 
ii  gi  vuii  'uackground,  Eaoh  of  the  subdivisions  must 
bo  considered  for  both  listening  and  echo  ranging. 
They  are  exhibited  in  parallel  columns,  echo  ranging 
on  the  left,  listening  on  tlic  right.  Corresponding 
topics  appear  side  by  side,  and  when  identical  con¬ 
siderations  apply  to  both  cases,  their  treatment  is 
written  across  the  columns  (i.c.,  the  column  division 
is  temporarily  abandoned). 
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ECHO  BANGING 

Tlio  scheme  of  echo-ranging  detection  is  slmwn  in 
Figure  lA: 


ECHO -RANGING 
CRAFT 


-^TWO'WAY 

SOUND  TRANSMISSION 


TARGET 


FiuuiiE  lA.  Two-way  houiuI  l.riviiKmission. 


Factors  Influencing' Signal  Stiiength  . 

1,  Intensity  of  transmitted  pulse: 

Tile  intensity  of  the  transmitted  pulse  at  a  given 
range  (say  1  yard)  dciicnds  on  the  acoustic  power 
output  of  the  gear,  and  its  directionality,  the  more 
directional  the  transmitter  the  greater  the  intensity 
for  a  given  total  power  output.  Standard  echo-rang¬ 
ing  gear  now  used  by  antis^ubmarinc  shijis  has  an 
intensity  of  about  182  decibels  above  0.0002  dynes 
per  square  centimeter  at  I  yard  on  the  axis  of  tlie 
projector. 


LISTENING 


'I'lic  sclieme  of  li.stening  detection  i.s  shown  in 
Figiin'  IH: 


LISTENING 

CRAFT 


■ONE-WAY 

SOUND  TRANSMISSION 


TARGET 


Fjfmsr  IH,  One-way  .■^ound  transmission. 


1.  Sound  output  of  target: 

The  .sound  output  of  a  ship  depends  primarily  on 
the  typo  of  ship  and  its  speefl.  At  very  low  speeds 
macliincry  noi.se  often  predominates,  which  is  al¬ 
most  entirely  low-frequency  .sound.  Propeller  cavita¬ 
tion  noise  containing  the  higher  sonic  and  low  super¬ 
sonic  frequencies  becomes  important  at  normal 
speeds.  A  submerged  submarine,  however,  produces 
this  cavitation  noise  loss  readily  the  deeper  it  sub¬ 
merges.  In  addition,  individual  ships  vary  consider¬ 
ably  from  the  average  performance,  especially  in  the 
details  of  their  sound  output.  The  graph  in  Figure  2A 
shows  some  typical  .sound  levels  in  a  1-cycle  band 
at  1  kc. 


Fn.'i'iiK  2A.  Souml  oulpul  of  viirioii.s  .ship  turgots. 
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2.  Sound  transini-ssion ; 

Those  sounds  suff(!r  a  eonsidorablo  loss  in  intensity  in  transmission  through  the.  water,  a  two-way  trans¬ 
mission  in  tlic  case  of  oeho  ranging,  oiuMvay  for  listening.  During  a  passage  from  sliip  to  target  or  vice  versa, 
a  oertain  lo.ss  is  suffertid  diu!  to  spreading,  attenuation,  and  refraction.  Calculation  of  the  transmi.ssion  loss 
in  any  particular  situation  is  a  complicatofl  iM-ohlorn.  In  the  ab.sencc  of  refraction  or  reflection  tlie  intensity 
in  decibels,  /,  can  be  cx|)r(!.sscd  as  a  function  of  range,  . 

/(r)  = /(I)  -  20log,or  -  nr.  (1) 

The  term  7(1)  in  equation  (1)  is  the  intensity  at  a  distance  of  1  yard  from  tlic  source,  20  logw  r  is  the  loss  of 
intensity  due  to  geometrical  spreading  of  the  sound  (inverse’  seiuarc  law),  and  ar  is  the  loss  duo  to  absorption 
of  energy  by  the  water,  n  is  the  attenuation  in  dccilicls  pen-  yard  (assuming  r  to  be  expressed  in  yards).  This 
equation  is  strictly  valid  only  if  there  is  no  reflection  or  refraction  of  the  sound  beam.  In  many  cases,  however, 
the  efi'cct  of  refraction  can  be  represented  by  an  increase  in  the  value  of  a:  a,ssignlng  an  “effective  attenuation 
constant,’’  a  may  then  bo  regarded  as  an  empirical  constant  which  depends  on  the  frequency  of  the  sound 
and  temperature  distribution  in  tlio  ocean.  'Phe  graph  iu  Figure  2B  gives  values  of  the  transmission  loss, 
ns  calculated  by  equation  (1)  for  some  typical  values  of  a,  .The  effect  of  reflections  from  surface  and  bottom 
is  neglected.  A  complete  analysis  of  sound  transmission  ;Would  take  into  .account  reflection  from  various 
tyiJVis  of  .surface  and  bottom,  and  also  f(>fraction  by  temperature  gradients  whose  effect  cannot  bo  repre¬ 
sented  by  ah  effective  attenuation  constant.  Such  an  analysis  is  outshle  tlie  scope  of  this  chapter,  but  can 
bo  found  in  Volumes  OA,  7,  and  8  of  Division  (i. 

■:  H 
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3.  Reflecting  power  of  tiin  target: 

When  the  sound  beam  strikes  the  target,  the 
amount  rofloctcd  depends  on  tlio  size  and  sliapo  of 
the  target,  the  nature  of  tlic  target  mattirial,  and 
also  its  orientation.  The  frequency  and  ping  Icngtli 
of  tlic  sound  l)eing  reflected  are  also  of  importance. 

These  various  factors  determine  the  “target  strength” 
which  gives  the  intensity  of  the  echo  (reduced  to  1 
yard  from  the  target)  relative  to  the  intensity  of  the 
outgoing  ping  when  it  hits  the  target.  For  a  sub¬ 
marine,  typical  values  would  be 

Bow  aspect  10  db 

Beam  aspect  25  db 

Stern  'aspect  8  db 

4.  Receiver  characteristics: 

The  factors  above,  determine  the  signal  which  arrives  at  the  receiver.  The  characteristics  of  tlio  gear,  how¬ 
ever,  have  a  great  deal  to  do  with  the  nature  of  tlic  signal  that  is  pre.sontecl  to  the  sonar  operator.  In  general 
the  gear  will  have  a  sensitivity  that  depends  on  frequency  and  the  dirtiction  from  which  the  sound  is  ap¬ 
proaching.  At  any  frequency  the  directionality  of  the  gear  is  determined  by  tlic  physical  properties  of  the 
receiving  microphone  (transducer)  and  its  mounting.  Both  the  transducer  and  selective  elements  in  the 
receiver  circuits  come  into  play  in  determining  the  frequency  response  of  the  receiver. 

Faotohs  Inklubncino  Background  Level 

1.  Ambient  noise  in  the  ocean : 

Like  the  air  which  wo  inhabit,  the  ocean  is  not  normally  completely  quiet,  but  full  of  various  noises,  man¬ 
made  and  natural.  Chief  among  the  man-made  noises  is  that  due  to  the  searching  craft,  which,  will  be  dis- 


FREOUENCr  IN  CYCLES 

FlauBE  3.  Ambient  iioigo. 


CONFIDliNTIAL 


SONAR  SEARCH-GENERAL 


79 


ECHO  RANGING  LISTENING 

cussed  later.  The  true  ambient  noise  due  to  natural  causes  is  also  considerable,  being  generated  primarily  by 
wave  action.  The  average  frequency  distribution  of  this  noise  for  various  sea  states  is  shown  in  Figure  3. 

Marine  animals  may  also  contribute  to  the  ambient  background.  Famous  for  such  activities  is  the  snapping 
shrimp,  a  bed  of  which  may  produce  a  level  of  about  40  decibels  above  0.0002  dyne  per  square  centimeter 
in  a  1-cycle  band  above  5  kc. 

2.  Self-noise  created  by  searching  craft: 

'  Since  the  receiving  transducer  is  necessarily  in  close  proximity  to  the  searching  craft,  any  noise  generated 

.  by  it  will  be  heard  os  a  cuatribution  to  background  level.  This  self-noise  may  be  caused  by  the  propellers, 

i  by  moving  machinery  in  the  ship,  or  by  the  rush  of  water  about  the  face  of  transducer  or  dome.  In  any  case, 

:  the  sclf-noisc  increases  rapidly  with  increasing  speed  (see  Figure  4).  At  low  speeds,  ambient  water  noise 

j.  often  overrides  it,  but  at  high  ship  speeds,  self-noise  is  the  important  factor. 


10  20 
SPEED  IN  KNOTS 


Fiouke  4.  Riickgroiind  level  for  typical  DD  with  dome. 
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3.  Rovorbonition; 

'I'lm  signal  wliicli  is  aont  out  by  ofilio-ranging  gear 
is  roflprtccl  by  many  objocts  in  the  ocean  bcaidca  tlie 
desired  target.  Irn'gularitios  of  surface  and  bottom 
are  tlio  most  important  refleetors,  but  tl)(!r<>  are  .slight 
eeho(\s  from  the  l)ody  of  water  itself.  'I'lic^  ti»tidity  of 
tbeso  many  false  (Milioes  is  called  rewrberaiion.  When 
reverberation  is  severe  it  may  override;  other  tyjjes 
of  background  noise  and  be  the  c.hief  factor  limiting 
the  sonar  range,  liottom  reveirbe^ration  from  a  rough 
or  rocky  bottom  is  the  source  of  highest  revorhern- 
tion  level.  Surface  reverberation  may  also  he  con¬ 
siderable  when  the  surface  is  rough  and  bubbly.  Other 
factors  such  as  ping  longtii,  freciueney,  and  modula¬ 
tion  also  influence  the  reverberation  level,  as  does  the 
type  of  sound  tranamia.sion  to  he  found  in  the  ocean 
at  the  time. 

4.  Characteristics  of  sonar; 

The  background  level ipresent(;(l  to  the  sonar  operator  depends  on  the  sensitivity  of  tlie  sonar,  its  frequency 
selectivity,  and  cliroctiqhality.  Since  the  sources  of  background  noise  do  not  in  general  have  the  same  fre¬ 
quency  distribution  or  |;ho  same  bearjng  as  t,he  target,  the  frequency  response  and  directionality  of  the  gear 
affect  background  noia(|!  and  signal  aifferontly;  this  may  cither  facilitate  or  hinder  target  recognition.  By 
choosing  the  frequency  response  so  that  the  signal  from  tlie  target  is  at  tlu;  frequency  of  maximum  sensitivity 
and  training  a  directional  typo  of  gear  so  that  its  direction  of  inaximum  sensitivity  is  oriented  toward  the 
target  the  range  of  detection  oan  bo  considerably  increased. 

Factors  Influencino  Hecoomtion  of  Sioivai, 

For  any  given  signal  strength  and  background  luiarcl  by  tlie  operator,  there  is  a  certain  probability  that 
he  will  recognize  the  signal.  A  Very  loud  .signal  will  surely  be  detected,  a  weak  one  has  only  a  small  chance. 
The  level  of  signal  relative  to  background  for  which  the  probability  is  60  per  cent  is  called  the  recognition 
differential.  There  are  various  means  by  wiiieh  the  signal  is  presented  to  the  operator.  In  aural  recognition 
the  sound  is  presented  to  his  ear  by  phones  or  a  loudsiieaker.  Sometimes  visual  schemes  are  involved  in 
which  the  signal  is  <lisplayed  as  a  spot  on  an  oscillo.scope  or  on  sensitized  paper.  In  any  case  the  chief  factors 
influencing  it  arc  the  following: 

1 .  Type  of  signal :  1 .  Typ-o  of  signal : 

Length  of  ping,  for  example,  is  important  in  aural  The  signal  to  be  detected  by  listening  gear  varies 
detection.  A  very  short  jiing  is  not  recognized  a.s  widely  in  character  from  one  target  to  the  next.  In 
readily  by  the  (;ar  as  a  longer  one.  For  visual  detee-  broad-band  listening,  characteristic  sounds  such  as 
tion,  n.s  on  an  o.seilloseope,  this  is  no  longer  the  cn.se.  propell(;r  beats,  gear  whine,  and  machinery  noises 
Doppler  frequency  shift  is  valuable  in  differentiating  can  be  recognized  oven  when  their  level  is  much  lower 
aurally  betweem  sigiml  anti  revcrlreration  but  is  not  than  the  background,  and  the  recognition  differential 
useful  with  visual  data  pni.sentation.  Moth  the  typt;  tleirenda  on  the  extent  to  which  such  noises  aid  in 
of  signal  and  the  way  it  is  pr(‘.scnt(;d  to  the  operator  recognition.  If  the  gear  used  for  listening  is  sensitive 
arc  of  importance.  only  to  a  narrow  band  of  frequency,  however,  the 

signal  must  l)c  ajjproximately  equal  to  the  back¬ 
ground  to  1)0  r(;cognized. 
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2.  Type  of  background:  2.  Type  of  background : 

As  has  been  indicateil,  the  recognition  differential  Tlio  type  of  background  may  often  influence  the 
is  diff  erent  according  as  the  background  is  rovcirbera-  recognition  differential.  For  instance,  shrimp  crackle, 
tion  or  water  noise.  The  doppkir  shift  aids  in  dis-  wliich  is  mostly  high  frequency,  would  not  be  very 
criminating  against  roverlicratinn,  .sin'-c  the  ear  can  effective  .at  masking  loiv-frequency  machinery  sounds, 
detect  the  difference  in  pitcli.  Water  noi8(',  however,  and  listening  to  them  would  have  an  unusually 
contains  all  frequencies,  so  that  doppler  is  of  no  help,  favorable  differential  with  a  background  of  that  type. 
Typical  requirements  for  recognition  differential  arc: 

a.  With  0.1 — second  ping  vs  background  in  1-ke 
band:— 7db; 

b.  Vs  reverberation,  no  doppler:  +3  db; 

c.  Vs  reverberation  50  cycles  doppler:  —4  db. 

3.  Data  presentation: _ 

Gear  in  which  the  operator  actually  hears  the 
signal  normally  have  different  recognition  differen¬ 
tials  from  those  in  which  a  spot  oh  an  oscilloscope 
or  on  chemical  paper  is  the  means  of  detection. 

4.  Operator  skill:  4.  Operator  skill: 

Aural  acuity  and  pitch  perception  enter  into  the  In  the  recognition  of  typical  sounds  from  the  target 
question  of  recognition  tiifforcntial.  Training  in  doi)-  thoskillof  the  listener  plays  a  large  part.  He  must  know 
pier  recognition  js  of  importance.  Operator  attentive-  what  ho  is  listening  for,  a  knowledge  acquired  only  by 
ness  and  fatigue  arc  undoubtedly  significant  in  rou-  training.  Hence  the  recognition  differential  depends  a 
tine  search  operations.  great  deal  on  the  state  of  training  and  skill  of  the  oper¬ 

ator.  Fatigue  and  inattention  can  undoubtedly  mate- 
„  rially  change, the  differential. 

q'hi.'".  c-numerntien  of  factors  having  to  do, with  the  effectiveness  of  sonar  search  gear  is  by  no  means  com¬ 
plete.  It  is  presented  merely  ns  an  indication  of  the  tyjro  of  factor  which  should  ideally  be  taken  into  account. 
If  all  these  factors  (and  any  others  that  are  not  mentioned)  were  accurately  known  at  any  instant,  then  it 
might  be  possible  to  decide  precisely  whether  a  target  in  a  given  position  would  bo  detected.  As  pointed  out 
in  Chapter  2,  however,  detection  is  never  certain  because  of  the  human  factor  involved.  We  cannot  tell 
whether  detection  will  occur  in  a  particular  instance  without  knowing  the  detailed  processes  going  on  in  the 
brain  of  the  sound  operator,  ahd  in  addition  we  would  have  to  be  able  to  predict  the  acoustic  behavior  of 
the  waves  ahead  of  time,  and  to  have  already  made  cxtcn.sivo  acoustic  measurements  on  every  target  (usually 
an  enemy  craft)  that  might  be  encountered  and  to  ktww  when  scarcliing  for  it  just  which  enemy  craft 
was  being  sought.  In  any  prat:tical  situation  we  can  only  estimate  the  probability  that  the  target  would  be 
detected  on  tlie  basis  of  tlic  average  values  of  various  factors  and  tlicir  expected  variation. 

Methods  for  expressing  the  probability  of  detection  in  quantitative  terms  are  given  in  Chapter  2.  Tliey 
involve  tlio  use  of  an  instantaneous  detection  probability  coefReiont  y  to  take  care  of  the  human  variable 
and  the  “sliort-tcrm”  fluctuations,  viz.,  factors  wlioso  changes  take  place  in  a  time  that  is  short  compared 
with  tlie  time  taken  by  the  full  scarcli  operation.  Normally  there  arc  also  slowly  varying  factors  tliat  may,  for 
instance,  vary  from  day  to  day  but  are  constant  during  tlio  time,  of  tlio  operation.  If  these  alone  are  of  pre¬ 
dominant  importance,  so  that  the  psychological  and  short-term  effects  can  be  ignored,  it  is  convenient  to 
assume  that  fhore  is,  in  effect,  a  definHc  range  at  any  time,  and  it  is  tlic  distribution  of  these  individual 
definite  ranges  wliich  gives  the  overall  lateral  range  curve.  'I’liia  is  in  accordance  with  Section  2.9  of  Chapter  2. 

In  order  to  show  how  some  of  tlinse  factors  enter  into  the  picture,  two  cxanijiles  will  now  be  discussed  in 
some  detail.  3'hc  first  of  these  is  tlic  expendable  radio  soiio  buop  [KHST3],  a  nondircctional  listening  device, 
the  .second  is  the  standard  directional  echo-ranging  gear  u.sed  by  antisubmarine  ships.  Similar  treatments 
could  be  made  and  have  been  made  for  many  other  types  of  gear. 
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"a  EXPENDABLE  RADIO  SONO  BUOY 

The  sonobuoy  is  a  nondirectional  sonic  listening  de¬ 
vice  which  is  normally  dropped  from  aircraft,  floats 
at  rest  on  the  surface,  transmits  the  sounds  heard 
in  the  water  to  the  plane  via  a  radio  link.  Its  ii.oe  is  to 
enable  the  aircraft  to  obtain  sound  contact  witli  a 
submerged  submarine.  Because  of  its  eimplicity,  it 
is  suitable  as  a  first  example  to  illu.strate  the  problems 
of  sonar  search,  though  it  is  not  an  altogether  typical 
example  of  sonar  search  gear. 

There  are  two  possible  approaches  to  the  problem 
of  determining  the  lateral  range  curve  for  this,  or 
any,  form  of  detection.  Either  the  curve  can  be  cal¬ 
culated  on  an  a  priori  basis  from  estimates  of  the 
factors  involved,  or  it  can  be  determined  from  op¬ 
erational  data.  The  latter  is  more  reliable  when 
sufficient  data  have  been  gathered,  but  it  is  not  always 
posaiblei  to  do  this.  Calculatioris  of  the  first  sort  are 
always  valuable  in  that  they  throw  considerable  light 
on  the  importance  of  the  various  factors  involved  and 
help  in  the  interpretation  of  operational  results.  Tn 
the  following  discussion  a  lateral  range  curve  will  bo 
obtained  on  an  a  priori  basis,  and  will  then  be  com¬ 
pared  with  available  operational  data.  .  -  - 

The  factors  referred  to  in  the  previous  section  de¬ 
termine  the  chance  of  detection  in  any  particular 
case.  It  is  therefore  necessary  to  assign  values  to 
them.  The  quantities  required  arc: 

Pi  =  sound  pressure  of  source  at  di.stancc  1  yard 
in  tlie  sonobuoy  band  (0.1  to  10  kc); 

M  transmission  loss  in  traveling  from  source  to 
sonobuoy;  according  to  equation  (1)  this 
transmission  loss  (7(1)  —  7(r)l  is  given  by 
20  logior  •+•  or; 

=  background  level  received  by  sonobuoy, 
botli  water  noise  and  any  self-noise  or,  cir¬ 
cuit  noise  in  tho  buoy  itself  (in  same  band 
as  used  for  Pi); 

Ax,  =  recognition  differential,  i.<!.,  I’cquircd  signal 
level  with  respect  to  background  for  detec¬ 
tion  to  occur. 

The  target  will  ju.st  be  detected  (i.c.,  detected  rvith  a 
fiO  per  cent  probability),  if  (values  in  decibels); 

+  A,„ 

or  M  =  By  —  B[,  —  Az,. 

If  all  these  quantities  wcire  definitely  known,  this 


equation  would  specify  precisely  a  range  within  which 
tho  chance  of  detection  exceeds  50  per  cent,  being 
considerably  greater  for  most  of  this  range.  Approxi¬ 
mately,  then,  it  would  define  a  definite  maximum 
range,  Eacli  of  tho  quantities  has  a  considerable 
range  of  variation,  however.  For  instance,  back¬ 
ground  level  is  quite  different  for  a  sea  of  force  1  from 
what  it  is  with  force  6.  Hence  the  expected  sonobuoy 
range  depends  on  sea  state.  An  overall  lateral  range 
curve  must  give  overall  results,  however,  for  those 
sea  states  met  in  practice.  Each  of  the  other  factors 
will  bo  variable  also.  The  chief  causes  of  variation  in 
thorn  are 

Pi  actual  speed  of  submarine  is  unknown,  and 
sound  output  at  a  given  speed  varies  widely 
from  one  submarine  to  the  next; 

ij 

Bi  background  varies  with  sea  state; 

A  /,  differential  depends  bn  the  skill  of  the  opera¬ 
tor  and  the  type  of  fioise  made  by  sub; 

■  m(?')  depends  on  sound  co'nditions. 

X 

While  these  factors  may  change  widely  from  one 
cose  to  tho  next,  it  is. evident  that  In  any  particular 
cose  they  arc  more  or  less  fixed, ..There  is-  no  imjoT 
cause  of  variation  which  would  be  expected  to  give 
large  changes  during  the  time  that  the  submarine 
is  near  the  sonobuCy.  (The  opposite  case  is  true  for 
echo  ranging,  when  tho  echo  level  may  fluctuate 
broadly  between  successive  pings.)  For  sonobuoys, 
however,  wc  here  neglect  the  small  short-term  fluctu¬ 
ations  and  the  effect  of  "human  fallibility,”  and 
treat  each  combination  of  the  variables  as  defining  a 
definite  range.  On  this  basis  we  proceed  to  calculate 
the  range  for  each  combination  of  values  for  the 
important  factors  and  obtain  a  distribution  of  these 
ranges  corresponding  to  the  nssumod  distribution  for 
these  values.  Tliis  can  be  done  conveniently  if  the 
values  of  Pi,  Pz,  and  Az,  are  assumed  to  be  normally 
distributed.  From  available  data,  it  is  reasonable  to 
assume  values  os  follows; 

Standard 
Mean  deviation 

Pi  (decibels  above  0.0002  dyne  per  cont.i- 

meter  at  1  yd  in  sonobuoy  band)  128  6 

Bl,  (dccibois  .cbovr  0.0002  dyne  per  eciiti- 

meter  in  sonobuoy)  70  4 

At  decibels  —8  4 

There  is  also  consiilcrablc  possible  variation  in  ii{r). 
This  can  be  repre-sonted  by  using  a  spread  of  at¬ 
tenuations,  taking  the  attenuation  equally  likely  to 
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be  anywhere  between  0  and  3  db  per  kiloyard.  Wo 
can  combine  the  values  of  Pi,  Bl,  and  to  give 

Pi  -  -  Az,  =  GO  ±  8db.  (3) 

Equation  (3)  can  be  solved  graphically  by  a  diagram 
of  the  sort  shown  in  Figure  5. 

The  horizontal  linos  arc  drawn  so  as  to  divide,  the 
vertical  axis  into  regions  of  10  per  cent  probability, 


between  1  and  4  knots  and  individual  variations  of 
about  4  db  in  sound  output  of  individual  submarines. 
Bi,  corresponds  to  a  sea  state  of  234  with  two-thirds 
of  the.  cose.s  falling  between  state  1 34  334-  A-'’  f®'*' 

as  the  overall  result  goo.s,  however,  it  does  not  matter 
just  what  the  source  of  variation  is  so  long  as  the  not 
result  is  a  tr  of  8  db.  In  order  to  show  the  effect  of 
changes  in  sea  state,  for  example,  similar  calculations 


and  the  transmission  curves  have  the  same  property, 
that  in  any  particular  case  there  i.s  one  chance  in 
three  of  the  desired  point  lying  in  either  of  the  three 
regions.  Those  lines  intersect  forming  cells,  ('uch  of 
probability  1/30.  If  wc  assign  to  each  cell  the  range 
of  its  midpoint,  wo  have  a  theoretical  distribution  of 
ranges,  and  correspondingly  a  lateral  range  curve. 

The  curves  in  Figures  G  and  7  represent  (expected 
overall  results  for  a  considerable  range  of  submarine 
speeds,  sea  .states,  and  other  factors.  The  value  of 
Pi,  for  instance;,  corresponds  to  a  speed  of  about  3 
knots,  with  about  two-thirds  of  the  cases  falling 


would  bo  made  for  a  scries  of  fixed  values  of  the  sea 
state.  This  can  bo  done  for  any  factor  whose  in¬ 
fluence  it  is  desired  to  study  closely. 

Wc  will,  however,  pass  to  the  second,  or  opera¬ 
tional,  aspect  of  the  problem  witliout  going  into 
further  detail.  ITie  theoretical  calculations  are,  in 
actual  fact,  not  purely  thcorctionl,  but  are  based 
largely  on  tests  of  the  gear  and  experimental  runs 
under  controlled  conditions.  Such  to.sts  mast,  of 
course,  he  made  to  give  can  idea  of  the  operational 
performance  of  the  gear  and  .a  firm  basis  for  the¬ 
oretical  predictions  of  its  eflectivcncss.  It  is  assumed 
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tliat  theory  and  test  data  will  always  be  reconcikul 
and  put  in  agreement.  The  final  cheek  on  the  per¬ 
formance  of  the  gear  lies  in  tlii'  re.sults  of  actual  op- 
erationvS.  'Phis  aspect  of  the  iirobkim  will  now  hi? 
considered. 

ilata  on  operational  sonohuoy  ranges  cannot  he 
obtained  directly.  If  the  ri-port  of  the  sonobuoy  con¬ 
tact  gives  the  buoy  patti'rn,  the  period  of  time  that 
the  submarine  was  h(?aril  on  one  buoy  or  several 
buoys,  and  evidence,  such  ns  [)ropeller  beats,  of 
submarine’s  speed,  then  the  detection  range  of  the 
sonobuoy  can  be  estimated.  This  has  been  done  on 
the  basis  of  data  reported  in  connQction  with  air¬ 
craft  attacks  on  Gorm.an  U-hoats,  and  on  the  basis 
of  these  estimates  the  following  distribution  of  con¬ 
tact  ranges  was  obtained. 


Range  in  Yards 
0  400 
nOO-  099 
1000  1409 
1500  1999 
2000-2409 
2500  2009 
3000  3499 
3500-3009 
4000  iind  nvei' 


Number  of  Cases 
0 
4 

4 
9 
9 
2 

5 
3 
3 


This  i.s  the  actual  distribution  of  ra.ngr?s  at  which 
contacts  were  made,  and  is  consequently  prejudiced 
in  favor  of  the  longer  ranges.  If  detection  ranges  of 
500  to  5,000  yards  were  all  equally  likely,  many  morn 
5,000-yard  contacts  would  be  made  than  500 — about 
ten  times  os  mn.ny.  Consequently,  the  distribution  of 
potential  contact  ranges  is  obtained  by  dividing  each 
of  the  above  figures  by  the  range.  This  curve  of  po- 
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Fiqurb  0.  Oislribul.ion  of  ranges  (a  lu  iori). 


lateral  .range  !n  yards 

I'TiiiMiB  7.  J..a(oiiil  iiingc  curve, 
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tcntial  contact  ranges  corrcsi)oiuls  to  the  theoretical 
curve  for  distribution  of  ranges,  and  is  plotted  Ixilow 
in  Figure  8.  A  lateral  range  ourve  is  also  shown  in 
Figure  9.  It  is  evident  that  the  operational  ranges 
are,  on  the  whole,  better  than  those  predicted  on  a 
theoretical  basis.  There  arc  a  number  of  possible  ex¬ 
planations  of  this  discrepancy. 

The  most  obvious  explanation  is  to  assume  that 
some  of  our  (istiniates  of  factors  sucli  as  U-boat  sound 


<2  20% 


range  contacts  wore  lost  than  was  assumed  in  ad¬ 
justing  the  distribution  of  actual  contacts  to  obtain 
the  “potential”  range  distribution.  This  would  be 
the  case,  for  instanc.e,  if  contacts  were  lost  because 
tlic  submarine  got  past  the  sonobuoy  while  the  ob¬ 
server  was  listening  to  a  different  one.  Since  it  takes 
about  10  minutes,  on  the  average,  for  a  two-knot 
U/B  to  pass  through  the  detection  circle  if  the  range 
is  500  yards,  the  chance  of  missing  a  U/B  that  docs 
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KiouueS.  Operational  range  distribution  (adjusted). 


^operational 


u.  _ _ 


s 

A  PRIOrT'n 


LATERAL  RANGE  IN  YARDS 

I’lauBE  0.  Lateral  range  curves. 


output  have  l)c!cn  too  conservative.  An  increase  of 
four  or  five  decibels  in  assumed  mean  U-l)oat  sound 
outi)ut  would  account  for  most  of  tlic  observed  dif¬ 
ference.  Similarly  actual  sea  states  may  have  aver¬ 
aged  somewhat  lower  than  wa.s  assumed,  or  the  recog- 
nitioii  differential  may  have  btsm  more  favorable.  It 
is  not  po.ssil)lo  to  decide  just  what  the  cau-so  is  with¬ 
out  more  detailed  analysis  or  further  information. 

It  may  bo,  liowovor,  tliat  the  reason  for  tb.c  dis¬ 
crepancy  lies  in  our  intc^rjirctation  of  the  operational 
data.  Perhap.s  a  larger  niimlier  of  potential  short- 


pa.ss  through  the  circle  should  l)c  small.  On  the  whole 
it  .seems  most  reasonable  to  conclude  tliat  operational 
results  indicate  that  those  theoretical  values  are 
somewhat  too  pessimistic,  and  they  were,  indeed, 
intended  to  be  rather  conservative. 

STANDARD  liClIO-RANGING  GEAR 

Echo-ranging  gear  such  as  is  used  by  antisubma¬ 
rine  ships  is  eharaeterized  by  a  slow  intrinsic  search 
rate  due  to  its  directionality  and  tlic  .slow  speed  of 
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Bouiul  (coiiiparnd  with  electromagnetic  waves)  Only 
a  small  segment  of  ocean  is  searched  l)y  the  gear  in 
any  short  time  interval  (say  one.  second)  (see  Figure. 
10).  Conse(,u(>ntly  tlua-c  aiv.  only  a  small  number  of 
glimpses  at  any  particular  target:  the  |ioint  of  view 
ot  glimpses,  ns  outlined  in  Uhaptt'r  2,  Section  2.2 
must  be  maintained. 

As  was  the  case  for  sonohuoys,  both  a  jn-iori  cal¬ 
culations  and  operational  results  must  be  u.scd.  More 
factors  enter  into  the  former,  however,  and  the 
process  outlined  in  Ohaptcr  2,  Section  2.9  must  be 
applied.  First,  we  deal  with  a  situation  in  which  the 
variable  physical  factors  are  fixed,  i.e.,  tlie  sound 


\ 
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iMowHK  10.  fli.ngraiu. 


conditions,  typo  of  sound  gear,  orientation  of  sound 
beam,  etc.,  are  uncluinging,  There  arc,  iiowcver,  cer¬ 
tain  factors  which  arc ‘bound  to  fluctuate,  in  par¬ 
ticular  the  intensity  of  cclio  on  a  particular  ping,  the 
intensity  of  background,  and  the.  opcrat(..r’s  ability  to 
discriminate  between  echo  and  background.  I'lvcn  for 
given  values  of  the  former  conditions,  these  latter 

100% 


fluctuations  impart  an  uncertainty  to  the  detection; 
and  it  becomfcs  nece.ssary  to  consider  the  probability 
of  detection  for  tlio  particular  ping  in  question,  the 
one-ping  probability."  Second,  these  values  for  the 
“one-ping  probability”  must  lie  combined  in  ac¬ 
cordance  with  Section  2.4  (in  the  c.xi.sting  state  of  the 
science,  the  formal  calculations  being,  of  neee.ssity, 
replaced  liy  graphical  methods)  to  give  the  prob¬ 
ability  of  detection  by  the  particular  search  in  ques¬ 
tion,  a  ‘-fixed  conditions  probability.”  In  this  way 
wo  can  get,  for  example,  a  “fixed  conditions  lateral 
range  curve.”  Ry  doing  this  we  assume  that  the 
fixed  conditions  are  indeed  constant  throughout  the 
scarcJi  and  the.  fluctuating  conditions  do,  in  fact, 
fluctuate  from  ping  to  ping,  so  that  the  values  for 
each  ping  may  be  chosen  at  random  and  indepen¬ 
dently  from  a  suitable  distribution.  Third,  the  "fixed 
conditions  probabilities”  which  result  must  bo  aver¬ 
aged  over  .appropriate  distributions  of  values  for  the 
conditions  to  correspond  to  our  knowledge  of  them. 
If,  for  example,  wo  flesirc  to  plot  a  lateral  range 
curve  for  a  particular  ship,  certain  ship  speed,  bathy¬ 
thermograph  pattern,  sea  state,  but  wncertow  U-boat 
depth,  speed,  and  operator  alertness,  wc  would  pick 
the  proper  values  of  the  certain  factors,  average  over 
the  assumed  distriliutions  of  the  uneertain  ones,  and 
obtain  a  curve.  An  overall  average  curve  for  all  ships 
and  conditions  would  require  much  more  e.\tnn.sive  a  v¬ 
eraging,  and  surely  would  apiiear  to  be  quite  difTefent 
Wo  will  now  proceed  to  go  through  these  steps  for 
a  typical  example;  first  the  one-ping  probability. 

In  this  one-ping  probability  all  conditions  are  re¬ 
garded  as  fixed  except  for  fluctuations  in  echo,  back- 
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ground,  and  oporator  alcrtnosa.  'I’hc  of  tlioso 
fluctuations  can  he  represented  by  a  curve  (Figure 
11)  winch  gives  the  probability  of  recognizing  the 
fluctuating  echo  as  a  function  of  its  aviwagi!  level. 
This  average  level  is  given  on  a  a(!ale  relative  to 
the  background.  The  zero  on  tl:o  scale  is  the  echo 
level  which  woidd  ideally  bt?  r(!quired  for  recognition 
if  no  fluctuations  occurred,  It  is  now  necessary  to 
calculate  the  echo  level  with  respect  to  background 
as  a  function  of  target  position  in  the  sound  beam. 

The  target’s  position  in  the  sound  beam  may  be 
specified  by  two  variables,  range  and  relative  bearing. 
Ilangc  introduces  a  transmission  loss  ns  in  Figure  2B, 
and  bearing  a  loss  relative  to  the  axis  Ixicause  of 
directionality.  As  in  Figure  5,  various  factors  must  be 
taken  into  account  to  determine  the  admissible  loas 
which  will  just  give  recognition  (i.e.,  with  a  50  per 
cent  chance),  fluctuation  neglected.  These  factors  arc 

Px  transmitted  signal  stremgth  at  1  yard; 

Bi>  background  level  heard  in  gear  if  reverbera¬ 
tion  is  limiting;  /<;>  is  higher  for  .short-range 
echoes  than  long,  i.e.,  a  function  of  range; 

T  average  target  strength; 

A/>  ideal  recognition  differential  for  nonfluctu¬ 

ating  case ; 

n{i\0)  transmission  loss  relative  to  unit  range  on 
the  axis  (see  Section  6.2). 


T,  -  M  -H  T  =  B,>  +  A/.  (4) 

n  =  I\  +  T  -  lip  -  A/.. 

Tt  is  necessary  to  assume  values  for  these  factors 
in  accordance  with  the  specific  case  in  que-stion.  P’or 
simplicity,  we  will  assume  that  the  transmi.ssion  lo.ss 
can  be  represented  Iry  inverse  square  law  with  7  db 
per  kiloyanl  attenuation,  as  might  lx-  the?  ease  for  a 
target  Ixdow  tin;  thermoeline.  U.sing  this  as.sumption 
and  till'  typical  directivity  pattern  of  Figure  12, 
we  can  draw  in  the  curves  for  n  as  a  function  of  r  for 
a  number  of  values  of  ,3. 

The  solid  curves  of  Figure  13  are  drawn  on  this 
basis.  Values  oi  {Px  +  T  —  Bp  —  A/.)  must  also  be 
plotted  to  give  a  graphical  solution  of  equation  (4). 
Taking  into  account  the  probability  of  detection 
curve  of  Figun;  1 1  wo  can  add  or  subtract  suitable 
values  from  {P\  -F  T  —  Bp  —  l^p)  to  give  the  trans¬ 
mission  loss  for  0  per  eent,  20  per  (!ent,  40  per  cent, 

•  •  •  probability  of  contact.  Intonscctions  of  these 
dotted  levels  with  the  transmission  loss  curves  give 
the  value  of  the  probability  of  detection,  i.e.,  the 
one-ping  probability,  for  the  various  ranges  and  bear¬ 
ings. 

On  the  onc-ping  probability  curves  (Figure  14),  all 
curves  have  been  terminated  at  a  minimum  range 
of  600  yards.  Since  tlin  submarine  is  thought  to  he 
(le(.>p,  the  likelihood  of  contact  at  range's  shorter  than 


Kkiuhe  12.  Directivity  for  lyjxciil  prejeotur. 
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500  yards  is  not  great.  Tlioro  is  a  small  area  in  whicli 
contact  is  tlicorctically  certain,  but  the  greater  part 
of  tlio  beam  has  probabilities  of  0  per  cent  to  80 
per  cent.  The  assumptions  ujion  which  this  one-ping 
probability  function  is  based  arc  the  following: 

180  db,  corresponding  very  closely  to  the 
signal  output  of  standard  gear. 

Bp  40  db  in  a  1-kc  band,  heard  in  sound  gear. 
This  takes  into  account  the  effect  of  direc¬ 
tionality  in  discriminating  against  noise  back¬ 
ground;  it  corresponds  to  typical  aolf-noiso 
at  a  speed  of  about  15  knots.  No  reverbera¬ 
tion  is  considered. 


T  15  db,  a  value  whicli  is  typical  of  a  submarine 
except  at  beam  incidence. 

A  j.  —  7  dh,  the  value  obtained  in  laboratory  tests 
for  recognition  differential  relative  to  noise  in 
■a  1-kc  band. 

Having  obtained  the  onc-ping  probability  for  the 
conditions  under  consideration,  wo  must  now  obtain 
the  corresponding  lateral  range  curve.  The  method 
of  Chapter  2  applies  in  principle,  but  cannot  readily 
bo  carried  out  exactly  in  terms  of  formulas  in  the 
present  ease;  it  is  necessary  to  resort  to  graphical 
methods  of  calculation.  Suppo.so  that  the  one-ping 
probability  function  is  represented  by  a  group  of 


RANGE  IN  YARDS 

IS.  Graphical  probability  calciiliiLion. 
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Figure  15.  One-ping  probnbility  dingrani. 
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(lots,  the  density  of  dots  being  proportional  to  tlio  range,  we  can  obtain  the  lateral  range  eurve.  The 

probability.  P’or  exampk',  in  the  diagram  (Pigiire  15),  result  for  thi.s  ease  is  shown  in  Figure  1 7  at  the  same 

10  per  cent  of  the  srpiares  la'tween  0  per  ecmt  and  scale  lus  prtwious  lateral  range  curves.  This  aceord- 

20  per  cent  contours  hav('  dots  in  them,  30  jror  cent  of  ingly  completes  the  .second  step  in  the  reciuired  cal- 

those  betwcc’ii  20  irer  cent  and  dO  ])(‘r  ee.nt,  and  .so  on.  eulatinns. 

We  now  decide  on  a  planiu'd  seeiuence  of  ping.s,  Hefore.  di.scussing  the  third  phase;  of  the  echo- 
i.e.,  .starting  with  proj('etor  trainc'd  ah(>am  and  tr.ain-  ranging  gear  picture,  it  is  worth  while  to  point  out 

ing  forward  5  degrts's  hetwc'on  pings  until  the  bow  is  tin;  practical  applications  of  the  "fixed  condition,? 


LATERAL  RANGE  IN  YARDS 

Fkh.'uk  10.  roverugr;  diagrnin  (for  one  cycle  of  plan). 


I 

t- 


reached,  and  then  slowing  aft  to  the  h('am  on  tjic 
other  pide  and  pinging  forward  again'  by  5  degree 
steps. 'j  If  we  assume  that  the  one*ping  probability 
i.s  not  changed  by  training  tlu;  projector  from  one 
bearing  to  the  next,  and  assumed  a  relative  velocity 
for  searcher  and  targ(;t,  tluui  we,  can  lay  out  suc¬ 
cessive  pings  in  target  space  (i.e.,  si<aco  fixecl  rela¬ 
tively  to  the  target).  Target  si)acc  is  divichal  into  60 
yard  squares,  and  tlie  event  of  a  dot  on  the  one-ping 
irrobability  diagram  filling  in  a  square  means  that  a 
submarine  in  that  square  would  be.  d(;teet('d.  This 
process  can  ho  followed  mechanically  in  the  follow¬ 
ing  fashion.  Transparent  paper  divided  into  .'iO-yard 
s(iuares  i.s  placed  over  the  one-ping  probability  dia¬ 
gram  in  position  for  the  first  ping.  Mach  .s(|uar(>  in¬ 
cluding  a  dot  is  blacked  out.  The  diagram  is  moved 
to  position  for  the  .second  ping,  and  the  proce.ss  re- 
jaaited  for  all  pings.  'J'his  gives  an  area  (sec;  Figure 
10)  black  near  the  center  and  white  at  long  range, 
the  fraction  of  .square’s  blacked  out  giving  the  prob¬ 
ability  of  catch  at  any  region.  Such  a  diagram  will  be 
periodic  if  the  pinging  plan  is  regular,  and  by  av(>rag- 
ing  the  ])robal)ility  over  one  |)eriod  for  a  given  lateral 


lateral  range  curve  ’  calculations.  In  any  tac.tioal 
situation  srime  of  the  conditions  are  reasonably  well 
known,  ship  speed,  s('a  state,  bathythermograph 
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Fiouhe  17.  Laleral  range  curve  (cnicuinted  from  onc- 
ping  probiibility). 

record,  and  so  on.  There  are  otlK'r  mnditions  which 
can  he  varied  by  the  .searching  er.aft,  namely  t.lie 
plan  of  .search,  i.e.,  keying  interval  used,  limits  of 
sweej),  niiml)er  of  dcgree.s  to  turn  hetwi’on  .successive 
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pings,  spacing  between  sliips.  By  calculating  lateral 
range  curves  for  typical  values  of  the  tactical  condi¬ 
tions  the  best  values  of  these  controllable  variables 
can  be  determined  for  the  various  tactical  situations. 
In  this  way  it  can  be  shown,  for  instance,  that  the 
sweep  should  not  normally  b(!  restricted  to  a  small 
angle  either  side  of  the  bow,  but  should  bo  startcri 
at  least  ns  far  aft  as  the  beam,  and  should  always 


tire,  sweep  from  beam  to  bow  as  a  single  “glimpse  ’ 
with  a  fixed  probability  of  detection. 

Wlien,  how(>ver,  operational  results  are  to  Ire  com¬ 
pared  with  tlumretical  predictions,  it  must  be  kept 
in  mind  that  the  conditions  are  by  no  means  fixed. 
This  distinction  was  discitssiai  in  Section  2.9.  There 
is  a  great  variety  in  the  actual  conditions — the  sonar 
involved,  the  .sound  conditions,  .and  sulrm.arine’s 


LATERAL  RANGE  IN  YARDS. 

fiiieitK  18.  Oporationiil  lateral  riingcs  for  eclio-mnKiii(j  (ioiii. 


be  made  from  aft  forward  rather  than  in  the  opposite 
direction.  Many  calculations  of  tliis  S(Vi’t  have  Ircen 
made  to  d(!tcrminc  the  proper  tiu^tical  u.s(’  of  (tIio- 
ninging  gear  in  K('arcb.  Dctaih'd  results  of  these  cal¬ 
culations  arc  not  of  inteiv'st  at  iinwcmt — the  gcmeral 
l)rinciple  involved  is  that  tlic  gear  should  be  used  so 
as  to  give  uniform  coverage  of  tlie.  area  without  de- 
vclojang  serious  ga])s,  ns  must  olwioualy  be  the  ca.si! 
from  (ifiapter  ,1. 

in  many  cases  calculations  have  been  made  iwing 
ratlier  rough  apiu'oximations.  The  one-ping  prob¬ 
ability  function  may  lx;  rei)lacc(l  by  a  simpler  oik; 
which  is  zero  outside  a  certain  contour  and  c(iunl  to 
a  constant  (usiudly  about  O.r))  inside.  'I'liis  gives  a 
more  abrui)t  lateral  rang('  euiwc  than  tlie  more  ac¬ 
curate  calculations,  but  most  conclusions  concerning 
licst  {)penition  of  the  gear  are  not  changed.  An  even 
simfjlcr  ajjiu’oximation  involves  considering  the  en¬ 


depth,  speed,  and  rellec.ting  pow'or.  In  principle,  it 
is  necessary  to  calculate  latiu’cl  range  curves  for  all 
value.s  of  the  many  variable  conditions,  and  then 
average  them  appropriately.  'J'ho  labor  involved  in 
such  a  calculation  w'ould,  however,  be.  completely 
irrohibitive.  In  addition,  it  would  bo  nece.ssary  to 
know  what  distributions  of  all  the  important  vari¬ 
able  arc  met  with  in  operations,  and  this  informa¬ 
tion  is  not  available,  (kinsequently  we  will  only  pre- 
.sent  the  opc'rational  results  for  comparison  with 
Figure  17,  and  then  determine  what  range  of  condi¬ 
tions  might  give  the  observed  results,  and  wlK'thcr 
this  range  does,  indeed,  appear  reasonable. 

As  a  fair  sam|)lo  of  operational  data,  235  first  con¬ 
tacts  by  echo  ranging  in  the  p(wiod  1  .lamrnry  19-13 
to  30  June  1941  can  lx;  (pioted.  From  these  contacts 
th(!  number  of  contacts  versus  lateral  range  is  plotted 
in  Figure  18. 
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Tliis  curve  indicates  considerably  shorter  ranges  ized  to  give  the  same  probability  at  1,000  yards.  As 
than  that  of  our  previous  example  which  led  to  the  can  be  seen,  thi.s  calculated  curve  is  in  excellent 
lateral  range  curve  of  Figure  17.  In  other  words,  the  agreement  with  the  observed  data.  The  agreement  is 
conditions  which  led  to  the  one-ping  jirobability  largi'ly  fortuitous  and  certainly  (lo(!.s  not  imply  any 
curve  of  F'igure  14  were  morn  favorable  than  most  of  essential  correctness  of  the  calculated  curves.  It  does, 
those  met  with  in  practice.  The  operational  curve  of  nevcrtlicloss,  indicate  tlmt  tlic  opcu’ational  results  arc 
lateral  ranges  is,  liowever,  of  tlie  general  type  that  in  keeping  with  tlic  physical  picture  if,  and  only  if,  it 
would  result  from  averaging  n  number  of  lateral  is  assumed  that  short  and  medium  sonar  ranges  pre- 
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PiGHKK  10.  HypoUiotionl  lateral  range  curves. 


range  curves  like  tliat  obtained  for  fixed  conditions. 
Figure  19  above  shows  a  number  of  lateral  range 
curves  of  the  same  general  type  ns  Figure  17  which 
have  60  per  cent  ranges  of  600  yards,  1,600  yards, 
and  2,500  yards.  A  combination  of  these  curves  in 
the  proportion  6:3:1  leads  to  a  lateral  range  curve 
of  very  much  the  same  shape  as  that  obtained  from 
operational  results.  In  Figure  20  this  theoretical 
curve  is  compared  with  nn  operational  curve  normal- 
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FiaunE  20.  luitera!  range  curves,  overoll  average. 


dominate  in  actual  operations.  The  sweep  width  ob¬ 
tained  from  these  curves  is  1,800  yards,  which  is 
smaller  tlian  that  usually  obtained  from  putely 
theoretical  considerations.  Tliis  no  doubt  reflects 
frequent  unfavorable  sound  conditions,  imperfect 
maintenance  of  gear,  reduced  operator  skill,  and 
similar  factors  more  or  less  inevitable  under  operating 
conditions. 

PARALLEL  SWEEPS 

Wlien  a  number  of  searching  units  are  available, 
tliey  normally  operate  togctlier  so  that  their  paths 
in  target  space  form  parallel  sweeps.  For  example,  a 
line  of  sonobuoys  which  the  submarine  crosses  ef¬ 
fectively  carry  out  i)arallcl  sweeps  relatively  to  the 
submarine;  so  do  a  group  of  sliips  sweeping  in  line 
abreast.  For  sucli  parallel  .sweeps,  the  lateral  range 
curves  of  the  individual  units  mii.st  be  combined  to 
give  an  overall  probability  of  detection  curve.  The 
manner  of  doing  this  depends  on  the  physical  situa¬ 
tion — whotlicr  the  lateral  range  curve  arises  from 
variable  or  fluctuating  conditions,  or  both.  Tliis  point 
lias  Iiocn  discussed  in  Section  2.9. 
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Consider  two  units  making  parallel  sweeps,  spaced 
S  yards,  with  a  submarine  penetrating,  somewhere 
between  them  at  point  x.  Tlicn  the  probability  of 
detecting  the  submarine  is  given  by 

r{x)  =  pix)  +  p{S  -  x)  -  p(x)  p(K  -  .r)  (5) 

if  the  probabilities  of  sightitig  are  indeiiendent.  In 
some  cases,  however,  the  iirohabilities  are  by  no 


ing  ships;  consequently  the  probabilities  are  com¬ 
bined  in  accordance  with  equation  (5),  In  actual  fact, 
conditions  an;  rarely  truly  “fixed”  because  the  depth 
of  submarine,  for  instance,  is  not  ustinlly  known. 
Neverthele,ss,  calculations  made  for  fixed  conditions 
of  typical  values  arc  useful  in  deciding  on  proper 
sliij)  spacing.  In  doing  this,  the  assured  range  is 
normally  f?m ployed.  This  is  defined  as  follows; 


\ 

i 


means  independent,  In  the  case  of  two  sonobuoys, 
for  instance,  the  lateral  range  curve  depends  on' the 
distribution  of  submarine  sound  outputs.  A  Sub¬ 
marine  that  is  noisy  for  sonobuoy  at  A  is  also  noisy 
for  a  sonobuoy  B  (see  Figure  21).  To  the  extent 
that  variable  conditions  are  in  eacih  case  the  same 
for  both  soarchnrs,  tlu'.  two  probabilities  are  alto¬ 
gether  dependent.  In  this  ease  the  combined  prob¬ 
ability  at  X  is  simply  p{x)  or  p(S  -  a:),  whichever  is 
larger. 

For  echo-ranging  search  under  fixed  general  condi¬ 
tions,  the  lateral  range  curve  aris<!s  from  rapid  fluctu¬ 
ations  in  the  residual  uncontrollable  conditions,  thus 
resulting  in  independent  probabilities  for  the  search- 


Consider  the  maximum  range  obtained  by  standard 
range  prediction  methods  at  a  given  depth;  then  take 
the  minimum  such  range  na  the  depth  is  varied, 
passing  through  possible  depths,  i.c,,  the  maximum 
range  at  the  most  unfavorable  depth :  this  is  defined 
08  the  assured  range.  Accordingly,  ship  spacings 
based  on  this  range  will  be  rather  tight  and  con¬ 
servative.  The  lateral  range  curve  of  Figure  17  cor¬ 
responds  to  an  assured  range  of  li';,000  yards.  The 
derived  curves  in  Figure  22  show  the  combined  prob¬ 
ability  function  for  two  ships  with  various  ship  .spac¬ 
ings. 

These  curves  can  be  interpreted  in  a  number  of 
ways.  If  the  submarine  can  always  choose  the  best 
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Fioure  22.  Frohnbility  versus  lateral  range  for  a  pair  of  ships  with  various  spacings. 
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point  to  try  to  snonk  tliroURli,  tlion  it  is  thr  minimum 
value  of  these  eurvos  tiint  counts,  i.e.,  monsurra  tlio 
tightness  of  the  scret'n.  If,  on  the  oth(!r  hand,  lie 
passes  between  mon*  or  hvss  at  random,  then  it  is 
the  average  value  which  is  important.  If  the  number 
of  ships  is  small,  the  submarine  can  often  evade  tliem 
by  steering  to  the  side  at  liigh  speed  and  jias-sing 
around  tlu-  ('iid.  'I'his  tyjie  of  ('vasion  is  neutralizi'd 
to  some  oxtimt  by  jdacing  a.  group  of  ships  in  line 
abreast,  the  resulting  front  lining  too  broad  for  the 
submarine  to  end-run  readily.  Increased  ship  spacing 
gives  a  broader  front  at  the  expense  of  holes  between 
the  ships. 

From  tlio  eurves  in  Figure  23  it  is  apparent  tliat 
a  ship  spacing  of  I  times  tho  aasured  range  is  very 


From  a  practical  point  of  view  anotlior  factor 
sliould  1)0  considered.  Tlie  operational  data  indieate 
tliat  ratluT  sliort  ranges  predominate  in  aetual  opera¬ 
tions,  and  lienee  tliat  tlie  theorotieally  predicted  “as¬ 
sured  range’'  may  lie  .somcwliat  nptimi.stic.  On  this 
ba.sis  tlie  ratlier  conservative  sliip  .spacing  of  i^^to 
1?^  times  till!  a.s.sured  range  may  lie  nltogetlier  ju.sti- 

fied. 

Kvidontly  tiic  elioice  of  sliip  spacing  for  a  sereen 
will  lie  different  from  tliat  for  a  searcli  (or  liunt).  Tlio 
former  is  defensiv and  its  primary  measure  of 
cffwdjveness  is  its  aliility  to  intorceiit  submarines 
wliieli  are  attempting  to  penetrate  to  tiie  proximity 
of  tile  siM'eened  units.  Tlie  latter  is  offensive,  and  its 
measure  of  cffectivene.sa  is  tlie  expected  niimlier  of 
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SHIP  SPACING  IN  TERMS  OF  ASSURED  RANGE 

FKiUiiE  2;i,  I’rohiibilily  of  dnlccUoii  ns  n  function  of  ship  s))uciiig. 


tiglit,  and  spaeings  over  2  times  liave  ratlier  danger¬ 
ous  holes.  A  complete  analysis  of  tlic  question  of 
optimum  sliip  spacing  would  involve  tlie  size  of  area 
to  he.  .searelied,  tlie  suliniariiie’s  aliility  to  end-run 
and  clioose  weak  points  in  tlie  sereen,  and  tlie  quaii- 
titi(«  presented  in  tlio  eurves.  As  a  rougli  rule  of 
tliuml),  a  spacing  of  Ijif  times  the  ns-sured  sound 
range  is  now  specified  in  doctrine  for  searclies  in  line 
nlircast,  13-^  times  (wlien  possiiijc)  for  screens. 


.submarine  contacts  wliicli  it  iiroduco.s.  In  view  of  the 
ovcrlaiijiing  effect  of  close  siiacing,  tiffs  expected 
iiumlier  will  he  reduced,  whereas  tiic  tightness  of 
tlie  .screen  will  lie  increased  when  spacing  is  close. 
'I'lms  .screens  will  normally  employ  tiglitcr  spacing 
tlian  hunts.  'J'lie  end-run  prevention  cited  aliovc  is  a 
furtlicr  argument  for  wid(>r  spacing  in  the  ea.se  of 
liuiits  tlian  in  tliat  of  screens.  Tiffs  wliolc  question 
will  he  entered  in.to  in  great  detail  in  (’hapter  8. 
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THE  SEARCH  FOR  TARGETS  IN  TRANSIT 


The  General  Question 

IN  PLANNING  A  SKAKCll,  tlu'  liatlirc  of  f.arK(‘t.  is 
usually  known,  anti  its  Ronoriil  position  may  bo 
moio  or  loss  known  as  a  matter  of  probability  (as  in 
tbo  problems  of  Cbapttjr  3) ;  but  unless  a  fairly  defi- 
nittt  estimate  of  its  motion  ean  lie  matlt',  the  plan  of 
seareh  will  have  to  be  designed  so  as  to  bt*  effeetivo 
against  a  target  having  any  one  of  many  dilTerent 
sorts  of  motion,  rather  than  being  particularly  ef¬ 
fective  against  targets  of  somt'  one  special  kind  of 
motion  and  less  .so  against  others  which  are  reoog- 
niz('d  as  irrelevant  to  the  tactical  problem  in  hand. 
The  emphasis  of  this  ehaptc'r  is  on  the  latter  situa¬ 
tion,  which  arisc's  when  both  the  inlcnl  and  the  rap- 
(ibiliiies  of  the  target  arc'  known.  To  know  thc'  intent 
of  the  target  is  to  know  whc're  it  is  going:  through 
what  part  of  the  occ'an  it  paasc.s,  from  what  geo¬ 
graphical  locality  it  comes,  to  what  place  it  i.s  going, 
c'tc.  And  to  know  the  targc't’s  capabilities  is  to  have 
a  reasonably  good  estimate  of  its  .spec'd  ic,  as  well  as 
its  endurance,  etc.  An  ('.ssential  part  of  such  informa¬ 
tion  can  be  put  mathematicidly  ns  follows:  The  tar¬ 
get's  vector  velocity  u  is  known  at  the  different  parts 
of  thc  ocean  whcu’c'  it  is  c'xpedic'nt  to  conduct  th.e 
search.  And  since  the  main  objective  is  to  prevent 
thc  targc't's  undetected  accomplishment  of  its  in¬ 
tention,  success  will  be  achieved  even  if  the  target 
is  not  detcctCKl  but  is  forced  to  abandon  its  objective 
in  order  to  avoir!  detection. 

Attention  will  lie  conlined  in  this  chapter  to  the 
ease  where  the  dctcr^tability  of  the  tjirgct  does  not 
change  with  the  time,  at  least  during  long  periods; 
thus  in  the  case  of  visual  or  radar  dehiction,  .surface 
cr.aft  (including  surfaced  submarinr's)  are  alone  con¬ 
sidered;  while  in  the  case  of  .sonar  detection,  tlie 
subrnarinc'  targr't  is  regarded  as  constantly  .sub¬ 
merged.  This  avoicis  the  great  complication  which 
would  occur,  for  exam|ile,  in  the  case  of  a  .sulimarine 
wiiose  tactics  of  submergence  and  emergence  are  not 
known  and,  since  they  may  rh'iicnd  on  thc  tactics  of 
sr-arch,  could  only  be  evaluated  by  some  form  of 
“minimax”  rr'a.sonirig.  Thus  "gainliits”  are  not  con¬ 
sidered  herein. 

Threr'  cases  are  of  great  importance  in  nai  :il  war¬ 
fare  and  will  be  studied  in  tlie  three  parts  of  this 


chapter,  fn  the  first,  the  target ’.s  intention  is  to 
traverse  a  fairly  straight  channel  (which  may  be  a 
wide  jiortion  of  the  oc(ain) ;  the  vector  velocities  at 
air  points  are  paralh'l  and  equal  (a  "translational 
vector  field”);  the  .search,  is  called  a  barrier  patrol. 
In  the  second  case,  the  target  is  proceeding  from  a 
known  point  of  the  ocean  (e.g.,  a  point  of  fix,  an 
island,  or  a  harbor);  the  vector  velocities  are  equal 
in  h'ngtli  liut  ar(!  all  directed  away  from  this  point 
(a  “centrifugal  radial  vector  field”);  to  this  class  of 
.search  belongs  the  truppimj  square  and  the  retiring 
search  whan  the  approximate  time  of  departure  is 
known,  and  closed  barriers,  etc.,  in  f)ther  cases,  fn  the 
third  cas(^,  the  target’s  intention  is  to  reach  a  definite 
[mint  O'.g.,  the  seat  of  a  landing  operation,  an  island 
needing  supplies,  a  harbor);  the  vector  vi'lueitie.s  arc 
(‘<]ual  in  length  but  directed  inward  toward  this  point 
(((."centripetal  radial  vector  field”);  again  the  method 
of  countering  this  intention  maybe  th(!  closed  barrier. 
'rh('r(!  an'  of  course  various  cases  closelj'  allied  to 
the  thri'('  just  mentioned,  such  (xs  the  antisubmarine 
or  anti.shipping  hunts  conducted  by  carrier  aircraft 
as  the  cnri'i('r  sweeps  through  tlu'  ocean.  Hut  when 
the  princiides  of  this  chapter  an'  understood,  the  de¬ 
sign  and  evaluation  of  such  plans  olTer  little  difficulty. 

Tn  th('  ease  wlu're  the  target  intends  to  reach  a 
point  moving  on  th(!  occ'an  (a  .shij),  convoy,  or  task 
forc('),  the  vt'ctor  iic'ld  is  of  an  ('iitirely  dilb'rent  char- 
aet('r;  the  form  of  sc'arch  used  is  then  called  a  screen. 
It  forms  the  Hul)j('ct  of  Cbai)t('r,s  8  and  9, 

Throughout  the  present  chapter,  the  effi'ct  of  tar- 
K'  't  tlri  peet  on  dc'tection  is  disregarded.  In  the  ca.se, 
of  radar  di'teetion,  for  example,  the  possibility  m.ay 
exi.st  of  securing  a  somewhat  liigher  chance  of  de- 
tc'ction  of  targ('t.«  of  cc'rtain  rc'stricted  vc'Iocity  cla.ssc's 
by  using  spc'cially  .selectc'd  tracks;  but  the  greatly 
addc'd  comjdication  dia-s  not  .appear  to  warrant  their 
consideratiem  hort'. 

7'  HAHHIKR  PATROLS 

GoTi.sIriK'tioii  of  Grossovor  Patrol 

Undt'i'  a  wide  variety  ui  circumstancc'.^i,  tlie  prob¬ 
lem  of  di'b'cting  targets  in  transit  tlirougli  a  channel 
by  im'.'Uis  of  an  olwerver  wliosc'  sja-ed  e  considerably 
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cxcc'ods  tlio  apcori  u  of  tho  tarRot  (c.g.,  an  airborne 
observer  and  slop  tarRot)  ran  l)o  simplified  to  the 
following  matliemuticid  statement,  (liven  a  elmnnol 
bounded  by  two  imrallel  lines  L  mile.s  iii)art  (the 
fine  \’{!rtieal  liiK'.s  of  l‘’igure  1 )  and  given  targete  mov¬ 
ing  tbroiigh  tliis  ehannel  and  parallel  to  it  at  tlic 
fixed  speed  u  (downward  in  Figurt*  1);  how  shall  ob¬ 
servers  fly  from  one  side  of  tlie  eliannel  to  the  other 
and  l)aek,  t'te..,  in  order  to  be  most  efl'ective  in  de¬ 
tecting  tho  targets?  It  is  usually  nec('asary  to  attach 
tlio  flights  to  a  fixed  reference  jivjint  0  from  which 
they  start  or  take  their  direction.  'I'lius  0  may  Ire 
a  conveniently  recognizable  point  at  or  near  the 
narrowest  part  of  tlie  actual  eliannel  (which  will  in 
general  correspond  only  approximately  to  the  mathc- 
matieally  simplified  parallel  channel  shown  in  Figure 
1 ),  0  may  be  a  harbor  or  air  Ivaso,  etc.  It  is  convenient 


TASQET 

velocity 


AB  *00  ■  M 

PiauRB  1.  'J'tio  croHsover  burrior  patrol  designed  to  bo 
tight, 

to  draw  the  line  00'  (dotted  in  P'igurn  1)  across  and 
perpendicular  to  the  channel,  a  purely  mathematical 
referonco  lino  called  the  barrier  line. 

The  reasoning  loading  to  tho  con-struction  of  a 
barrier  patrol  ^vas  based,  historically,  on  the  definite 
range  law  of  detection  (see  Section  2.2;  search  width 
W  —  2Ii'),  Since  it  leads  in  a  natural  manner  to  a 
form  of  jratrol  (the  crossover  barrier  jratrol)  which 
turns  out  to  be  the  optimum  form  from  the  point  of 
view  of  any  not-too-asymmctrical  law  of  detection, 
it  will  be  followed  in  detail  in  this  section,  while  its 
more  realistic  evaluation  will  be  considered  in  Sec¬ 
tion  7.1.2. 


P'or  convenience  of  wording,  the  target  will  bo 
referred  to  as  a  siiip  and  the  observer  as  an  aircraft. 
Wbilc  this  corre.sjionds  to  the  mo.st  important  cose, 
others  will  be  considnrcul  later.  The  .same  mathe¬ 
matical  ideas  apirly  in  all  cases. 

Consider  those  targe^ts  which  at  tho  initial  epoch 
(t  =  0)  are  on  the  barrier  line  00'.  An  observer 
starting  from  0  when  t  —  0  and  wishing  to  fly  over 
these  targets  will  not  succeed  in  doing  .so  if  he  flics 
along  00',  except  in  the  excluded  cn-sc  of  target's  at 
rest  (a  =  0).  He  will  have  to  fly  along  OA,  where  tho 
angle  O'OA  —  a,  called  the  lead  angle,  is  determined 
by  the  requirement  that  the  observer  reach  each 
point  on  Ali  at  the  same  time  that  the  target  which 
was  initially  on  the  point  of  00'  directly  above  it 
readies  that  same  point,  i.e.,  sin  a  =  u/v, 

a  —  sin"'  -  • 

V 

When  the  observer  flies  along  OA,  he  detects  not 
only  the  targets  initially  on  00',  but,  in  virtue  of  tho 
definite  range  assumption,  all  those  within  a  distance 
of  ll''/2  miles  on  either  side  of  00':  the  band  of  wddth 
W  centered  on  OQ'  (Figure  1)  is  swept  clean;  i.e,, 
all  the  targets  which  may  have  Iioon  in  this  band 
wdien  <  =  0  arc  detected. 

The  observer  now  wishes  to  detect,  on  his  return 
flight,  all  those  targets  which  were,  when  f  -  0,  in 
a  second  band.of  width  IF  adjoining  the  first  one  and 
directly  above  it.  This  band  is  centered  on  the  lino 
OiO']  of  Figure  1,  where  OOi  =  O'O'i  =  IF.  The  ob¬ 
server  reaches  A  when 

t  =  ■= _ ^ _ 

V  V  cos  0 

At  this  epoch,  a  target  initially  at  O'l,  IF  miles  above 
O',  will  have  moved  down  to  a  point  A\,  but  continue 
to  be  IF  miles  above  the  j.'oint  A  w'hich  the  target 
initially  at  O'  will  have  reached  by  this  time;  AAi  = 
IF.  This  is  because  if  one  target  is  IF  miles  behind 
another,  and  if  they  both  have  the  same  speed  and 
course,  it  will  always  bo  IF  miles  behind.  Obviously 
if  tlie  observer  were  to  fly  directly  back  to  the  left 
bank  of  tho  channel,  he  would  not  fly  over  the  O'l 
target  (now  at  Ai),  and  hence  not  accomplish  his 
purpose  of  sweeping  the  OiO'i  liand  of  targets.  To  do 
this,  he  must  fly  up  the  right  bank,  until  he  meets 
this  O'l  target  at  a  point  denoted  by  B  and  de¬ 
termined  by  the  condition  that  the  time  taken  for 
the  observer  to  fly  from  A  to  B  equals  the  time  taken 
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for  tlio  target  to  go  from  A  i  to  B,  i.c.,AB/v  =  AJi/u. 
This  equation  togotlior  witli  tlic  fa(!t  that  AB  + 
AiB  =  ir  dcterminoa  tlio  ()/ U7>siwc7)  M  =  AB; 
solving  tlicsc  equations  we  find 


.1/  =  —  ir. 

V  +  u 


(2) 


Tliis  fliglit  takes  hf/v  =  TIV(*’  +  «)  liours,  so  tliat 
the  observer  is  at  B  wlien 


t 


W 

V  +  u 


At  this  epocli,  the  targets,  wliicli  when  (  =  0  oc¬ 
cupied  the  OiO'i  hand,  will  be  in  a  hand  of  width  W 
centered  on  the  line  (not  shown  in  Figure  1)  through 
B  porpondicular  to  the  ehannel.  From  tlion  on  the 
situation  is  precisely  similar  to  what  it  rvas  initially: 
the  observer  will  sweep  this  hand  clean  if  ho  flies  back 
to  the  point  C  of  tlic  left  Irank,  where  the  lend  angle 
of  BC  lias  the  same  value  a  as  before.  And  having 
arrived  at  C,  he  must  make  the  upsweep  Cl)  -  M 
if  he  is  to  detect  on  his  tliird  ero8.sing  the  targets 
whicli  wlion  t  =  0  wore  in  a  third  W  width  band 
adjacent  to  and  above  tiio  OiO'x,  i.c.,  the  band  cen¬ 
tered  on  OjO'g,  Idguro  1 . 

The  time  taken  by  the  target  to  fly  the  basic 
elmenl  OABCD  is  denote:!  i)y  Tn;  the  time  computa¬ 
tions  of  the  preceding  paragraph  show  that 


n 


2Tj  2}^  _ 

\/  Ir  —  It'  V  +  U 


(3) 


bisects  OA  and  BC;  the  flights  if  conlinued  by  the 
same  aircraft  would  repeat  tlicmsolvcs  exactly;  the 
path  OABCD  =  OABCO  would  be  flown  over  and 
over  again,  and  thus  the  barrier  w'ould  remain  sta¬ 
tionary;  tliis  is  called  the  symmetric  crossover  l)arrior 
patrol,  or,  if  one  will,  the  stationary  element  barrier. 

Figure  20,  D  is  above  0;  then  7't  is  greater  than 
To,  and  the  first  crossover  point  X  is  to  the  left  of 
the  center  of  the  channel  or,  in  extreme  eases,  may 
not  occur  at  all  (the  second,  to  the  right,  etc.);  the 
flights  if  continued  by  the  same  aircraft  would  take 
place  farther  and  farther  up  the  channel  and  thus 
lead  to  an  advancing  clement  barrier. 

It  is  to  bo  omplinsized  that  all  three  barriers  may  - 
be  flown  as  stationary  barriers  by  the  device  of  re¬ 
peating  the  elements  by  having  successive  aircraft 


There  is  another  interval  of  time  wliieli  it  is  useful 
to  consider:  the  time  Tf  which  n  target  takes  in 
moving  from  Oi  to  0.  Since  OOj  =  21F  we  have 

=  (4) 

u 

Figure  2  illustrates  tlic  tlirco  po.ssibli:  cases.  They 
are  as  follows: 

Figure  2A.  1)  is  below  O;  tlicn  Tt  is  less  than  Tv 

(since  tlie  Oj  target  and  tlie  observer  reach  1)  simul¬ 
taneously),  and  the  first  crossover  point  X  is  to  tlic 
right  of  the  center  of  the  channel  (tlie  second,  to  the 
left,  etc.);  the  flights  if  continued  by  the  same  aircraft 
would  take  place  farther  and  farther  down  the  ehan¬ 
nel  and  thus  lead  to  a  retreating  element  barrier.  This 
is  the  case  for  which  Figun;  1  has  been  drawn. 

Figure  2H.  1)  coincides  with  ();  then  T,  =  To, 

and  the  point  A"  i.s  at  the  center  of  the  channel  and 


B  THE  SYMMETRIC  BARRIER 


Pioonn  2.  Tlio  tlirco  cases  of  Rros.sover  barrier  patrol. 

start  from  0  at  epoclis  of  T;  .after  one  .nnether: 
While  tlio  elements  themselves  may  retreat  or  ad¬ 
vance,  the  geographical  position  of  the  flights,  and 
lienee  of  the  barrier  as  a  whole,  remains  .stationary. 
This  will  be  ilhi.strated  by  later  exam])lcs. 

'I'lie  advancing  barrier  represents  a  situation  in 
which  more  than  enough  flying  is  available  (assum- 
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ing  tl>o  singlo  iiircrnft’s  ('ndurancr  Hiiflricu'nt  for  tho 
repoatcd  flights)  to  prodiico  tlio  roquiivd  povprago. 
Advantage  eiui  he  taken  of  tliis  eircumstance  to  hy 
only  during  tlu'  favorahle  hours  of  the  t\v(>nty-four, 
in  daylight,  if  the  gn>atest  elianee  of  detection  or 
certainty  of  recognition  is  the  main  dcoideratum,  at 
night  with  radar,  if  the  ('h'lnent  of  surprise  is  more 
important;  etc.  For  after  advancing  the  harrier 
.sufficiently  during  the  favorahle  period,  flights  can 
he  di.seontinued  and  tins  un.swept  waters  (target  posi¬ 
tions)  can  he  allowed  to  come  down  until  their  lower 
houndary  reaches  00'  (Figure  1),  whereupon  tho 
flights  are  recommenced.  To  find  the  time  of  no  pa¬ 
trolling,  one  can  reason  as  follows;  If  one  hasie  ele¬ 
ment  0.4  BCD  i.s  flown,  hut  not  a  seeoiul,  the  central 
axis  of  the  first  unswept  atrip  (the  0/>'.j  strip  of 
t  =  0)  will  require  the  further  timt?  7',  —  7’o  to  reneh 
00' \  if  .V  basic  (>lemcnts  arc;  flown,  the  furtlw'r  tim(^ 
N  {T,  —  7’n)  to  reach  0.  However,  if  the  last  upsweep 
is  not  flown,  it  will  'utre  M/v  =  ir/(i’  +  «)  mt)re 
time,  since  the  aircraft  completes  its  patrol  flights 
that  much  earlier.  Henei'  the  interval  of  time  (afh'r 
the  aircraft  reaches  the  left  hank  for  the  last  time) 
during  which  no  patrol  flights  (as  distinguished  from 
tlu;  return  flight  to  base)  need  he  flown  is  N(Tt  —  Tn) 
+  W/(ii  +  u}.  With  the  aid  of  (3)  and  (1)  we.  obtain 
the  expn'.ssion. 

No  patrolling  period  = 

,  r  _ 2J..  1  _jr  _ 

^  l_!((«-(-  «)  I<  +  1( 

Tho  .symmetric  harrier  repre.sents  a  .situation  in 
which  the  continued  flying  of  the  .singh'  aircraft  is 
exatdly  enough  to  ensure  the,  required  coverage.  It 
ha.s  a  great  advantage  of  simplicity  ovcw  the  a.sym- 
metrica!  ca.ses;  and  the  mc^asun’s  deserihed  later  for 
making  it  a|)plicahle  are  fre.quently  taken. 

'riu!  retreating  harrier  represents  a  situation  in 
whi(;h  a  single  aircraft.,  even  if  its  endurance  would 
permit  it  to  fly  a  large,  numher  of  ha.sic  elements,  is 
insufficient  to  maintain  the  reeiuircd  coverage,  .since 
the  un.swept  area  invades  positions  farther  and  farthci 
down  the  chaniu  l.  Under  the.se,  conditions  its  flight 
has  to  he  suiriflementc.’d  hy  that  of  other  aircraft. 
One  obvious  way  of  doing  this  is  to  have  a  sia-oiul 
aircraft  Icar  e  0  at  the  time  when  the  target  initially 
at  Oi  rr'achc.s  0,  i.c.,  when  t  =  7';  2ir/a.  Thi,s  will 
he  T'l,  -  T,  hours  before  tla^  first  .aircraft  reacht's  D, 
and  still  longcw  before  it  returns  to  thi>  base  ().  'I'he 
second  aircraft  flies  OAHC,  “tc.  But  a  better  jdan  is 


to  hav(>  n  aircraft  fly  .simultaneoutily  abreast  in  a 
line  pcrpcniflicular  to  their  course  and  at  the  distance 
IF  apart.  'I'liis  has  the  effect  of  inerea,sing  the  .search 
width  to  the  value  IF'  =  wTF,  and  thus,  if  n  is  .suffi¬ 
ciently  great,  h-ads  from  a  I'eti'cating  element  harrier 
to  a  .symmetric  or  an  advancing  one.  i.et  us  assimn' 
that  with  one  aircraft  7’,  <  T,,,  i.('.,  tin'  harric-r 
element  is  retreating.  What  is  the  least  numher  ii 
of  aircraft  flying  a.s  deserilied  which  will  give  rise  to 
a  nonretreating  one?  '.Flie  answer  is  found  hy  im- 
po.sing  the  condition  T,  ^  To  and  replacing  7’n  and 
7’,  l.y  their  (expressions  in  (3)  and  (4)  in  which  W 
has  been  replaced  bi/  W  —  nW.  Wo  have 

2ttlF  2L  ,  2nW 

- S  "i - 1 

u  V  e"  -  •  u"  V  +  u 


which  is  tramsformed  algebraically  .so  as  to  give  the 
condition 


V  > 


h  u 
IF /' 


(0) 


Since  n  is  an  integer,  it  is  takcui  a.s  the  lowe.st  integer 
greater  than  or  equal  to  the  expression  on  tho  right, 
which  is  in  general  not  an  integer.  Thus  the  number, 
of  aircraft  is  proportional  to  the  widtli  of  channel 
and  inv(!rsely  proportional  to  tho  .search  width;  and 
when  »  i.s  so  much  greater  than  u  that  the  radical 
can  be  r(!garded  as  unity,  it  is  proportional  to  the 
target's  speed  and  in\’'orH(dy  proportional  to  the  ob¬ 
server’s  speed. 

It  is  remarked  that  wliciii  thi!  width  of  (duinnel  L 
is  not  overwhelmingly  greater  than  the  search  width 
IF,  an  atteni])!  i.s  sotnetimes  made  to  base  the  cross¬ 
over  laitrol  not  on  the  boundary  lines  of  the  channel 
ns  in  Figure  1  hut  on  t'co  lines  parallel  to  them  and 
at  a  di.stanee  11V2  to  the  right  of  the  left-hand 
boundary  and  H72  to  the  left  of  the  right-hand 
boundary,  rc-spectively.  But  all  the  diseii-ssion  and 
formulas  previously  given  apply  to  this  ease,  pro¬ 
vided  L  i.s  re|)laced  throughout  hy  IJ  =  L  —  IF. 
'I'lnis  (())  becomes 


And  we  (k'l'ive  all  the  formula.s  needed  to  eonsiih'r 
the  altered  eli.aniK'l  case  togetlu'r  with  the  case  of  n 
aircraft  abreast,  .simply  by  replacing  IF  hy  /(IF  and 
L  hy  A  —  IF  in  formulas  (2)  and  (.5).  'Plni.s,  the 
length  of  upsw('ep  formula  (2)  hecome.s 
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plan  of  pavalUil 

J.pler.  mi.l.t thus  a  los.  both 

produees  ia  illustrated  in  1-  inures 

ofemeieneyarnl  ellKtiYn  .  trie  object 

3A.  dll.  .K’,  dl>.  3K  I  bc  R  ^ 

loason  eontained  in  operation  of  World 

dee-iaivonesa  in  an  to  set  up  a  barrier 

War  II.  Here,  ^  ^  at  about  12  knots 
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TJIK  SEARCH  FOR  TARGETS  IN  TRANSIT 


ENEMY'S 

COURSE 


8pp(!(I  of  piano  I, '50  knots  l•clinblc  cloiccl.ion  raiiRo  35  miles 

speed  of  sliip  1 1.7-12  knots  line  iiatrolled  000  miles 

plane  separation  52>-<j  miles  (3  plano.s) 

I'lauuB  315,  Inoffectivoiio.ss  of  iiarallol  source  courses  as  barrier  (legs  seimratcd  1,5  l,iiiioN doiec.lion  range), 


ENEMY'S 

COURSE 


3('.  Innl1o<;livciii’s.s  of  |niriillcl  search  courses  as  hiirrier  (direction  of  (light  reversed). 
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ENEMY'S 

COURSE 


»i)ocd  of  plane  IfiO  knots  roliiible  doled  ion  raiiKO  35  miles 

speeti  of  skip  1 1. 7-12  knots  line  piilrnllnd  once  daily  ««)  miles 

PiutittR  30.  Harrier  piil.rol  without  holes. 


speed  of  lilniin  15t)  knots  lelinble  tlelorlion  rniiRG  35  niilo.s 

si>noil  of  ship  11.7-12  knots  line  pulrolled  once  daily  fiOO  miles 

Kiiionn  3K.  I’n-ferrod  tyiie  of  hiinier  patrol. 
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THK  SKAHCH  FOH  TARfJKTS  IN  TRANSIT 


Crossover  Barriero  witli  Any  Law 
of  Deleclion 

Tho  nssumi>tinn  of  n  dofinitc  laiiRo  law  of 
tion,  wliilp  affording  a  convoninnt  Ivasis  for  tlio  con- 
struction  of  barrier  jiatrols,  loads  to  oiu'  fallacious 
conclusion,  namely,  tliat  if  designed  as  in  Section  7. 1 .1 
it  is  absolutely  tight,  providing  a  100  per  cent  ebanee 
of  detecting  the  target;  and,  on  the  other  hand,  if  it 
is  designed  with  a  slight  overestimation  of  the  sc-areh 
width  IK,  it  has  holes,  This  in  turn  may  lead  to  the 
practically  disadvantageous  iiroecHlure  of  exerting 
great  effort  to  busing  the  barriccr  on  a  preconceived 
value  of  If,  believing  that  nothing  short  of  this 
tightness  is  adequate,  while  at  the  same  time  hav¬ 
ing  a  false  sense  of  security  when  this  ideal  is 
achieved.  The  matter  at  i.ssue  is,  in  other  words,  just 
what  it  was  in  Chapter  2,  wlien  tho  importance  of 
considering  various  rnoi'e  realistic  laws  of  detection 
was  slrcsscd.  The  fact  is  that  no  barrier  is  100  per 
cent  tight,  whercius  one  falling  far  short  of  the  ideal 
of  the  cleanly  swept  adjacent  strips  of  Section  7.1.1 
may  have  very  real  value;  it  may  pivnitlie  a  vtiry 
useful  ]irobal)ility  of  detection.  'I'lius  if  a  barrier  de¬ 
tects  on  the  average  ovc'n  one-eiuarter  of  all  targets, 
it  will  make  it  a  very  dangerous  and  costly  proeedurn 
for  the  enemy  to  send  his  shipping  through  the 
channel. 

In  order  to  apply  the  machinery  of  Cliapter  2  to 
these  barrier  patrols,  we  shall  consider  how  tho  flights 
of  Section  7.1.1  aijpear  in  space  relative  to  the  targ<!ts, 
i.e.,  in  a  horizontal  plane  moving  down  the  ehaiinel 
witli  tho  speed  v,  “»-moving  space!,”  as  w<!  shall  .say 
for  brevity.  In  such  a  spac(!,  all  the  targets  are  fixed. 
Thus  the  lines  of  targets  00',  OiO'i,  OjO'j,  etc.,  are 
stationary  horizontal  lines,  maintaining  for  all  values 
of  ( their  po.sitions  as  shown  in  Figure  1  for  1  =  0. 
And  since,  ns  we  have;  seen,  an  observer  flying  the 
basic;  element  OAIiCD  of  tlic  plan  pns.ses  dir(!otly 
over  the  00'  and  O'lOi  targets  in  the  order  of  the.se 
letters,  as  well  as  up  segments  of  the  boundaries  of 
the  eliannel  in  passing  from  the  O'  target  to  the  O'l 
target,  and  from  tlu;  Oi  target  to  tho  0-i  target,  the 
basic  element  flight  will  be;  along  tlie  path  OO'O'iOxih 
of  i<-moving  space,  as  shown  in  Figure  4.  And  ns 
long  as  the  eroH.s()V('r  patrol  is  flown,  more;  and  more 
of  tlu;  horizontal  lines  and  their  connecting  .segments 
of  Figure  4  will  l)e  traversed. 

Fut  tills  is  sim])ly  the  ease  of  detc'etion  of  a 
randomly  iilaeed  stationary  target  l)y  means  of 
pandlel  sweep.s,  the  problem  considered  in  Sc'etion 


2.7.  Tlu;  fact  that  tlu;  distaiiee  between  iiarallel 
tracks  eoiju's  out  as  lb  in  Figure,  4  is  merely  a  eon- 
seque.nee  of  tlu;  a.ssumption  of  the  definite;  range  law 
made  in  vSeetion  7.1.1  above;,  along  with  the  ele.sire;  of 
making  the  harrier  100  per  ee;nt  tiglit.  'I'be;  point  to 
be'  e'mi)basize'el  is  that  the  croKsoivr  harrier  patrol  (lives 
the  best  (li.'ilribution  of  jliahls — unijornilij  spaced  par¬ 
allel  sweeps-,  this  is  why,  in  spite  of  rejecting  one  part 
of  tlu'  assumiitions  upon  wliiejh  its  design  was  base;el 
(definite'  range  law),  tlu;  form  of  patrol  is  still  rey 
gareloel  as  optimum.  Ilut  in  tlio  intere;st  of  flexibility, 
to  provide  ee)ve;rage'  by  parallel  sweeps  when  a  sweep 
spacing  of  S  =  W  cannot  be  u.sed,  one;  must  get 
away  f rom  this  luirticular  vidiio  of  iS, 

Lei  the  sweep  .spaci  ng  S  be  an  arbitrarily  chosen  con¬ 
stant,  one;  e;hose;n  without  necessary  relation  to  IF  or 
any  other  parameter  of  visibility.  Is  it  possible  to 


I''ie)iiui5  4.  Tlic  baiTior  nighls  rolitivo  to  tlu;  targets  (ii- 
iiioviug  .space). 


fly  in  sucii  a  way  that  tho  observer’s  patli  in  u- 
moving  siiacc  bo  of  tlio  form  shown  in  Figure  4,  but 
with 

OOi  =  OiOs  -  0/h  =  •  ■  ■  =  00',  O'lO'a 

^  O'jO',  =  .  .  .  =  5, 

.  (7) 

and  liow  are;  the  flights  to  be  described  in  tlic  geo¬ 
graphical  space  of  Figure  1? 

'I'lie;  answer  is  simple:  Fly  the  same  ei'ossover  paths 
as  in  Section  7. 1. 1,  only  witli  IF  re;i)lae;e;el  throughout 
by  S.  h’eir  the;  relation  between  the  gceigraphical  and 
tlie  relative;  paths  elope;nels  in  no  wise  on  tlu;  fact  that 
S  in  Section  7.1.i  had  the  value  W.  The  horizontal 
hands  ee'ntorcd  on  00',  OiO',,  etc.,  are  now  of  width 
S,  anel  mc'r(;ly  lose  their  me'aning  of  “regions  swept 
ele'an.”  Moreover,  all  the  formulas  of  Section  7.1.1  ap¬ 
ply  te)  the  present  I’a.se',  jirovieleel  II'  is  reiilac;cel 
threnighout  liy  S.  For  eonvenie'iiee;  wo  shall  write 
them  down  in  tlie  new  (ge'ne'.ral)  form  here. 
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Length  of  up.s^vnep  for  one  and  for  n  ol)scrvcrs 
abreast  spaeocl  iS  miles  apart, 


M  =  — ,  iS'  (one  observer) 
r  +  n 

M  =  -  ^  nS  (aolwervors  abreast). 


(8) 


Time  of  flight  of  one  Imsie  element, 
To  = 


-| - (one  observer) 

V  i'“  —  it“  V  +  u 


To 


~  +  -  (n  observers  abroa.st). 


(9) 


!/•’*  —II?  i;  +  u 


Time  taken  for  first  target  (on  left  bank)  not  flown 
over  in  the  flight  of  the  first  basic  element  but  which 
will  be  the  lowest  one  flown  over  in  the  .second  basic, 
element  to  reaeli  0: 


1\  n  .  (one  observer) 

M 

Tt  =  (n  observers  abreast). 


(10) 


Time  of  no  patrolling  after  N  luisic  elements  (the 
last  one  without  upswcei))  are  flown  by  n  observers 
abreast,  from  the  end  of  the  flights  until  tlio  patrol 
fllglits  must  be  resumed  in  order  to  maintain  the 
uniform  coverage  of  sWpci)  spacing  iS'  in  ?/-moving 
space : 

No  patrolling  period 

=  N  _ -^1  +  .  kll) 

L’'  (I'  +  ^0  V f>‘  —  r  +  w  , 


This  assumes  an  advancing  harrier,  an<l  no  account 
is  taken  of  tlie  time  for  the  aircraft  to  return  to  Imsn, 
An  was  seen  in  Hcction  7,1.1  the  barrier  elerhent 
will  bo  of  the  (A)  retreating,  (B)  stationary  (.sym¬ 
metrical),  or  (G)  advancing  ty[)cs,  according  as 
Ti  <  To,  Ti  =  To,  or  7',  >  To  respectively.  Using 
(Kluations  (9)  and  (10)  and  transforming  the  results 
ivlgcliraii  ally,  the  following  criteria  are  (hs'ived  in  the 
ca.sc  of  n  aircraft  flying  in  line  abreast  at  sjj.acing  .S. 


Writing  k  ^ 

the  condition  for 

A.  Retreating  barrier  is 

B.  Stationary  b.arrier  is 
G.  Advancing  barrier  i.s 


n  <  k 
n  =  k 


Jj  u 

V 

L  u 

iS'  V 


n  >  k 


7/  M 

SV 


(12) 


'I'he  metliod  of  (n'aluating  the  iirobnbility  P{S)  of 
detecting  a  particular  target  attcnnpting  to  croas  the 
barrier  is  given  in  Section  2.7,  equation  (4.1)  in  par¬ 
ticular.  Figure  12  of  Ghaptor  2  shows  the  relation 
between  this  probability  and  >S  (although  the  absci.ssa 
i.s  tli(!  sweep  density  “n"  —  \/S)  in  typic.al  cases.  If 
in  particular  an  invense  cul)o  law  of  sighting  is  as¬ 
sumed,  R(.S')  is  given  by  formula  (47)  of  (Ihapter  2 

P(S)  =  erf  (^0.954 

E  being  the  effective  visibility.  In  general,  P(^)  has 
to  be  derivoil  by  approximate  formulas  or  graphical 
methods,  in  connection  with  the  material  .sot  forth 
in  Ghnptcrs  4,  6,  and  fl. 

It  may  bn  remarked  that  if  the  target’s  speed  u 
has  been  overestimated,  the  harrier  flights  will  ap¬ 
pear  indativoly  to  the  target  not  as  the  horizontal 
lines  of  Figure!  .1  but  as  two  sots  of  parallel  linos,  one 
set,  corresponding  to  flights  from  the  left  bank  to 
the  right,  being  tipped  slightly  down  to  the  right, 
the  other  sot,  corresponding  to  flights  in  the  reverse 
direction,  tijrped  down  to  the  loft.  Also,  all  upsweep 
legs  will  bo  a  trifle  shortened.  And  thus  the  flights, 
while  not  giving  ns  regular  a  picture  relative  to  the 
target,  will  give  one  of  more  crowded  paths,  and 
hence  the  chance  of  detection  will  bo  increased.  It 
will,  however,  not  be  ns  great  us  it  would  have  been 
had  the  ,sei»rchcr  planned  his  flights  for  the  correct 
value  of  u. 

If  the  target  is  moving  obliquely  down  the  chan¬ 
nel,  instead  of  exactly  parallel  to  the  banks  ns  we 
have  been  assuming,  the  cITcetivo  value  of  its  speed 
as  far  as  the  tightne.ss  of  the  barrier  is  concerned  is 
its  downward  component.  This  again  tends  to  re¬ 
duce  the  effoctivo  speed,  with  the  result  noted  above. 

Th(;re  arc,  generally  sjjcaking,  two  methods  of  ap¬ 
plying  the  results  derived  here.  First,  the  probability 
P{S),  i.e.,  the  tightness  of  the  barrier,  can  be  given; 
rocpiired  the  number  of  aircraft  needed  to  maintain 
a  patrol  of  a  giv('n  sort  (e.g.,  a  .symmetric  one),  the 
corresimnding  length  of  upsweep  M  (which  deter¬ 
mines  the  basic  element),  etc.  Second,  given  the  num¬ 
ber  of  aircraft  anrl  tyjjc  of  patrol,  find  the  iirobability 
of  detection.  In  the  first  cose,  S  is  derived  from  P{S) 
by  an  equation  like  (13),  nis  determined  by  (12),  e.g., 
(B)  or  (G),  then  M  is  c.alculatcd  from  (8).  In  the 
second  ciisc,  .S’  is  determined  from  (12),  and  then  M 
and  /■’(.S')  from  (8)  and  an  equation  like  (13).  But  there 
are  v.arious  mixed  ea.ses;  the  .situation  is  illustrated 
in  .Sc'ction  7.1.3. 


!)■ 


(13) 
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THR  SRAROH  FOR  TAROKTS  JN  TRANSIT 
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We.  arc  now  in  a  position  to  solve  the  problem, 
foreshadowed  in  Section  7.1.1,  of  the  use  of  an  ad- 
vaneinp:  element  barrier  to  avoid  24-honr  flights.  Sup¬ 
pose  that  for  A  hours  out  of  the  24  it  is  expedient  to 
fly  the  patrol,  whereas  during  li  hours  it  is  inex- 
fK’diont;  /i  might  bn  the  hours  of  darkness  in  en.ses 
where  much  dependence  is  placed  on  visual  detta-- 
tion  or  recognition;  -f-  /i  =  24.  bc^t  us  try  tci  de¬ 
termine  the  number  n  of  aircraft  patrolling  abreast 
and  the  number  N  of  circuits  they  must  patrol  to¬ 
gether  80  that  coverage  at  the  sweep  spacing  iS  iij 
M-moving  spaco  be  maintained  constantly.  For  anj' 
given  N  and  ?i,  the  time  of  no  patrolling  is  given  by 
(11),  while  the  total  patrolling  time  is  NTi,  —  M/v 
(the  —M/v  term,  because  the  last  upsweep  is 
omitted).  The  sum  of  these  two  periods  of  time 
must  equal  24  hours;  u.sing  (8),  (9),  and  (11),  one 
finds  that 

(14) 

''  U 

Now  since  the  permissible  no-patrolling  time  must 
be  at  least  as  groat  as  /J,  (11)  leads  to  the  inequality 


_ 2iaiiS- 

u  (v  +  v) 


+ 


nS 

V  +  u 


S  /?,.  (15) 


PiS)  [by  the  use  of  (13)].  This  lost  involves  some 
trial  and  error;  moreover,  a  value  of  S  which  has 
these  nropertie.s  may  turn  out  to  impose  too  great 
force  rc(]uii'ements,  and  so  one  may  have  to  be  satis¬ 
fied  with  a.somowliat  lower  prolwbility  P{S],  i.o.,  use 
a  larger  <S.  Wlien  the  value  of  S  has  finally  been 
elioseai,  (14)  gives  n  as  a  positive  integer,  and  the 
problem  is  solved.  It  will  hc^  illustrated  in  Section 
7.1.3. 


Practical  Applications 

Tlic  following  examples  arc  illustrative: 

1.  It  is  desired  to  clo.se  a  600-mile  channel  by  a 
barrier  giving  a  90  per  cent  ch.ance  of  detection.  The 
speeds  are  c  =  130  knots  and  w  —  12  kJjiots.  The 
effective  visibility  is  20  miles,  and  cquatijlin  (13)  is 
assumed.''  How  many  aircraft  are  needed  in  order  to 
have  a  symmetric  element  barrier,  ahd  how  should 
tlic  flights  he  si)eeified?  , 

Using  (13),  erf(0.954  X  20/ix)  =  0,9,  and  it  is 
found  from  a  table  of  error  functions  that  crf(1.163) 
=  0.9,  lienee  0.954  X  20,/S  =  1 . 1 63,  so  that  aS  =  16.4. 
Since  the  inequality  (A)  of  (12)  must  not  hold,  the 
number  n  of  aircraft  must  be  the  smallest  integer, 
not  loss  than 


Hy  multiplying  this  througii  liy  N{v  -|-  w),  introduc¬ 
ing  the  quantity  k  of  (12),  and  replacing  vN  by  its 
value  given. .in  (14),  one  derives  the  quadratic  in¬ 
equality 

2Lkm  -  (.4c  -  nu)N  ~  12i(  £  0, 

which  (on  completing  the  square,  etc.)  is  readily 
shown  to  be  equivalent  to  the  following: 

47 +  V^T/-^77(7pTW/.A^J.(16) 

It  is  noticed  that  this  inequality  does  not  involve  S. 
And  now  we  liavc  the  conditions  (14)  and  (16)  in  all 
respects  equivalent  to  (14)  and  (15)  (one  set  is  a 
noce.ssary  and  sufficient  condition  for  the  other): 
Thus  (14)  and  (16)  are  tlic  necessary  and  .sufficient 
conditions  wliich  N  and  n  must  satisfy  to  be  solu¬ 
tions  of  the  problem.  'I’licy  do  not,  liowcver,  fully 
determine  N  and  n.  I'lio  method  for  doing  this  is 
as  follows:  First,  choose  for  N  the  largest  integer 
satisfying  (16).  Second,  choo.se  a  value  for  S  wliich 
on  the  one  liand  makevs  12?//iViS  an  integer,  and  on 
the  other  hand  gives  an  acceptably  high  value  to 


L7I.  Iti  +  u  600  X  12  /T42 

10,4  X  130  VllS 

in  other  words,  four  aircraft  are  necessary.  But  with 
four  aircraft,  ease  (C)  of  (12)  is  in  effect,  not  case  (B) : 
'J'hc  barrier  advances  up  the  ohanncl.  To  have  a 
stationary  one,  the  four  aircraft  may  fly  closer  to- 
getlier  than  S,  by  an  amount  determined  by  solving 
tlie  equation 

,  _  600  X  12  jm 
1305  \118’ 

i.o.,  equation  (12),  case  (B).  We  obtain  5  =  15.16 
miles.  With  this  reduced  spacing,  the  barrier  gains 
in  tightness;  in  fact  the  probability  found  from  (13) 
now  becomes  n  92.5  per  cent  chance — all  to  the  good. 
The  length  of  upsweep  given  by  (8)  is  M  =  55.5 
miles.  Finally,  the  lead  angle  given  by  (1)  iso  =  5°  18'. 
These  quantities  determine  the  fundamental  ele¬ 
ment,  or  rather  elements,  ns  four  congruent  sym¬ 
metrical  cro.ssover  paths  flown  shown  in  Figure  5. 
But  in  determining  force  requirements  it  is.  not 

*Tlie  viihin  of  20  miles  is  too  low  for  .ships  bat  i.s  about  cor¬ 
rect  for  surfiicnd  .submarines. 
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sufficient  to  Imvo  only  tlio  fundamental  (lights  given; 
we  must  find  how  long  tlieir  Hying  takes  and  con¬ 
sider  questions  of  aircraft  endurance.  It  is  found 
from  (9)  (with  n  -  4,  S  -  15.15,  etc.)  that  To  = 
10.  M  hours.  Now  only  a  long-range  patrol  aircraft 
such  as  a  I’RM  or  PH4Y  could  have  an  endurance 


144/iS  =  9  and  P(S)  given  by  (13)  is  a  probability 
of  nearly  91  per  cent.  Then  a  -  9:  nine  aircraft  must 
l)e  flown  spaced  at  10  miles  abreast,  one  flight  only 
being  made  per  day.  The  time  of  patrolling  is  7'n  — 
M/v  (tlie  last  upsweep  being  omitted)  which  has  tho 
value  [given  by  (8)  and  (0)]  of  10)4  hours,  the  re- 


os  •so  •  os  >ia.ia  Ml 

00' >400  Ml 


FiacnB  5.  Symmelrical  barrier  flown  by  four  aircraft,  iibreusl.. 


sufficient  for  this  one  circuit  of  the  fundamental 
element;  It  will  Itave  to  be  capable  of  well  over  10 
hours,  since  time  must  bo  allowed  for  investigation 
of  contacts,  tho  trip  to  and  from  base  (which  may 
not  bo  at  0,  P,  Q,  li)  etc.  And  it  cannot  be  expected 
to  make  more  than  one  circuit.  Thus  a  new  flight 
of  four  fresh  aircraft  must  be  readied  and  waiting 
at  0,  P,  Q,  It  in  order  to  take  up  tiio  flight-s  as  soon 
as  tho  first  sot  return  to  these  points.  Tho  operation 
will  therefore  require  eigiit  aircraft,  assuming  main- 
tehance  to  bo  quick  and  perfect.  Actually,  a  few 
more  should  be  on  hand,  as  well  as  enough  pilots  and 
lookouts  to  ensure  their  being  well  rested  at  the  out¬ 
set  of  every  iiev,'  flight — an  e.ssential  condition  for 
their  efficient  operation,  witliout  wliich  the  effective 
visibility  will  fall  far  short  of  the  assumed  20  mile 
figure. 

2.  Under  the  assumptions  of  the  last  example,  let 
it  be  required  to  fly  a  barrier  of  tlic  advancing  type 
\yith  n  aircraft  abreast  during  tlie  A  =  12  hours  of 
light,  to  be  duscontinued  during  the  B  =  12  houns  of 
darkness.  Applying  tho  method  at  tlie  end  of  Section 
7.1.2,  we  oiitain  from  (Ifi)  tliat  N  ^  1.10,  and  hence 
we  take  =  1.  Next  wc  must  take  an  B  whicli  gives 
\2u/NB  —  144/»S  an  integral  value  and  provides  an 
acceptalilc  proliability  P(.S),  while  at  tiie  same  time 
not  u.sing  an  undue  number  of  aircraft.  We  liavo  .seen 
that  the  value  10.4  gives  a  90  per  cent  chance  of 
iletcction,  and  this  suggests  taking  .S  =  10,  for- whicli 


maining  hours  (including  tho  12of  darkness)  not 
needing  any  patrol.  The  fact  that  tho  two  periods  are 
not  each  equal  to  12  hours  is  of  course  due  to  the 
circumstance  that  since  N  and  n  are  integers,  (l4) 
and  (15)  cannot  be  solved  as  equations  but  rather 
(14)  as  an  equation  and  (15)  as  an  inequality.  The 
operation  thus  requires  about  tho  same  forces  as  in 
the  previous  example.  Which  of  the  two  methods  is 
to  bo  used  depends  on  considerations  of  equipment 
(how  good  the  radar  is  for  search  at  dark,  etc.)  and 
tactics. 

3.  A  channel  300  miles  wide  is  to  be  barred  by  a 
symmetrical  barrier  flown  by  one  aircraft  of  6-hour 
endurance.  How  tight  is  the  liarrier,  and  how  fre¬ 
quently  does  the  aircraft  have  to  be  relieved?  Assume 
again  it  =  12,  c  =  130,  A’  =  20,  and  equation  (13). 

From  equation  (12),  case  (B),  with  n  =  1,  we  obtain 
S  =  kfju/v  =  30.4.  From  equation  (13),  P  =  0.644: 
a  G4.4  per  cunt  chance  of  detection.  Eliminating  S 
from  equations  (9)  and  (12),  c.a.se  (B),  wo  have 


whicli,  in  the  present  case,  gives  T„  =  5.06  hours. 
Evidently  with  an  endurance  of  6  hours,  just  one 
circuit  can  bo  flown,  so  we  shall  require  aliout  five 
flights  a  day,  and  between  two  and  five  aircraft 
available  at  the  very  minimum. 
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7.1.4  Bjirrier  When  Tarfjol  Spood  Is  (lloso. 
to  Olisorvor’s  Spoi'd 

So  far  it  has  boon  assumed  that  (>  ronsitleruhly  nx- 
cpod.".  u;  indeed,  wlien  v  ^  >i.  the  enj.ssover  type  of 
barrier  is  kinematienlly  iiniiossihle.  'I'liis  is  no  oli- 
atacle  wlien  tlie  ob.sorver  is  aiiborne  and  the  tarjtctt 
is  a  8hi|),  but  when  hotli  nbser%’er  and  target  are 
units  of  the  same  type  (botli  ships  or  both  aircraft), 
the  situation  excluded  heretofore  becomes  important. 
Altliough  many  plans  of  barring  a  channel  can  be 
devised  for  this  ease,  attention  will  be  confined  here 
to  the  very  simple  ease  in  which  the  ohserver  moves 
back  and  forth  across  the  channel  on  a  straight  patii 
pertx'ndie.ular  to  its  (twrallel)  hanks:  such  a  patrol 
is  always  ixwsible  and  its  design  evidently  does  not 
involve  the  speed  ratio  u/i>. 

Tliis  baek-aml-forth  barrier  will  he  compared 
with  the  symmetrical  crossover  (wlien  n  <  v),  and 
since  only  a  rough  comparison  is  sought  here,  the 
definite  range  law  will  bo  assumed  (r:inge  =  It  in 
each  case).  A  more  accurate  detection  law  is  not 
likely  to  alter  the  comparison  appreciably. 

1’he  two  fllagrfl.ms  on  Figure  0  show  the.  geographic 
as  well  as  the  relative  tracks  for  the  two  types  of 
patrol. 

In  each  relative  track  a  half  eyclo  has  boon  se¬ 
lected  and  the  area  swept  shadecl.  The  probability 
of  detection  for  each  case  has  licon  taken  ns  the  ratio 
of  the  shaded  area  to  the  total  area  in  the  channel 
between  the  two  dashed  lines  marking  oif  the  half 
cycle.  It  is  (Mjuvi'nient  to  introduce  two  new  vari¬ 
ables  to  describe  the  probability  of  detection,  r  =  v/u 
and  X  =  L/W.  For  the  ease  of  the  crossover  patrol, 
the  probability  of  detection  is  given  by 

Ps. . 

For  the  back-and-forth  patrol  the  probability  P 
of  detection  is  given  by 

fl  -  (x  /A(X-l-l)  _ _ 

=  I  ^  '  for  r  ^  2VX(X-bl) 

4  for  r  >  2\/X(X-fT). 

In  b'igure  7  the  values  of  P  for  the  two  ea.ses  are 
plotted  as  functions  of  r  with  X  kejjt  fixed  for  a  given 
curve.  In  comparing  crossover  patrols  with  back-and- 
forth  patrols,  eui  ves  bearing  the  .same  value  of  X 
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should  bo  compiircd.  "I'lio  solid  ourvc  i)aasos  tlirough  An  (example  will  illustrate',  tho  use  of  tho.  curves, 
the  points  of  intersection  of  the  curves  being  com-  Suppose  a  ship  making  12  knots  is  trying  to  pre¬ 
pared  and  marks  the  boundary  between  the  regions  vent  undetected  pimotration  of  a  barrier  by  a  fi-knot 

t 
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0.2 
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I'  HiciiK  7.  I  lie  conipjU'Al ivc  clTdcCivencss  of  biick-and-forth  and  crossovei'  plans. 
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where  back-and-forth  is  preferable  and  where  cross¬ 
over  i.s  preferal)lo. 

In  order  to  facilitate  tlm  selection  of  the  preferable 
typo  of  patrol,  Figure  8  is  included.  'I'his  curve  shows 
tho  relation  between  X  and  r  for  tlu'  points  of  inter¬ 
section  of  curves  in  Figure  7. 


Fiockk  8.  Keuidiis  of  ellecliveiieHs  of  back-and-furtli 
and  cro.ssovcr  i)lanM. 


submerged  submarine.  Assume  further  that  tho  chan¬ 
nel  being  guarded  is  8  miles  wide  and  that  the  sonar 
scuireh  wirlth  W  is  2  miles.  Then  //  =  7  -  2  =  6, 
X  =  5/2  2.5,  r  =  ]2/()  =  2.  Entering  Figure  8  with 

these  values  for  r  and  X  one  discovers  that  a  cross¬ 
over  patrol  is  preferred. 

CIRCULAR  HARRIERS 

'  GonslutiL  Rndiul  Flux  of  Hostile  Graft 

In  the  case  where  enemy  surface  craft  or  .sub¬ 
marines  are  attempting  to  leave  a  jroint  of  the  ocean, 
sucli  ns  an  tsland  orexirosed  liarbor.and  in  the  ease  in 
which  they  are  attempting  to  approach  such  points 
or  t(r  close  positions  at  which  our  forces  arc  conduct¬ 
ing  landing  operations,  the  vector  velocity  pattern 
is  a  radial  one:  it  is  “centrifugal”  (directed  away  from 
the  central  iioint)  in  the  former  case  and  “centripetal” 
(directed  toward  the  center)  in  the.  latter.  But  in 
each  case  it  can  be  regarded  a.s  constanl  in  limn:  over 
long  ])eriods,  the  den.sity  of  outgoing  or  incoming 
crrd't  i.s  not  {'Xjrectcd  to  vai-y.  This  sets  the  present 
situation  in  strong  contrast  with  that  considered  in 
Section  7.3,  in  which  the  unit  to  he  deteited  is,  to  be 
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surf,  propoeding  radially  away  from  a  point  of  fix, 
hut  in  wliipli  its  likelihood  of  being  at  varioiia  dis¬ 
tances  from  this  point  depends  strongly  upon  the 
time  elapsed  sinee  the  fix.  Corresponding  to  this 
latter  eireumalanee,  the  layout  of  the  .search  provides 
for  a  progressive  variation  of  tin*  .seare.h<*d  positions 
with  lapse  of  time;  the  theory  of  such  plan.s  is  far 
more  complicated  tlian  that  of  the  ones  considereil 
at  present. 

7.3.S  Moving  Toward  a  Coiilral 

Ohjcclivo 

'Phe  typo  of  operation  considered  here  may  he  con¬ 
trasted  with  that  of  protecting  a  convoy  against  suh- 
marine  attack  eonaidered  in  Chapters  8  and  9.  The 
defended  position  is  in  the  present  case  at  rest;  and 
thus  the  submarines  have  no  tracking  problem  and, 
moreover,  can  apiiroacli  at  any  spi'ed  at  which  they 
find  it  .convenient  to  operate,  and  from  any  relative 
benrinijj.  The  defended  position  is  eonaeiiucntly  ex- 
posiid  in  attack  in  any  direction  from  which  it  is  not 
effectively  shielded  by  land  masses  or  shoal  water.  :As 
in  the  case  of  convoy  escort,  the  protection  given  will 
be  of  two  kinds.  Aircraft  will  engage  in  harrier  pa¬ 
trols  outside  distances  within  which  wholly  sub¬ 
merged  approach  is  possible  (more  than  (iO  miles  out 
with  the  submarines  of  VVi.irld  War  II).  An  inter¬ 
mediate  aircraft  screen  may  be  provided  to  pick  up' 
Eiubmarincst  which  may  be  surfaced  at  distances  un¬ 
der  GO  rhiles,  liut  this  screen  will  be  lass  important. 
An  inner  screen  of  surface  sliips  will  patrol  a  barrier 
for  suIanarino.s  (submerged  or  surfaced)  wliich  may 
elude  tlio  aircraft  screen.  Details  of  eacli  screen 
follow. 

It  is  advantageous  to  abandon  the  design  de¬ 
scribed  in  Section  7.1  in  favor  of  aHim()ler  plan.  The 
lead-angle,  a  wliielt  was  a  key  element  of  the  basic 
design  given  in  Section  7.1  is  required  only  because 
of  the  necesaity  to  s(!areh  parallel  strips  of  space 
moving  with  enemy  velocity  a,  patrolling  with  own 
velocity  c,  when  the  direetiim  of  search  was  neces¬ 
sarily  opposed  in  alternating  members  of  each  pair  of 
strips.  If  search  of  adjacent  .strips  is  always  carried 
out  in  tire  saiiu!  direction  there  is  no  ntavl  to  use  a 
load-angle  at  all.  The;  resulting  searelieil  strips  in  «- 
moving  siaice  will  still  be  parallel  but  they  will  be 
inclined  to  the  target  trark  at  an  angle  (90°  — 
tan~'  v/v)  instead  of  at  90  degrees. 

When  the  barrier  is  sed  up  aroiuid  an  oirjective  the 


closed  liarricr  path  m.ay  Ire  made  to  contain  the 
objective,  and  the  lead-angle  n  can  become  zero.  The 
resulting  path  is  a  .simple  circle,  or  more  practically, 
a  square.  Such  a  path  is  much  easier  to  navigate,  or 
to  evaluate,  than  a  .set  of  barriers  sot  up  on  harrier 
lines  which  form  the  sides  of  a  jmlygon. 

The  size  of  the  square  will  usually  he  fletermined 
by  tactical  eonsidorations,  i.e.,  the  distance  at  wdiich 
intcrci:ption  should  beacliicved.  For  example,  against 
submarines  this  may  signify  the  di.stance  within 
which  niiproach  while  wholly  submerged  becomes 
poasil)lo.  'rho  distance  the  target  can  travel  while 
the  searcher  makes  one  circuit,  or  between  swoops 
by  equally  spaced  searchers  on  the  same  square 
track,  becomes  the  track  spacing  S  in  ri-moving 
space.  For  the  simple  ca.se  of  a  circular  track" this  is 

=  (18) 
n  „  V 

wdawe  r  is  tho  radius,  and  n  the  number  of  search 
craft  employed.  Sinee  with  a  given  effective  visibility 
there  is  a  contact  prolmbility  corresponding  to  any 
value  of  iS,  formula  (18)  determines  the  number  of 
searchers  required  to  give  any  desired  tightness. 

For  the  more  practical  case  of  a  square  track  of 
side  h 


This  value  of  corresponds  to  tho  minimum  contact 
probability  since  with  a  square  tho  target  track  will 
not  always  cross  tho  search  track  at  90  degrees. 

There  is  one  important  difference  between  this 
type  of  barrier  and  certain  cases  of  the  cro.s8ovcr 
typo.  S  for  a  given  size  of  square  is  determined  wholly 
l)y  relative  target  movement  and  the  number  of 
equally  spaced  searchers  (S  is  proportional  to  «/ny), 
and  no  explicit  choice  as  to  its  value  determines  the 
.search  path.  In  this  respect  it  is  like  the  continuous 
symmetrical  crossover  patrol.  Thi.s  raises  the  ques¬ 
tion  as  to  how  two  searchers  patrolling  nbr('ast  should 
be  spaced.  If  the  definite  range  law  is  applied,  search 
abreast  at  a  distance  apart  taiiml  to  twice  the  range 
xvould  be  equal  in  effectivemess  to  .search  by  each 
singly,  equally  spaced  on  one  and  tho  same  square 
path.  With  any  other  kind  of  contact  probability 
law  the  corresponding  track  spacing  in  search  abreast 
is  the  value  of  N  whicli  is  found  l)y  using  formula  (19) 
.and  tlic  appropriate;  value  of  n.  It  will  ho  noted  that 
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tliis  is  not  cquivaloiit  to  placing  two  or  morn  aoarcli- 
crs  closely  abreast  on  exactly  the  same  track.  'Plioy 
must  be  either  equally  spnccrl  on  an  identical  track, 
or,  if  abreast,  spaced  at  right  angles  to  that  track 
by  exactly  the  right  amount.  M'hc  effoeta  of  irregulari- 
tie.s  in  si)acing  are,  however,  rathi'r  .small.  It  .should 
be  noted  that  if  the  value  of  S/ii  is  at  all  large,  search 
abreast  on  .square  or  circular  paths  cannot  l)e  car¬ 
ried  out  elTectively  because  of  the  dilTerence  in  the 
length  of  truck  for  each  observer. 

Tt  is  apparent  that  the  maximum  size  of  square  is 
fixed  by  (a)  the  endurance  of  the  searcher  (endur¬ 
ance  >  4h)  and  by  (b)  the  numb(\r  of  sc'nrchers  con¬ 
tinuously  available.  When  surface  <-rnft  arc  em¬ 
ployed  against  underwater  targets  it  is  very  desir¬ 
able  that  two  or  more  patrol  nbreast.  Since  a  large 
number  will  bo  required  to  cover  a  square  of  any 
size,  it  will  bo  more  practical  to  employ  small  groups 
(three  to  six)  in  crossover  patrols  on  barrier  linns 
which  form  a  polygon  with  a  convenient  number  of 
sides,  rather  than  have  them  all  patrol  a  single  large 
square. 

Air  Patrols  A^aiaiiisl  Incoming 
Suhmarinos 

Detailed  application  of  the  foregoing  considera¬ 
tions  to  a  particular  situation  depends  mainly  on  tin; 
range  of  detection  to  ho  expected  from  the  radar  gear 
installed  on  tlio  aircraft.  This  will  determine  the  in¬ 
terval  at  which  aircraft  patrol  on  the  basic  .square 
track.  'Jfhc  longer  the  radar  range  tlie  fewer  aircraft 
need  bo  employed,  and  the  ('asier  it  will  lx;  to  navi¬ 
gate  along  the  track.  With  S-band  or  X-i)and  radar, 
navigation  will  he  made  very  easy  by  the  constant 
presence  on  the  screen  of  check  points  on  the  island. 

The  distance  from  tlie  position  being  protected 
from  submarines  at  which  tlie  patrol  track  will  be 
placed  will  be  the  estimated  submerged  run  of  .sub¬ 
marines  (not  over  70  miles)  plus  the  effective  vLs- 
ibility  for  the  radar  u.scd,  as  given  in  (’liaptcr  5.  With 
ASn  raihir  u.scd  on  patrol  planes  in  World  War  II 
this  will  result  in  flying  a  sciuarc  with  Icg-s  of  about 
180  miles  to  each  side,  V/itli  PBM  aircraft  the  com¬ 
plete  circuit  of  the  square  will  then  require  0  hours. 
Two  comph'to  circuits  can  bo  marie  by  each  sortie 
in  12  lioucs.  Hnfercnee  to  formula  (19)  and  .standard 
tables  of  effective  visibilities  shows  that  only  two 
120-knot  aircraft  need  jiatroi  at  one  time  equally 
spaced  in  order  to  give  a  fiO  per  cent  cbance  of  con¬ 


tact  witli  a  1.5-knot  surfaced  submarine.  Four  air¬ 
craft  will  give  a  probability  of  nontaet  of  77  per  cent 
and  .six  aircraft  will  give  a  prnbabilit}'  of  contact  of 
alwut  00  per  cent.  With  the  older  and  Irvss  effective 
.'\SB  rari.ar  (E  —  8  miles),  however,  six  1.50  knot  air¬ 
craft  patrolling  a  .stiuare  with  1.50  mile  .sides  will  only 
give  a  probability  of  contact  of  70  per  cent,  and  ('ac.h 
sortie,  will  bo  limitr-d  to  a  single  circuit  (four  houns). 
Thus  18  TRF  sorties  give  less  protection  than  four 
PBM  .sortic-s. 

Con.sidoration  of  th(!so  figures  leads  to  the  con¬ 
clusion  that  PBM  aircraft  should  be  used  whore 
available.  A  single  squodron  can  probably  offer  six 
.aircraft  a  liay,  at  least  for  a  limited  period.  Theso 
can  b(!  divided  Ijctwccn  four  by  night  and  two  by 
day,  to  give  a  nearly  uniform  probability  of  contact 
of  about  77  per  cent,  if  due  account  is  taken  of  tho 
added  possilnlity  of  sighting  submarines  visually  in 
the  daytime  and  the  need  to  maximize  the  defensive 
value  of  the  patrol.  The  probabilities  given  are  ap¬ 
plicable  to  certain  type.s  of  .lapaneso  submarines  of 
World  War  II. 

The  force  niquiroinonts  can  be  reduced  by  pa¬ 
trolling  smaller  squares,  b>it  it  is  questionable  wlicth  ir 
this  expedient  should  be  employed.  There  is  no  gain 
in  security  if  wo  give  up  tho  outer  screen  in  order  to 
patrol  waters  through  which  submarines  are  likcily  to 
transit  largely  or  entirely  while  submerged.  Screen¬ 
ing  operations  within  fifty  miles  of  the  hnaeb  are 
largely  tho  responsibility  of  surface  craft,  except  at 
night.  Where  additional  forces  are  available,  such  as 
short  range  carricr-biiscd  aircraft,  they  may  well  be 
employed  in  patrolling  an  additional  smaller  square. 
This  is  particularly  important  at  night  when  tho  sur¬ 
face  screen  nmy  become  loss  tight,  owing  to  tlic 
pos.sil)ility  tliut  tlie  submarine  may  surface,  and  thqs 
make  liiglior  .sjx’cds.  Patrol  of  a  .square  only  .50  miles 
from  the  l)cach  by  only  three  TBF  aircraft,  even  at 
night,  give.s  an  8U  per  cent  probability  of  contacting 
any  surfaced  sul)mnrincs  which  may  slip  by  an  outer 
screen  of  four  PBM’s.  This  raises  tho  overall  prob¬ 
ability  of  contact  at  night  to  over  95  per  cent. 

When  the  land  mass  involved  is  unsymmetrical 
and  only  one  dimension  is  larger  than  20  miles  (:i 
long,  thin  island),  tlie  square  patrol  may  still  be  the 
.simide.st  and  most  efficient  method  of  setting  up  the 
antisulimarino  liarrier,  when  the  landing  operation 
lining  (lefendofl  is  made  at  or  near  one  end  of  tho 
island,  even  though  a  small  part  of  the  flying  is  over 
laml.  When  all  dimensions  are  large  a  barrier  p.atrol 
or  a  combination  of  barrier  jxitrols  of  the  lamiliar 
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crossover  type  will  Ite  sc't  uj)  at.  tlic  npimiiiriate  dis- 
taneo  from  o>ir  forecw,  along  the  const. 

’  -  ‘  Surface  Palral  Against  lacoining 
Suhniariuca 

Surface  ernft  on  iniK'r  screens  are  a.s.signe(l  the 
responsibility  of  catching  submerged  .sul)niarine.s 
whieii  may  hnvo  eluded  the  outer  aircraft  serium. 
This  screen  will  be  placed  outside  torix'do  range,  but 
not  so  far  outside  es  to  r('(iuirc  cxe('S.sive  patrol  craft 
or  as  to  thin  out  the  tightness  of  the  .screen.  Unleas 
the  patrol  lino  has  other  than  antisubmarine  func¬ 
tions,  it  is  tlicrefore  unlikely  that  it  will  h(>  .set  up  to 
surround  an  entire  island,  and  tiie  barrier  patrol  will 
be  composed  of  straight  line  segnumts  ea(0i  of  whinh 
follow  an  appropriate  design  based  on  an  obvious 
application  of  the  principles  made  familiar  in  earlier 
pai'ts  of  this  hook. 

In  all  cases,  ev(m  wIkui  the  .size  of  the  i.slaiuL  per¬ 
mits  i)atrolling  all  tin;  way  around  it,  it  is  v('ry  im¬ 
portant  to  di.stril)ute  the  forces  availahlc  so  as  to 
sweep  as  witlo  a  swatli  ns  p().ssihlc.,  rather  than  to  have 
single  .ships  or  pairs  of  ships  patrolling  in  column,  or 
in  short  segments  of  the  patrol  lino.  'I'he  .suhmarino 
can  easily  evade  one  or  two  shiiis;  in  addition,  when 
ships  patrol  a  very  short  segment  there  is  the  serious 
difficulty  of  continual  interfercuiee  by  own  wakes. 
At  lca.st  throe  ships,  and  preferably  four  to  .six  ships, 
should  always  patrol  abreast.  Under  normal  sound 
conditions,  and  using  plans  of  this  type*,  a  group  of 
four  ships  patrolling  abreast  can  hold  a  very  tight 
line  almost  40  miles  long.  Witli  tlie  forces  normally 
assigned  to  such  operations,  a  liiu;  200  miles  long  is 
easily  maintained.  The  roquircal  jratrol  line  is  msunlly 
loss  than  100  miles  long,  and  ten  to  twelve  ships  dis¬ 
tributed  between  two  or  three  groups  should  bo  more 
than  sufliciimt.  Additional  forces  usually  available 
niny  lie,  used  to  strengtluui  tliis  lino  still  further  or  to 
set  up  additional  screens  at  other  di.stiinecs. 

7.2. r,  pytrol  AgaiiKsL  ('iOiiLriCiigiil  ^’argots 

The  general  considerations  conccu'iiing  the  (drcular 
(or  square)  barriers,  as  'veil  as  the  elo.ser  biirrier.s 
under  certain  (dreunistfin('('s,  .set  forth  in  Sections 

7.2.2,  7. 2. .3,  and  7.2.4,  almve  iii)ply  in  an  obvious 
manner  to  tlie  ea.se  of  targets  seeking  to  leave,  the 
central  point.  No  further  di.seu.ssion  is  recpiired  here. 


7''  SMAIICII  AROUT  A  POINT  OP  FIX 
Tim  Cit'.imral  Qim.sl.i()ii 

WHien  an  object  of  .search  on  the  ocean,  such  ns  a 
surface  craft  nr  downed  airplane  life  rgit,  hn.s  had  its 
appro.vimate  position  diselo,s(>d  to  a  searcher  at  a 
certain  time',  tlu?  .searrlier  has  the  proldem  of  di.s- 
posing  its  subseciuent  searching  effort  (which  is  al¬ 
ways  limited)  in  such  a  manner  as  to  maximize  its 
ehance,  of  detecting  the,  object,  .subject,  of  course,  to 
the  practical  restrictions  of  navigation.  The  informa¬ 
tion  regarding  the  object's  approximate  position  may 
l)c  derived  from  a  DF  fix,  the  report  of  a  chance  ob¬ 
servation,  by  indin'ct  inference,  or,  in  the  case  of  the 
life  raft,  from  a  radio  communication  from  the  air¬ 
craft  about  t'!  crnsli.  The  point  at  whicli  this  informa¬ 
tion  locates  tht!  target  is  called  the  poinf-  of  fix  and 
the  time  for  which  the  information  is  given,  the  time 
affix.  It  is  assumed  that  tlie  searcher  is  airborne,  and 
thus  ha,s  a  coiiisidorablc  speed  advantage  over  the 
target. 

If  the  fix  w'ore  a  perfectly  accurate  one  and  the 
target  wore  at  rest  or  moving  in  a  known  manner,  the 
searcher’s  task  would  ho  .simiile.  He  would  proceed  to 
the  point  of  fix  in  the  former  case,  and  would  search 
the  locus  of  points  to  which  the  -targot,  initially  at 
tlic  point  of  fix,  could  ho  assumed  to  have  moved 
riuring  the  intervening  time  in  the  latter  case.  But 
amdi  accuracy  of  fix  is  seldom  if  ever  obtained:  Only 
a  probability  distribution  of  target  positions  at  the 
time  of  fix  is  aotu.ally  given.  This  distribution  will 
have  its  great’st  density  at  the  point  of  fix  and  fall 
continuously  to  zt'i’o  at  a  distance.  In  an  important 
group  of  cases,  this  distribution  can  be  regarded  as 
symmetrical  about  tlie  point  of  fix  and  can  indeed 
bn  taken  with  satisfactory  iiccuracy  ns  a  circular 
normal  one, 

/(.r.,v)  =  f{r)  =  (20) 

wliero  f{x,]i)tix(iii  is  tlie  probability  that  the  target 
at  the  time  of  fix  be  in  tlie  small  region  dxdy  at  the 
point  (a:,;/)  at  the  distance  r  from  tlic  origin  O  (which 
is  at  the  point  of  fix)  and  where  a  is  the  standard 
deviation. 

It  .should  be  remarked  that  UF  fixes  usually  do  not 
give  rise  to  circular  distributions,  but  under  certain 
conditions  the  distributions  to  whicli  they  lead  are  of 
this  character. 

'J’wo  en.se.s  are  con.sidered  in  this  chapter.  In  the 


CONFIDUNTIAL 


SKAROH  ABOUT  A  POINT  OF  FIX 


111 


first,  tlic  tiU'not’s  motion  is  nonligilili',  so  tluit  it  can 
be  rognrclcti  ns  at  rest;  ccumtion  (20)  gives  its  dis¬ 
tribution  at  all  subscciucnt  times.  In  the  second,  tlic 
target's  .speed  is  known  but  its  direetion  i.s  not  l)ut 
is  assumed  to  be  uniformly  di.strihuted  in  angle 
throughout  the  full  circle;  the  di.stribntion  after  the 
lapse  of  tim(' t  after  the  fix  has  alreatly  been  derived 
in  C'hapter  1 ,  equation  (10).  The  solution  in  the  second 
ea.se  will  be  derived  more  or  less  dircctlj'  from  the 
first.  It  is  to  the  second  ease  that  the  mathematical 
schema  of  the  centrifugal  vector  field  mentioned  at 
the.  beginning  of  this  chapter  applies  exactly,  hut  in 
contrast  to  the  oases  of  Section  7.2,  tlu;  density  of 
targets  is  not  constant,  but  after  being  humped  up 
about  the  center  spreads  its('lf  out  into  a  thick  ring 
cut  normally  by  the  vectors,  witli  the  lapse  of  time;. 

Square  Search  for  a  Stationary  Target 

in  this  case,  as  wc  liave  seem,  equation  (20)  givc-s 
the  prolmbility  density  of  the  distribution  of  the 
target  for  all  later  tlmo.  If  tiiO  total  searclua-'s  track 
length  during  the  search  is  L  miles  and  his  .search- 
width  IF,  then  the  quantity  of  searching  effort  as  it 
has  been  defined  in  Chapter  3  is  T  =  IFL.  The 
problem  of  so  disposing  a  continuous  spread  of 
searching  (ilTort  of  total  amount  tliat  the  proh- 
al)ility  of  detection  is  maximum  has  hcon  .solved  in 
Section  3.4.  Hut  liore  wc  are  confronted  by  tlu!  prac¬ 
tical  problem  of  d(!.signing  actual  navigable  (lights 
which  will  maximize  the  prohaliility  of  dete(d,ion. 

The  type  of  flight  which  it  is  expcalicnt  to  use 
consists  of  a  set  of  '‘expanding  square”  (lights  of  the 
sort  shown  in  Figure  9.  Afttu'  passing  over  the  point 
of  fix  0  to  a  iioint  S  miles  beyond  0,  the  aircraft 
turns  through  a  riglit  angle  (e.g.,  to  the  right),  and 
after  N  miles  it  turns  again  througli  a  right  anglo  in 
the  same  direction,  continuing  2i.S  more  miles  before 
turning  a  third  time;  after  flying  2S  mihw  it  turn.s 
again,  and  continues  in  this  manner,  always  keeping 
adjacent  parallel  tracks  jS  miles  airart.  After  a  certain 
liUiiiiJi:!'  of  u'g.s  iiAvx.  l/\  <:ii  ili7V.'ji,  tiieie  ve.sults  an  ap¬ 
proximately  Sv'iuarc  (igun?  cove.red  by  equally  .spaced 
lines,  the  space;  bet\'r(;en  tliem  being  the.  awe(;p  .spac¬ 
ing  <S.  Rucli  a  figure  will  be  called  a“.s(iuar(;  of  uniform 
coverage.”  The  und(;rlying  .scheme  of  the  S('arch  is  to 
fly  a  sucr'('s.sion  of  .sujx’rimposed  squares  of  uniform 
coverage,  each  cent(;r(;d  at  0,  .and  of  .successively 
large;  dim(;nsions.  This  will  furnish  a  practicable 
meanr  of  approximating  to  tlu;  tlicoretically  optimum 


continuous  distribution  of  searching  effort  derived  in 
Chapter  3. 

The  first  problem  is  to  (lot'Tmino  a  dc.sirahlc  value 
of  th('  sweep  si)acing  S,  up  to  now  left  arbitrary.  The 
point  of  view  adopted  lierc  is  that  .S'  .should  be  so 
chosen  that  on  the  initial  square  the  probairility  of 
detection  per  unit  time  shall  be  a  maximum  (during 
the  important  part  of  tlu;  search,  i.c.,  the  beginning). 
Clearly  such  an  S  will,  for  a  given  law  of  detection, 
he  a  function  of  the  parameters  of  detection  and  of 
the  standard  deviation  of  tlie  distribution  a.  In  the 


case  of  the  inverse  cube  law'  of  detection,  S  w’ill  be  a 
function  of  li  and  ir.  Since  it  can  he  shown  that  S 
will  not  bo  sensitive  to  the  law’  of  detection,  it  is 
IHU’missible  to  assume  a  convenient  one.  Wc  shall  as¬ 
sume  the  invcr.se  cube  huv,  in  which,  as  was  seen  in 
Cliaptcr  2  [equation.s  (20)  and  (4())], 


w’hcro  p{x)  is  the  probability  of  detection  of  a  target 
of  lateral  range  x  from  a  straight  aircraft  track. 

Consider  the  distribution  (20)  of  targets  before  any 
flights  are  made.  The  [irobability  of  the  target  lying 
on  the  strip  parallel  to  tlu;  y  axi.s  biitwecn  x  and 
X  +  dx  is  found  (by  summing  probabilities)  to  be 
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dx 


•  I  fix,u)fiy  ■= 

*/  — « 


rV2i 


e-''Wrfj.  (21) 


Tlio  grnpli  of  tlio  difTorontial  oooffirionfc  against  x  is 
the  familiar  normal  law  curve,  reaching  its  maximum 
at  tlie  origin.  Now  suppose  that  an  indefinite  straight 
flight  is  made  along  the  y  axi.s  and  has  failed  to 
detect  the  target;  in  the  light  of  this  additional 
knowledge,  the  distribution  of  targets  is  altered,  and 
the  differential  eooffieient  in  (21)  no  longer  repre¬ 
sents  the  lateral  density  of  targets  [i.o.,  the  prob¬ 
ability  in  the  {x,  x  •+■  dx)  strip).  To  find  tbe  new 
density,  the  use  of  Bayes’  theorem  is  ealled  for  (see 
Section  1.6,  footnote  c).  The  "a  priori  ])robability" 
of  the  target's  being  in  the  (.t,  x  +  dx)  atrip  is  given 
by  (21);  the  “productive  probability’’  of  the  event 
(viz.,  of  not  detecting  the  target  on  the  sweep  through 
0)  is 

1  —  «(:r)  =  exp  ^  —  0.092 

and  hence  the  “a  posteriori  probability”  density  of 
probability  of  the  target's  beiiig  in  the  (x,  x  -f  dx) 
strip  is  proportional  to  the  product 


exp 


x~ 


Q.mi<r-\ 

-r'  V’ 


(22) 


infinite  parallel  eciuispacc’d  sweep.s,  the  sweep-spacing 
S  would  be  taken  (upial  to  h  if  the  chance  of  early 
contact  is  to  be  maximized,  The  sfinare  search  of 
Figure  9,  whili!  not  exactly  of  f.hi.s  type,  is  n(!ar 
enoiigli  so  that  an  obvious  choi(S!  of  .S'  is  to  give  it  - 
the  same  value  1);  aerxirdingly,  wf^  sliall  use  hence¬ 
forth  the  sw(!np  spacing 


,S'  =  0,7.')V'fiV.  (23) 


Beturning  to  the  square  of  uniform  coverage,  it  is 
seen  that  the  threc-cireuit  flight  path  of  Figure  9  can 
be  inscribed  in  a  square  of  side  2  X  SN.  More  gen¬ 
erally,  an  N-eireiiit  flight  of  this  sort  can  be  Inscribed 
in  a  square  of  side  2iVS.  The  total  length  of  tract 
from  0  to  P  is  found  (as  an  arithtn(!tie  progression) 
to  be  L  =  2iS  X  2N  (2N  -|-  l)/2.  Hence  the  average 
density  of  searching  effort  (the  4>  of  Section  3.3)  is 
IF/v/area,  or 


]VS 


2N(2N  +  I) 

{2Nsy  ■ 


which  is  approximately  Ih/S,  the  value  to  be  adopted 
hero. 

Consider  now  a  sequciiice  of  n  square.?  of  uniform 
coverage  centered  at  (J  and  of  half-side  s*  (4  =  1,2, 
•  •  •,  /*))  "'Imre 


which  has  its  maxima  at  .-r  =  ±0.(15  VAV;  it  is  no 
longer  humped  at  the  origin  hut  presents  double 
humping  with  an  intervening  depression  at  the  origin. 

Where  must  a  second  indefinite,  sweep  parallel  to 
the  y  axis  be  made  if  it  is  to  acliieve  the  greatest 
prolml-dlity  of  detecting  the  targeff  .Since  the  dis¬ 
tribution  obtained  above  is  skewed,  the  distance  D 
between  the  first  and  tlin  second  track  should-  be 
slightly  greater  than  the  distance  0.05  V lix  out  to 
the  maximum  of  tlio  now  dlstriliution.  To  find  it 
precisely,  wo  compute  the  [irobability  of  detection  by 
multiplying  the  expression  (22)  with  pix  —  D)  and 
integrating  over  all  positive  x.  It  appears  at  once  that 
in  order  to  maximize  this  probability,  D  must  make 
the  function 

I  exp 

t/O 

a  minimurii.  By  trial,  it  is  found,  in  asing  numeri¬ 
cal  intonation,  that  the  aiiproximnte  value  of  D  is 
0,7.6v/AV. 

Cllearly,  if  tlie  snareliing  were  dune  by  means  of 


.r=  -  DAmh?  Q.m2I'P  . 

2x‘  x' 


0  <  .S|  <  .12  <  .13  <  •  •  •  <  .1,,. 

If  (x,y)  is  a  point  in  somo  of  tlu«e.  squares,  let  us 
say  in  those  of  side  .i,,,  +  i ,  +  2)  •  •  • .  s«i  then  the 

moan  density  of  soarcliing  elTort  performed  by  these 
squares  is  (n  —  w)  If/i.'?.  Tims  tlie  flights  gii'c  rise 
to  a  si'iiruliing  effort  function  z  =  0*  ix,y),  the  graph 
of  whicli  (in  xyz  space)  is  of  the  forjii  of  a  tapered 
Iioap  of  square  slabs  of  thickness  W/S.  piled 
upon  one  another  and  centered  on  the  z  axis.  The 
total  volume,  of  this  pile,  fjit*(x,y)dxdy,- must  equal 
the  total  schrcliing  effort  =  WZ.;  tlms  Wc  must  have 

fl 

■1  E  .it’  =  NL.  (2-1) 

A-l 

It  i.s  by  means  of  tliio  function  (t>*(x,y)  that  wo  must 
approximate  tlie  solution  <t>{.r,y)  obtained  in  Section 
.3.4  of  Cluiiiler  3.  Tliere  it  was  shown  that,  outside  tlie 
circle  of  radiii.s  n  given  by  • 

n'  =  4a='^  (2.5) 

TT 

(l>{x,y)  is  zero,  whil(>  within  this  circle,  it  is  given  by 
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=  <l>{r)  = 

Tlio  Rrapli  of  z  =  <t>(x,!/)  is  llius  a  paraboloid  having 
the  z  axis  as  axis  of  revolution,  rutting  tho.  xy  plane 
in  the  above  circle,  beyond  which  tlie  paraboloid  is 
rei)laced  by  tlio  xy  jdiuie. 

Thus,  graphically  put,  our  prohlom  is  to  determine 
the  quantities  a,  si,  •  •  •,  s,,,  subject  to  (24),  so  that 
the  piled  slab  solid  shall  apjlroximatO  the  parab¬ 
oloidal  one.  Tlio  heights  of  the  two  solids  being 
nlf/iS  and  a^/2a^  respectively,  n  is  determined  by 
equating  them, 


Since  n  must  he  an  integer,  (27)  means  that  it  must 
be  taken  as  the  nearest  integer  to  tho  right-hand 
member.  To  find  av,  consider  the  spaoe  between  the 
two  horizontal  pianos  z  =  a^/2a^  —  (A-  —  l)Hy'Snnd 
■s  «  nV2<r‘‘  -  k\V/&\  they  contain  the  A;th  slab  of 
the  piled  slab  solid,  and  hence  cut  from  it  the  volume 
and  they  cut  from  the  paraboloid  a  volume 
of  revolution  readily  found  by  integration  to  be 
7r(2A-  -  1)  ff*irV<S“.  On  equating  the  two  volumes, 
we  obtain 

«**  =  J  ■  '-y- (2A  -  1),  A  =  l,2,.--,  n.  (28) 

Thus  the  volumes  ,(Of  the  piled  slab  solid  and  the 
paraboloidal  solid  fire  equal  [and  lienee  (24)  is  auto¬ 
matically  satisfied,  since  it  expressea  the  required 
equality  of  this  volume  with  $  =  IFA,  a  roc|Uircmcnt 
met  by  the  paraboloidal  volume,  according  to  Sec¬ 
tion  3.4.],  and  the  two  solids  agree  in  position  about 
as  closely  as  possible. 

The  number  and  dimensions  of  the  squares  of  uni¬ 
form  coverage  arc  determined  by  eciuatipns  (27)  and 
■  (28) ;  but  except  for  the  fact  that  they  am  all  centered 
at  0,  their  positions  (relative  orientation)  have  been 
left  arbitrary.  We  now  lay  down  the  following  rule: 
The  second  square  shonld  he  tipped  so  that  its  side 
makes  degrees  with  the  Hide  of  the  first,  the  third 
should  similarly  he  at  45  degrees  vrith  the  second  {and 
thus  be  parallel  to  the  first)  and,  in  general,  the  {k  -{■  1) 
should  be  at  4ii  degrees  with  the  kth  [and  parallel  to 
the  {k  —  i)]. 

Tlio  justification  of  this  rule  is  twofold: 

First,  a  greater  randomization  of  flights  is  achieved ; 
i.e.,  there  is  le.ss  danger  of  p.s.ssing  over  the  same  path 
twice  in  succession,  witli  re.sulting  lo.ss  of  efficiency. 


The  situation  in  this  regard  is  illustrated  by  tho 
following  considerations.  Navigational  errors  will  not 
he  apt' to  permit  the  second  search  to  be  flown  along 
the  optimum  tract  which  is  approximately  nvidway 
between  and  parallel  to  the  logs  of  the  first;  .search. 
If  p{S)  i.s  the  probability  of  detection  witli  .sweep 
spacing  iS’,  then  the  probability  of  detection  with  two 
searches  when  the  oiitimum  track  on  the  second 
search  is  attainetl  is  p(S/2).  However,  if  tiie  second 
search  duplicates  the  first  search,  tlie  probability  of 
iletcction  with  two  searches  is  p(S/\/2),  (assuming 
tlic  inverse  cube  law).  If  the  legs  of  the  second  search 
arc  inclined  to  those  of  the  first  search,  so  that  tho 
probabilities  of  detection  on  tho  two  searches  may 
bo  considered  as  independent,  tho  probability  of  de¬ 
tection  witli  two  searches  is  1  —  [1  —  p(i.S)]“.  In  gen¬ 
eral  this  latter  probability  will  be  slightly  less  than 
p (S/2)  but  considerably  greater  than  p(S/\/2).  For 
example,  using  the  inverse  cube  law  with  E/S  =  0.1, 
wo  have 

piS/2)  =  0.212, 
p{s/V2)  =  0.161, 

1  -  [1  -  p(S)]>  =  0.203. 

Thus,. there  seems  to  bo  more  to  gain  than  to  lose  by 
inclining  the  legs  of  tho  second  search  to  those  of  tho 
first  search. , 

Second  and  more  important,  the  (A  -f-  1)  square 
flown  according'to  this  rule  will  sweep  a  maximum  of 
important  unswajit  water:  consider  the  situation 
after  one  square  of  uniform  coverage  has  lioen  flown 
without  resulting  in  detection;  the  area  which  it  is 
most  important  to  sweep  is  the  part  of  tlio  circle 
circumscribing  the  late  square  but  outside  the  latter. 
With  the  next  square  tilted  at  45  degrees,  a  maximum 
of  this  area  is  covered.  Moreover,  with  the  tilted 
sepmre  the  region  of  overlapping  of  two  successive 
squares  is  least. 

It  remains  to  evaluate  the  probability  P*  of  de¬ 
tection  by  the  square  search  described  herein,  and  to 
compare  it  with  tho  probability  P  for  the  idenlized 
search  of  Section  3.4.  It  is  sliown  that  a  loivcr  value 
of  P*  is  given  by 

P*»  =  (]  _  - 1), 

(29) 

while  P  is  given  by 

F  =  1  -  (^1  -1- (30) 
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These  two  functions  are  plotted  in  Figure  10  for 
various  values  of  n;  the  P**  curves  arc  in  solid  lino 
and  the  P  curves  arc  dotted.  'I'hc  P*  curves  lie  be¬ 
tween  these  curves. 

Evidently,  P*  will  be  loss  than  the  probal)ility  P 
for  the  idealized  search,  since  P  is  the  maximum 


tribution  before  the  squares  are  tilted,  i.e.,  when  they 
arc  all  imrailel,  and  let  P**  bi!  the  probability  of  de¬ 
tection  with  this  distribution  of  effort  under  the  as¬ 
sumptions  of  01ini)tcr  3.  Then  P*  will  bo  greater 
than  J^**,  for  reasons  alr(>ady  given  above.  By 
formula  (8)  of  Chaiitcn-  3,  the  probability  that  the 


Kkuiub  10.  Probability  of  (Icloc.lion. 


probability  wliicli  can  bo  obtained  with  the  given 
amount  of  searching  (provided  the  assumptions  of 
Chapter  3  are  made),,. 

Using  the  target  distribution  as  given  in  formula 
(2U)  and  the  density  of  searching  effort  ns  given  in 
formula  (20),  the  probability  P  of  detection  for  the 
idealized  case  is  obtained  from  formula  (15)  of  Chap¬ 
ter  3  as  follows: 

P  =  J*!* (1  -  f(x,y)(lx(ly, 

A 

==  r 2ffr  c-’-V2»’  (1  -  dr 

.  1  -  (i 

Using  formula  (27),  P  may,  bo  written  in  tbc  form  of 
equation  (30). 

The  direct  computation  of  P*  is  difficult  because 
each  square  is  tilted  45  degrees  to  the  preceding 
square  and  cacli  square,  except  the  first,  is  mit  in¬ 
cluded  coiviiiletcly  in  the  following  .square.  To  ob¬ 
tain  a  lower  limit  to  P*,  consider  the  square  dis- 


targot  will  bo  in  the  square  bounded  by  a:  =  ±Si, 
y  -=  ±  Si,  and  will  be  detected  liy  the  n  coverages 
of  f;lie  square,  is 


P,  = 


=  (1  -  e-'"'’''«)  erf* 


Similarly,  the  probability  that  the  target  will  be  in¬ 
side  the  square  bounded  by  x  =  ±  St,  y  =  ±  s*  but 
outside  the  square  bounded  by.i;  =  ±  ,,j/  =  ±8a_i 

and  will  be  detected  by  tbc  n  -  ^  -f-  1  coverages 
of  this  area,  is 


Pk  =  (1  -  c-(«  -  *  +  l)tl7S)^( 

Thus,  P**  i.s  given  by 


erf* 


t\/2 


—  erf* 


aV2j 


P**=i,P>c  =  (l-c-»'/''*)e-'»vs2]e‘KV.Serf*  A- 

*■  =■  1  t  - 1 

Using  formula  (28),  P**  may  be  written  in  the  form 
of  c(]uation  (29). 
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Retiring  Square  Searcli  for  a  Moving 
Target  * 

Tlio  Paso  linro  considorod  is  that  in  whioli  the 
initial  distribution  at  tlio  time  of  fix  is  givon  by 
equation  (20),  but  with  the  target  moving  with  an 
estimated  constiint  spocid  u  in  a  random  direetion. 
Tins  is  the  second  ease  mentiont'd  in  Section  7.2  and 
corresijonds  with  what  can  lx?  expeeied  to  occur  wlmn 
thn  fix  lias  been  made  on  a  moving  target  (direction 
unknown)  by  a  method  of  olisorvation  whieli  has  not 
imparted  information  to  the  target  and  tluis  in¬ 
fluenced  its  motion.  The  problem  of  finding  the  dis¬ 
tribution  at  the  later  time  was  solved  in  Section  1.6, 
whore  it  was  found  that  the  probability  density /(r,/.) 
at  a  point  r  miles  from  the  point  of  fix  and  t  hours 
after  the  time  of  fix  is  given  by  the  equation 

(31) 

The  function  /(r,<)  has  boon  plotted  for  various 
value?  of  t  as  a  function  of  r  in  Figure  1 7  of  Chapter  1 . 
(These  curves  are  cross  sections  of  the  distribution 
surfaces  in  a  v<u'tieal  plane  through  the  point  of  fix.) 
It  will  bo  seen  that  wlion  id  is  at  least  as  groat  as  Sc, 
the  distribution  has  its  nraSimum  at  approximately 
r  =  vL  Moreover,  the  shape  of  the  curve  for  the 
large  values  of  (  is  approximately  the  same  as  the 
shape  of  the  curve  of  the  initial  distribution.  Tlu'so 
statements  can  l;e  vorific!d  by  using  the  asymptotic 
apijroximation 

for  large  values  of  x.  The  asymptotic  approximation 
for  /(?',<)  then  becomes 

g_(r  w  i,/)>/2,« 

/(’  2-uir  ’ 

for  largo  values  of  ■idr/a‘‘.  When  r  is  close  to  tlie 
a]iproximation  becomes 

f- (r  -  I 

f(r,t)  ^ - r-^ ,  — t  large,  r  -  id  close  to  zero. 

The  statements  concerning  the  curves  lieeome  ap¬ 
parent  from  this  latter  approximation. 

From  the  .stati  inents  made  in  the  last  paragi'apli 
and  the  re.sults  of  the  iii'ceeding  section  we  c-an  con¬ 


struct  a  seareh  for  large  values  of  the  time  T  which 
has  elapsed  from  the  time  of  fix  to  the  initiation  of 
the  search.  In  order  to  olrtain  the.  maximum  prob¬ 
ability  of  detection  per  unit  time,  tlie  first  circuit 
shouh'l  iin  flown  on  the  peak  of  the.  di.strihution  (tlio 
pc'ak  is  circular — it  is  the  top  of  a  ring);  tlio  second 
circuit  a  di.stanee  ns  given  in  equation  (23)  insidn 
or  outside — say  outside — the  peak;  tlie  third,  a 
distance  S  inside  the  nonk;  tlie  feurt!),  a  distance  25 
outside  the  peak;  etc.  Since  tlio  peak  of  the  distribu- 
tioh  moves  out  approximately  at  the  speed  of  the 
target,  thn  ideal  track  on  each  circuit  is  an  equian¬ 
gular  or  logaritlimio  spiral. 

Wo  shall  approximate  each  circuit  by  four  logs 
with  90-degroo  turns,  ps  shown  in  Figure  11.  Lot 


1-6 


V  +  11. 

m  - - 

V  —  u 

If  wc  were  to  makers  =  mit,  the  fiftli  leg  would  du])- 
lieutc  tlio  first  leg  in  space  relative  to  the  target.  To 


the  lengths  of  the  legs  be  Li,  L2,  L3,  ote,,  .and  lot  the 
corresponding  distances  of  tlie  legs  from  the  point  of 
fix  he  n,  ri,  rs,  etc.  The  time  required  for  the  air¬ 
craft  to  fly  fr.om  A  to  71  is  (ra  -|-  ri)/y,  whereas  the 
time  required  for  the  target  to  move  from  distance 
I’l  to  diistanoc  I'a  from  the  point  of  fix  is  (ra  —  I'O/ii. 
The  aircraft  will  just  keep  up  witli  the  target  if  these 
times  are  equal.  In  this  way  wc  find  tliat 

ra  =  mri,  ’3  =  wi'a,  7-4  =  dd's, 

whore 
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make  tlic  fifth  3og  lie  S  miles  outside  the  first  log  in 
relative  space,  Vve  must  determine  rj  so  that 


from  which  we  find 


=  ml■^  +  a, 


Coe.tinuing  in  tins  way,  wc  obtain 


mvi 

mra 

mVi  +  a 


>'a  =  mra  -  2n 
J'ln  =  mra 
rn  “  mr,o 
ria  ■=  fnr„ 

)'ia  =  mrii  H-  3a,  etc. 


1.  What  is  the  lower  limit  Ti  of  T  for  winch  the 
search  plan  for  large  values  of  T  may  lie  used  with¬ 
out  any  es.sontial  decrease  in  the  iirohability  of  de¬ 
tection  for  a  given  amount  f)f  .searching? 

2.  For  T  less  than  7’,,  wliat  modifications  of  the 
above  plan  for  large  values  of  T  will  give  an  cs.sential 
iiuireose  in  the  probability? 

The  curves  of  Figure  17  of  dhapter  I  do  not 
an.“'.ver  these  questions.  It  is  seen  that  wlicn  i  is  less 
than  tr/u  the  distribution  does  not  differ  much  from 
tlic  initial  distribution.  However,  there  is  a  very 
rapid  change  in  the  distribution  as  I  increases  from 
ff/jt  to  2(t/u.  For  t  greater  than  2o-/w  the  distribution 
has  its  maximum  at  approximately  r  =  xit  and  moves 
outward  nt  the  speed  of  the  target.  This  transition 
prjriod  between  an  essentially  stationary  distribution 
and  a  distribution  moving  at  the  speed  of  the  target 
makes  tho  problem  difficult. 

The  following  derivation  of  equation  (31)  sug¬ 
gests  a  method  of  handling  the  problem.  In  terms  of 


A  first  approximation  to  ri  is  xiT,  However,  the  ap¬ 
proximation  to  tlie  spiral  by  straight  legs  requires 
that  ri  bo  slightly  less  than  this  value.  Equating  tho 
average  distance  of  the  aircraft  to  the  average  dis¬ 
tance  of  tho  peak  of  tho  clistrihution  from  the  point 
of  fix,  the  average  being  with  respect  to  time  spent 
by  the  aircraft  on  a  leg  of  tho  plan,  wc  obtain 

r,  =  ().9(f7’. 

Since  any  changes  of  course  of  tho  target  will  reduce 
the  outward  component  of  its  velocity  and  since?  tla? 
second  circuit  is  to  be  flown  outside  the;  first  circuit, 
wc  shall  reduce  fi  still  further  and  take 

n  =  0.8u7^.  (34) 

Using  equation  (33)  and  the  obvious  relations  be¬ 
tween  the  lengtlus  of  the  legs  and  their  distances  from 
0,  we  have 


L\  =  w/'i 

Li  =■  mJji  4-  r\ 

La  =  mLi 
La  ~  xnLa  +  n 
La  —  xxiLa 
La  —  mLh  4*  fi 


La  =  mLa 

La  =  mLi  —  2a 

La  =  in  La 

L,a  =  'xnLa  —  2(1 

L\i  =  inL\u 

/.«  =  w/Aii  -f  3a,  etc. 


wliere  r,  and  a  arc  given  by  equations  (32)  and  (34). 

The  above  searcli  plan  lias  been  devised  for  large 
values  of  T.  For  small  valuo.s  of  T  two  questions 


I'’iaunK  12.  The  coordinate  system  for  retiring  soaroh, 

the  rectangular  coordinates  ix,xj)  shown  in  Figure  12 
the  initial  distribution  is 


If  the  target  were  known  to  travel  at  speed  xi  in  the 
direction  9,  the  distribution  at  time  t  would  be 

F(x,xj',f,d)  =  (,-X/2c(\U  -  K?  i-na  «)'  +  (.7  -  <!/ »in . 

in  otlicr  words,  distribution  (20)  witli  a  simjtle  change, 
of  origin  (tran.slat.ion).  If,  on  the  otlior  iiand,  the 
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target  motion  is  random  in  dirciction,  tlio  distribu¬ 
tion  at  time  t  is 

=  --£  l''{.r,ii-,l,0)!W 

_  ^  n  -  W  -K  ii’/l /2»’  L.  I  —  n)  An 

27r<7=  27rJ„ 

wiiore  |  f  and  tan  a  -=  f//a\  Using  B  -  a 

as  a  new  variable  of  integration  and  noting  that  the 
integral  of  a  functiem  of  eos  8  from  —  a  to  2ir  —  a 
is  equal  to  the  integral  of  the  same  function  from  0 
to  2t,  wc  obtain  tlui  distril)Ution  given  in  oqi;a:tion 
(31). 

For  a  given  scnrcli  plan  and  an  assumed  law  of  de- 
toution,  wo  can  apply  tlio  al)ovc  metliod  to  find  the 
soarchod  distribution  at  any  time  t.  We  first  find 
tlic  effect  of  tlic  scarcliing  upon  tlm  diatrilmtion 
function  F(x,y;t,d)  and  tlicn  average  with  respect  to 
6.  To  approximate  tliis  process,  clioosc  a  small  num¬ 
ber  of  equally  spaced  directions  8  from  0  to  2ir,  the 
number  depending  upon  the  degree  of  approxima¬ 
tion  desired.  For  each  8  write  on  coordinate  paper 
numbers  proportional  to  the  initial  distribution  and 
think  of  this  distribution  as  moving  in  the  direction  6, 
Then  lay  out  i,ho  search  plan  relative  to  this  flistri- 
bution  up  to  the  time  at  which  the  distribution  is 
to  be  examined.  From  the  nsaumed  law  of  detection, 
multiply  the  distribution  numbers  by  the  probability 
tliat  tlio  target  will  not  bo  detected,  taking  into  ac¬ 
count  the  numlier  of  logs  on  wliicii  detection  may 
occur  and  tlio  distances  from  these  legs.  I'lic  result 
will  represent  the  searched  distribution  for  a  given  8. 
The  average  distribution  then  can  be  obtained  by 
averaging  the  numbers  repicsenting  the  searched 
distributions  for  each  position  relative  to  the  jroint 
of  fix  and  a  given  dinsition  of  reference. 

In  applying  the  above  method  it  was  assumed  that 
four  directions  would  give  sufficient  accuracy.  A 
check  was  run  by  computing  a  distribution  with  four 
directions  and  with  eight  directions.  It  was  found 
that  the  two  di.stril)utions  did  not  dilTor  very  much. 
Using  a  number  uf  values  for  I  and  »S,  search  plans 
were  laid  out  and  tested  ns  follows:  The  first  circuit 
was  decided  upon  from  the  curves  of  Idguro  17, 
Chapter  1.  Thereafter,  each  circuit  was  determined 
by  examining  the  distribution  at  the  end  of  the 
previous  circuit.  I'he  following  results  were  ob- 

j  _ 1 

UOrliXUAi. 

1.  If  T  >  j-./a,  the  original  [)lan  for  large  values  of 
T  i.s  nearly  ojjtimum. 


2.  If  T  <  ff/a,  the  plan  for  large  values  of  T  is 
fairly  good  and  may  be  used  if  the  additional  com¬ 
plication  of  another  plan  is  not  acceptable.  However, 
an  appreciable  imiJiovement  can  be  obtained  by 
slight  modifications.  Lay  out  tlin  plan  ns  in  Figure 
11  with 


Ij\  —  mvi 

Jj^  “  Vllji  -|-  Cl 

L-i  =  wLs 
L.\  =  mb  a  -f-  (ii 
ba  “  viFji 
ba  =  wbj  -f-  fli 


by  —  niba 
bg  —  Vlfjy  “L  Oa 

bu  =  mb* 
bio  “  aibo  -f-  Oa 

bn  =  labin 

bi3  =  niLii  -t-  «,a,  etc. 


and  determini!  Vu  Oi,  ai>,  etc.,  ns  follows: 


S 

m=  +  l’ 


(36) 

Mil 


oi  =  02  =  ■  ‘  “  Oi  -  vS/v  ~  ti,n*  + 1  “  -  (b  +  2)oi, 

A*  +  2  ==  -h  (k  +  3)«i,  0*  .|. ;)  =  -  {k  -f  4)01,  etc.,  whore 
k  is  the  po.sitivc  integer  nearest  2ut/F.  Here,  ri  has 
been  chosen  so  that  b|  and  ba  .are  .separated  by  a 
distance.  S.  This  scheme  seemed  to  be  the  boat  pos¬ 
sible  for  tiic  firiit  circuit.  Thu  succeeding  circuits 
then  are  flown  outside  this  circuit  until  the  point  is 
reached  at  wliich  it  is  more  profitable  to  search  on 
the  inside  of  tlioMiistriliution.  In  case  T  is  so  small 
that  2uT  <  S,  a  slight  improvement  can  he  obtained 
by  decreasing  0]  by  10  or  20  per  cent. 

In  the  case  of  this  section  it  is  n.ssumed  .that  the 
target  speed  u  is  known  exactly.  The  question  natu¬ 
rally  arises  ns  to  liow  much  the  ptobubility  of  de¬ 
tection  is  alTccted  by  an  error  Au  .in  e8,i;imating  w. 
From  the  asymptotic  approximation  to /(?-,/)  for  large 
values  of  (  it  is  seen  that  thp  distribution  func¬ 
tion  will  bo  multiplied  aiiproximatoly  by  the  fUctor 
exp  (  — /*AnV2o-“).  Tliis  is  a  very  rough  estimate  of 
the  factor  by  which  the  probability  of  detection  will 
be  tTii)It.i[)Iied,  Thus,  if  tAu  is  small  compared  with  a, 
the  probability  of  detection  is  not  affected  very  mucli. 

The  effect  of  n  spend  distribution  upon  the  target 
distribution  can  iic  obtained  in  tlic  usual  way.  Lot 
g(n)  1)0  tlie  probability  density  in  si)eod.  Then 


=  1 


and  the  target  distribution  at  time  t  is 


•  /(r,0ff»- 


It  i;-j  evident  from  the  way  in  whicli  u  i.s  involved  in 
/(?•,<)  that  this  integral  will  l)e  difficult  to  compute  for 
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Kiouhh  13.  Distribution  curves  for  two  iLssumnd  ilistri- 
butious  of  turnet  speed.  A;  nssumed  speed  ii  ooly.  H:  .speed 
of  u, 0.9,11, 1.211  wil.li  speed  V  times  us  likely  ns  0.8«  or  i.2H. 

any  continuous  function  {i{u)  which  represents  a 
reasonable  speed  distribution.  Consequently,  the  dis¬ 


tribution  curve  WM  plotted  from  the  curves  of 
Figure  1 7,  Chapter  1  for  particular  values  of  t  using 
the  speed  distribution  function 

g(H)  =  0.2fl  for  u  -  fl.Stt 
=  0.50  for  u  =  u 
=  0.25  for  it  =  1.2)7 

where  u  is  the  assumed  speed.  This  curve  for  t  = 
5a/u  and  the  corresponding  ourve  of  Figure  17, 
Clmpter  1,  are  shown  in  Figure  13.  The  new  dis¬ 
tribution  curve  has  a  smaller  maximum  value  than 
the  original  distribution  and  is  spread  out  more. 
However,  tlie  difference  between  tlio  two  distribu¬ 
tions  is  not  sufficient  to  justify  any  changes  in  the 
search  plans. 
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«'  iNTRom'ir.TroN 

WHKN  A  KORMATION  of  sliips,  Huch  AS  11  morplmnt 

convoy  or  task  force  in  transit,  is  passing  tlirough 
waters  in  wliich  iiostile  submarines  may  be  present, 
the  danger  can  be  greatly  diminished  by  providing 
for  the  detection  and  attack  of  submerged  submarines 
wliich  are  closing  to  its  vicinity.  With  present  equip¬ 
ment,  submerged  submarines  can  only  be  detected  at 
sufficient  range  by  hydrophone  or  echo  ranging  and 
can  be  located  with  sufficient  accuracy  only  by  echo 
ranging.  This  detection  must  occur  as  far  ns  possible 
from  the  convoy,  both  for  its  safety  against  tor-, 
pedocs  (whose  ranges  may  e.veeed  those  of  sonar  de¬ 
tection]  and  to  facilitate  attacks  on  detected  sub¬ 
marines.  Consequently,  it  is  necessary  that  tlie  sonar 
equipment  be  carried  on  highly  maneuverable  and 
armed  naval  units  of  a  rclativc-ly  expendable  nature, 
such  ns  destroyers  or  destroyer  escorts,  which  arc  to 
be  appropriately  stationed  at  a  suitable  distance  from 
the  convoy.  Such  a  disposition  of  units  is  called  a 
sonar  screm.  It  has  the  dual  function  of  detection  and 
subsequent  attack. 

TQHPKDO  DANGER  ZONKS  AND 
HITTING  PROHAlJIblTIKS 

In  designing  antisubmarine  screens,  it  is  essentia! 
to  determine  what  the  areas  are  from  which  the  sub¬ 
marine  has  a  good  chance  of  scoring  a  torpedo  hit 
upon  one  of  the  units  which  it  is  proposed  to  screen. 
Speaking  loosely,  the  torpedo  danger  zone  about  an 
individual  .ship  or  group  of  ships  is  the  region 
(tliought  of  iw  moving  along  with  the  ships,  i.c.,  it 
is  fixed  relative  to  them)  within  which  n  torpedo  must 
he  fired  if  it  is  to  have  any  clmnce  of  scoring  a  hit. 
The  shape  and  size  of  the  zone  will  of  course  depend 
on  the  speed  and  type  of  the  torpedo,  ns  well  as  the 
speed  and  disposition  of  the  ships.  Siicnking  more 
preci.scly,  there  is  a  danger  zone  for  each  giuen  proh- 
ahilily  F.  It  is  the  area  from  which  the  torpedo  must 
be  fired  in  order  to  have  a  chance  not  le.ss  limn  P 
of  scoring  a  hit.  It  i«  bounded  by  a  closed  curve  con¬ 
taining  the  sliips,  which  is  the  locu.-i  of  points  from 
which  the  torpedo  must  be  fired  in  order  to  have  the 


given  probability  P  of  hitting.  Such  curves,  one  for 
each  value  of  P,  arc'  the  loved  linos  of  the  probability 
function  p{r,6)  and  have  as  equation 

p{yfi)  =  P, 

'I'ho  probability  function  p{r,B)  is  the  value  of  the 
probability  of  scoring  a  hit  by  a  torpedo  fired  from 
the  point  of  polar  coordinates  {rfi)  with  respect  to 
tl'ic  reference  point  in  the  formation  of  screened  ships 
(and  in  space  moving  along  with  them). 

It  becomes,  therefore,  our  first  object  to  evaluate 
this  function  pirfi).  The  present  section  is  devoted 
to  the  description  of  various  methods  for  doing  this. 

The  primary  factor  involved  in  the  determination 
of  the  enemy’s  chance  of  success  p{r,e)  is  the  type  of 
weapon  which  he  uses.  If  the  lethal  coverage  of  the 
weapon  is  high,  the  overall  chance  of  success  is  cor¬ 
respondingly  great.  Consider,  for  example,  three 
types  of  torpedo.  The  first  runs  at  a  60-foot  depth 
and  explodes  after  a  given  length  of  run;  the  second 
at  5  feet  and  explodes  on  contact;  the  third  at  6  feet, 
exploding  on  contact,  but  provided  with  a  homing 
device  such  that  whenever  it  passes  within  500  yards 
of  a  ship  it  will  home  onto  it  and  score  a  lilt.  It  is 
obvious  that  the  first  will  have  a  rather  small  lethal 
coverage,  since  only  a  ship  in  a  particular  point  will 
b(!  alTcctcd  by  the  explosion,  'i'ho  coverage  of  the 
second  is  greater  because  any  ship  along  the  entire 
run  of  the  torpedo  may  bo  hit.  The  homing  feature 
of  the  third  will  give  it  by  far  the  greatest  coverage 
because  the  ships  need  only  be  within  600  yards  of 
tlic  torpedo  track  for  a  liit  to  be  scored.  These  cases 
can  be  demonstrated  qualitatively  by  a  diagram  like 
that  of  Figure  1.  The  areas  are  shown  for  a  torpedo 
l^rocceding  at  right  angles  to  the  ships.  The  areas 
shown  have  the  property  that  any  ship  whose  center 
lies  in  tlie  area  will  be  hit  by  the  torpedo.  For  case 
(1)  the  area  covered  is  slightly  larger  than  the  plan 
view  of  the  sliip,  since  a  torpedo  exploding  up  to 
al)out  ten  yards  away  might  sink  the  ship. 

Lethal  coverage  alone  does  not  determine  the 
enemy’s  elianee  of  a  hit.  His  firing  errors  must  be 
taken  into  account,  and  if  his  errors  are  so  great 
th.at  there  is  only  a  small  jirobability  that  the  target 
lie  in  the  lethal  area,  ids  chance  is  correspondingly 
small.  For  any  given  accuracy,  however,  the  weapon 
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witli  tlio  largc'i'  lotlial  (‘()V(!i‘ag(!  will  ho  tlio  more'  of- 
fcotivc. 

Tho  foivgoing  discussion  ai)i)lics  only  to  a  .single 
target.  When  fired  o.t  a  convoy  or  groui)  of  .ships,  the 
torpedo  will  be  succc.s.sful  if  it  hits  any  nicinlicr  of 
the  group,  i.c,,  if  any  of  tliem  lies  in  its  hdhal  .area. 
In  general,  the  torjiedo  will  aetually  lx;  lin'd  at  a  ])ar- 

CASE  t 

FIKED  EXPLOSION 

[]  f^SHlP 

CASE  2 

CONTACT  TORPEDO 

I  1 

l< - - MAX  TORPEDO  RUN - *| 

CASE  3 

HOMING  TORPEDO 


I'ldimH  1.  ra)thal  covornKo  for  various  torpcdoc.s. 


ticular  ship,  hut  it  may  miss  that  ship  and  hit  another 
one  purely  hy  chaiiee.  For  long-range  torpedoes  firorl 
at  largo  convoys,  tho  ehanee  of  aueh  an  event  may 
be  quite  considerable.  In  such  a  case  a  torpialo  may 
well  bo  fired  as  a  “browning  shot”  from  a  fair  dis¬ 
tance,  aimed  at  the  convoy  ns  a  whole  on  the  chance 
of  a  ranrlom  hit.  lleenuse  of  the  importance  of  brown¬ 
ing  shots  with  large,  closely  sjraccul  convoy.s,  the 
probability  of  securing  a  liit  on  a  merchant  convoy 
is  quite  different  from  that  on  a  single  ship,  ’i'he 
following  discussion  will  deal  with  tla;  ea.se  of  the 
large  convoy,  d'he  prohalality  of  hitting  a  .single  ship 
will  be  di.seusHCfl  in  detail  (in  connection  with  the 
case  of  tlie  task  force)  later  in  this  chapter. 


Till-:  PROBABILITY  OF  SCORING  A  HIT 
ON  A  CONVOY  WITH  A  SINGLl-:  T0HPI500 

While!  it  has  been  the  general  in-acticc  to  lire  tor¬ 
pedoes  in  .salvo,  the  probability  that  a  .salvo  of  a 


given  number  of  torpedoes  will  hit,  or  sink  or  damage 
to  a  givfui  cxti'iit,  a  ship  in  the  convoy,  depends  on 
thr  nyiilinliilihi  nf  scori >>'1  ii  hit  with  a  sinale  torpcdii. 
It  depends  also,  of  course,  on  the  assumed  law  of 
damage  produced  hy  a  given  number  of  hits  (the 
damag(!  Ix'ing  diHercnt,  e.g.,  for  merchantmen  and 
for  Iiattleships).  'I'lie  onc'-torpedo  iirobability  be- 
eonu's,  therefore,  th(!  fundamental  (|uantity  to  bo 
found  as  a  preliminary  to  any  study  of  the  prob¬ 
ability  of  damage  to  convoys. 

In  this  section,  .several  methods  of  estimating  this 
irrobability  of  a  single  torpedo  hit  will  be  described. 
The  data  from  which  such  computations  start  are, 
firstly,  tlic  structure  of  the  convoy;  secondly,  the 
position  of  the  firing  point;  tliirdly,  the  velocities  of 
the  units  involved.  And  since  the,  computation  must 
bo  repeated  for  a  large  number  of  firing  positions,  an 
es8(!ntinl  requirement  is  simplicity  and  speed  of  com¬ 
putation. 

Till!  first  method  is  purely  graphical  and  involves 
no  comjaitational  difficulties  beyond  mere  counting. 
We  draw  the  convoy  to  .scale  with  each  ship  of  proper 
size  and  position.  Radiating  from  the  firing  point,  wo 
draw  a  set  of  straight  torpedo  paths  in  convoy  space, 
so  chosen  as  to  bo  siiaced  in  angle  with  an  angular 
density  corresponding  to  the  diispersion  or  error 
which  it  is  intended  to  a.s.sumo,  If,  for  instance, 
twenty  torpedo  paths  an!  to  bn  drawn  and  the  angu¬ 
lar  distribution  is  eon,sid(:re(l  normal  (Gaassian),  tliey 
would  be  drawn  at  angles  which  divide  tlie  normal 
curve  into  equal  areas,  n.s  shown  in  Figure  2. 


l-'iiiunK  2.  'I'orpcdo  fii'inK  errors. 

Thus  we  (!onaider  each  track  drawn  as  liaving  a 
probability  of  1/20  tliat  a  torpedo  aimed  at  angle 
=  0  will  actually  run  along  it.  By  superimposing  the 
torpedo  diagram  on  the  convoy  and  counting  the 
number  of  toriiedo  paths  that  Idt  ships,  we  can  esti¬ 
mate  th(!  chance  of  a  hit.  In  tho  example  .shown  in 
Figure  II.  .six  out  of  20  scor<!  hits  ,so  that  the  jirob- 
ability  of  a  iiiu  from  that  firing  point  is  ,10  per  cent. 

In  deciding  on  the  prolrability  of  a  bit  from  an)' 
jiarticular  pc'int,  howewer,  it  is  neee.s.sary  to  pick  out 
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pick  out  tlic  l)C8t  shot  by  cyo  after  a  little  cxpcrionco, 
but  sometimes  botli  possibilities  must  be  counted. 

This  method  is  extremely  simple  and  direct,  but 
it  has  a  number  of  disadvantages.  In  the  first  place, 
it  involves  careful  drawing  and  positioning  of  the 
diagrams.  A  great  deal  of  in,si)ection  of  diagrams  is 
required.  Since  only  a  rather  small  number  of  tor¬ 
pedo  paths  can  be  drawn  conveniently,  the  values  arc 
only  accurate  to  the  nearest  5  per  cent,  and  may  show 
considerable  fluctuations  for  very  small  changes  in 
firing  position  or  aiming  angle.  In  addition  the  esti¬ 
mated  probability  shows  humiw  and  valleys  due  to 
the  screening  elfect  of  a  regular  arrangement  of  ships. 
From  certain  angles  om;  sliip  hides  a  number  liehind 
it,  while  from  slightly  tlilTc'i'ent  ones  all  are  pr<>sented 
as  targets.  The  arrangement  of  shiirs  in  any  aidual 


convoy  is  not  orderly  enough  to  show  such  an  effect, 
.so  that  such  variations  must  be  smoothed  out  more  or 
less  arbitrarily  in  arriving  at  a  final  result  such  os 
that  shown  in  Figure  4. 


I''ii:eiiB  4,  Typical  probability  of  hit  coiitoura. 
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The  ohoirc  of  torpedo  firing  error  funotion  depends 
on  torpedo  nnd  predictor  chnrnctoristirs  and  firing 
doetrinos;  it  will  not  be  discussed  here,  ft  should  be 
pointed  out,  however,  that  this  error  depends  in 
general  on  the  track  angle'  of  the  torpeulo,  the  angular 
error  iioing  small  from  alu'ad,  large?  from  astern.  The? 
length  of  to'i'iieslei  [xitli  in  e'e)nve)y  space  is  idso  vari¬ 
able — leeng  from  aheael,  slie)rt  freim  astern.  When  the? 
convoy  fired  at  is  large',  tlie  variation  in  firing  error 
is  not  very  important  anel  can  be  ne?glected  quite 
satisfactorily,  but  the  variation  in  track  length  must 
be  taken  into  account,  ns  shown  in  Figure  5.  (Figure 


DISTANCE  SHIP  TRAVELS 
OURINO  TORPEDO  RUN 


LOCUS  OF  EXTREME 
TORPEDO  RANOE 

FieJUBE  fi.  Torpeelo  track  length  in  convoy  space. 


3  confeu'ins  to  this  requiromont.)  Since  the  chnne?e  of 
a  random  hit  on  n  ship  not  aimed  at  contributes  a 
considerable?  part  to  the  total  hitting  probability, 
the  variation  of  the  error  in  aiming  is  relatively  un¬ 
important,  This  contribution  depends  on  track  length 
but  not  on  aiming  error. 

An  obvious  e-xtension  of  this  simple  e'ounting 
method  can  bo  used  to  re?eluce  the  fluctuations  in 
calculatoel  probability  of  hitting  which  are  can, sod  by 
the  screening  effect  eef  a  regular  lattice  of  shijis.  We 
need  only  consider  tlie?  pe)88ibility  of  irregularity  in 
the  convoy  formation,  that  is,  e>f  sliips  being  some¬ 
what  out  of  tlieir  jrroper  convoy  atntion.  This  can  be 
accounted  for  l)y  making  each  ship  a  "diffuse  target" 
of  length  etiual  to  the  sliip’s  length,  plus  the  amount 
the  ship  varies  in  position  (thouglit  of,  for  simplicity, 
as  a  fixed  amount)  relative  to  the  .ship’s  position  o-s 
aimed  at.  Then  the  prol)al)ility  that  a  torpedo  pa.ssing 
through  the  diffuse?  target  will  actually  hit  tlu?  ship 
is  taken  as 

L 


If  w'c  now  consider  tlu?  rth  torpedo  path  {i  =  1,2, 
•  •  m\  m  being  20  in  the  previous  example)  and 
the  yth  diffuse  target  (j  1.2,  •  •  ■,  a;  n  being  tho 
numl)cr  of  .ships  in  convoy),  vve  can  define  a  number 
hij  ns  the  possibility  that  a  torp(?do  traveling  along 
the  /th  patli  will  pass  through  the  jth  diffuse  target. 
From  a  diagram  analogous  to  Figure  3,  we  evaluate 

1 


i 


Jf 

DIFFUSE  TARGET 

J''i(iiiiiB  0.  "DilTusc  (argot.” 

the  hij  as  Ix'ing  pqunl  to  either  1  or  0  by  inspection. 
Then  the  probability  that  a  torpedo  following  the  fth 
path  will  hit  the  jth  ship  is 

Vii  =  h  j  • 

V 

Honce  the  probability  of  om  liit  on  the  itli  path 
being  identical  with  that  of  al  Icunl  one  hit  on  the 
•itli  patli  is 

Pi  =  1  -  ,n  (1  -  pij). 

And  the  ovorall  probability  of  a  liit  from  the  par¬ 
ticular  firing  point  is 

1  r  “  "I 

1=1 

This  probability  function  is  considerably  .smoother 
and  more?  realistic  than  that  obtained  by  the  simple 
counting  mctliod.  Tlie  diffuse  target  method  is  con¬ 
siderably  more  laborious,  liowevor,  and  involves  a 
good  deal  of  arithmetical  calculation. 

It  sliould  he  pointed  out  that  the  choice  of  the 
lengths  of  tlie  diffuse  targets  is  rather  arbitrary.  A 
plausible  a.ssumption  is  tliat  eacli  ship  may  be  out  of 
station  with  respect  to  its  neighbors  by  a  given 
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amount,  which  wo  inaj'  call  x,  Tlien  the  length  I 
for  tlie  nearest  neighbors  to  the  slop  fired  at  will  be 
L  +  2a^  If  the  station-keeping  errors  are  assumed  to 
be  random,  then  the  I  for  the  next  nearest  neigl\bors 
will  bo  A  -h  2\/2  .r,  for  next  I  =  L  +  2^/'^  x, 
etc,,  until  the  diffuse  targets  overlap  and  the  whole 
column  becomes  (issentially  one?  large,  diffuse  target. 

* -  SHIP  AIMED  AT 

S 

T 

I 

1 

I 
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/  - PROPER  POSITION  FOR  NEXT  SHIP 


column  methods  are  applicable  to  straight  run  tor¬ 
pedoes  without  much  difficulty.  If,  however,  we  have 
a  torpe.flo  which  enters  a  convoy  and  then  zigzags 
or  circles  to  increase  its  chance  of  a  random  hit,  the 
resulting  diagrams  become  almost  hopelessly  con¬ 
fusing.  Such  we  call  “curly"  torpedoes.  Some  calcu¬ 
lations  have  been  carried  out  for  curly  torpedoes  on 
a  single  target  by  direct  methods,  but  the  combina¬ 
tion  of  a  curly  torpedo  (or  salvo  thereof)  and  a  multi¬ 
plicity  of  targets  is  veiy  hard  to  evaluate  in  that  way. 
It  is  possible,  however,  to  write  explicit  expressions 
for  the  probability  of  a  hit  by  a  torpedo  of  quite  ar¬ 
bitrary  type.  While  these  formal  expressions  cannot 
readily  bo  evaluated,  there  are  certain  simplifica¬ 
tions  possible  which  lead  to  useful  results  and  permit 
us  to  estimate  the  effectiveness  of  some  types  of 
curly  torpedoes  when  used  against  groups  of  ships, 


^ - ACTUAL  POSITION  OF  NEXT  SHIP 

Fkuiue  7.  Hludoii-kceping  error. 

In  this  picture  of  the  convoy  we  think  of  the  posi¬ 
tion  of  the  ship  aimed  at  as  being  fi.xed  and  the  (losi- 
tions  of  other  ships  becoming  increasingly  uncertain 
the  farther  removed  they  are  from  the  ship  aimed  at. 
It  is-evident  that  the,  actual  state  of  aff.airs  from  the 
submarine’s  point  of  view  is  something  of  this  sort, 
though  the  specific  way  in  IVliich  the  uncertainty  in¬ 
creases  may  vary  from  that  assumed  above.  If,  how¬ 
ever,  the  calculations  rcuuircd  are  prohibitively 
lengthy,  a  simplification  is  possible  by  doing  away 
with  tliis  variable  diffuse  picture  and  treating  each 
column  c)f  the  convoy  as  a  diffuse  target  in  which  the 
ships  are  distributed  more  or  less  at  random,  that 
is,  with  probability  that  a  torpedo  passing  th.rough 
it  will  hit  a  ship  given  by 

L 

where  n  =  shij)  spacing  in  column. 

This  “random  column”  method  is  very  simple  and 
convenient  but  i.s  not  accurate  at  close  ranges.  In 
those  eases  the  actual  probaliility  of  hitting  the  ship 
aimed  at  i.s  considerable,  ami  the  random  column 
disemints  this  elianee.  Kor  browning  sliots  fired  at  a 
con.siderable  distance  from  the  convoy,  however,  this 
metliod  is  very  .sati.sfaetory. 

d’lie  simiile  counting,  diffu.sc  target,  ar.d  random 


1 .  Let  Pc(x,y)  be  the  probability  density  of  ships 
at  (x,i/)  (coordinates  are  in  space  relative  to  the  con¬ 
voy  throughout)  in  the  sense  that  p,{x,y)dxdy  is  the 
prolmbility  that  a  ship  have  its  center  in  the  in¬ 
finitesimal  area  dxdy. 

2.  Let  (.YoTo)  bo  the  point  from  which  the  sub¬ 
marine  fire.s  its  torpedo.  It  is  assumed  that  only  one 
torpedo  is  fired  (see  above). 

3.  Let  /(T,2/,A-o,T(i,n)  =  0  bo  the  equation  of  a 
pos-siblc  torpedo  path  starting  at  ((Yo,Ko).  Variation 
of  the  parameters  a  gives  the  family;!  of  all  possible 
torpedo  patlis  starting  from  the  firing  point. 

4.  Let  i#>(«,afi)  be  the  probability  density  that  a 
torpedo  aimed  along  path  Oo  aetually  travels  along 
path  rt. 

The  meanings  of  these  symbols  arc  illustrated  in 
Figure  8.  In  such  a  cose  the  parameter  a  might  be 
taken  as  the  angle  between  the  torpedo  path  and 
convoy  course.  Tiie.  function  then  describes 

the  angular  errors  wliich  the  submarine  may  be  ex¬ 
pected  to  make  in  firing  its  torpedo. 

In  estimating  the  chance  of  a  hit  we  will  first  as¬ 
sume  that  the  torpedo  is  known  to  be  traveling  along 
a  certain  path,  uctermined  by  the  parameter  a,  and 
determine  ihs  chance  of  hitting.  This  chance  is  tlion 
averaged  over  all  values  of  a,  thus  allowing  for  errors 
in  firing  the,  toriicdo.  'I'liis  proce.ss  is  precisely  anal¬ 
ogous  to  that  carried  out  for  the  diffuse  target 
method  with  a  .straight  run  torpedo. 

Consider  first  a  .short  section  of  the  toriiedo  path. 
Any  ship  which  happens  to  be  close  enough  to  the 
jiath  of  the  torpedo  will  be  bit,  but  since  wc  know 
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only  tiho  probability  that  there  will  be  a  slhp  at  any 
given  point,  wo  must  think  of  tlie  torpedo  as  "sweep¬ 
ing  out”  tliat  probability  (or  density)  function  with 
a  certain  sweep  rate.  This  sn-cep  rate  is  determined 
by  tlie  type  of  torpedo,  size  of  sliip,  and  other  things. 
For  a  regular  contact- fuzed  torpedo  the  area  swoiit 
out  (which  has  the  jiroperty  tliat  any  ship  whoso 
center  lies  in  the  area  gets  hit)  is  given  by  drawing  a 


f(x,y,Xo,Yo,ao)  *0 


f(>i,y,Xo,Yo.a  1  *0 : 


...  .r  -i"’ 


Ekh'KB  8.  ( 'on vo.v  shown  us  ilonsily  tunulion. 


ship  in  to  scale,  heading  on  the  reciprocal  of  convoy 
course  (corresponding  with  the  fact  that  the  diagram 
is  relative  to  tlie  convoy),  with  ccnti'r  on  the  torpedo 
path,  and  sliding  its  center  along  tlie  relative  path. 
This  is  illustrated  in  Figure  9.  'i'liis  sweep  width 
depends  on  the  angle  between  torjiedo  path  and 
8hip’,s  course  and  is  denoted  by  8(6). 

For  a  homing  torpedo  the  efTectivc  target  area  is 
larger  than  the  Hhi|)  itself  and  may  liave  a  variety  of 


forms,  dn]iending  on  the  detailed  type  of  torpedo  and 
ship  involved.  To  olitain  the  sweep  nate  for  such  a 
torpedo,  wo  follow  the  same  procedure,  sliding  a 
figure  showing  the  target  area  rather  than  just  the 
area  of  the  ship. 

As  the  torpedo  proceeds  along  its  path  it  sweeps 
out  the  density  of  ships  p,  with  sweep  widtli  S(6). 
In  Figure  10,  I  gives  the  distance  which  the  torpedo 
has  trar-elod,  and  we  let  pf/]  he  the  probability  that 
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I  - — 'SWEEP  WIDTH 

Fiatinia  0.  Sweep  width  of  t\  torpedo. 

the  torpedo  will  have  liit  a  aliip  by  the' time  it  has 
gone  a  distance  1. 

In  going  an  additional  distance  dl  it  would  sweep 
out  p,Sdl  sliips  (p,  and  S  may  be  functions  of  1), 
but  the  chance  that  the  torpedo  actually  reaches  the 


y  ^  AREA 

y 

-  TOSPIob  PATH 


■  In  it.s  complete  run,  tlien,  the  torpedo’s  chance 
of  hitting  is 

p{h)  =  1  -  cr-^l 

We  must  remember,  however,  that  this  result  ap- 
])lics  only  for  tlie  particular  torpedo  path  selected 
and  that  tlie  integration  indicated  is  performed  along 
that  path  with  ai)propriato  values  for  p,  and  .S.  This 
may  be  indicated  by  introducing  the  parameter  o 
into  the  notation  as  follows, 

?>[«]  =  1  - 

Hero  p\a\  is  the  probability  the  torpedo  will  score 
a  hit  if  it  goes  along  the  patli  a.  It  is  then  necessary 
to  obtain  the  average  value  of  p[rt]  to  obtain  the 
ju-obability  that  a  torpedo  fired  from  (X'o,yo)  aimed 
to  go  on  path  Oo  "’ill  hit  a  ship,  w'hlcli  ;ve  denote  by 
P{X„Y„a,).  ji 

P(A''o,Fn,nn)  =|'ii)(a,Oo)?>[o]do 
all  (1 

=- |'<)b(o,ao)  |l  -  da. 

dll  fl 

It  is  evident  that  our  previous  methods  of  calcu¬ 
lation  were  simplifications  of  this  formula  in  which 
the  quantity  in  braces  was  assigned  on<5  of  a  set 
of  values  by  inspection  of  a  diagram,  and  the  func¬ 
tion  4>  was  approximated  by  a  population  of  coses 
(in  the  examples  discussed,  20  cases).  It  is  also  pos¬ 
sible  to  approximate  the  expression  by  neglecting  the 
cjTor  function  <t>  if  wc  assume  that  the  position  of  the 
ship  aimed  at  is  not  definitely  known.  In  tliis  picture 
the  torpedo  track  is  taken  ns  pm'fcctly  definite,  but 

p  FIRING  POINT 


Fiauns  10.  Typical  torpedo  iiallt,  drown  straight  for 
simplicity. 

distance  "I"  is  1  —  Hcncc  the  increase  in  jjrob- 
ability  of  flitting  is 

dp(0  =  p.S[l  -  p{l)]dl. 

Solution  of  this  ccjur.tion  gives  us 


-log  [1  -  pQ)]  =  f  p,Sdl, 
Jo 


v(l)  =■  1  -  c 


I  /  0.2 

I  9  /  UNITS  OF 

lVo.3 


FniuiiB  11.  Grii|)liii'iil  calculation  of  probability  of 
liilting. 
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target  positions  relative  to  it  are  indelinite  atid  llio 
function  p,  is  made  to  absorb  tlio  torpedo  firing 
errors,  Then 

If  wc  make  the  further  simplifying  asHiimplion 
tlint  p,  is  uniform  throughout  the  convoy  and  zero 
outside  (i.e.,  p,  =  (no.  of  Khips)/(ennvoy  area)),  this 
becomes 

P{X\Ya,a„)  =  1  - 


or  -log  (1  -  P)  =  p,Ao, 

where  <4(1  i,s  the  total  area  swept  out  in  the  convoy 
by  the  torpedo. 

The  u.sc  of  this  formula  can  be,  illustratcal  by  tlic 
simpli!  ease  of  a  straight  run  torpedo,  Wo  draw  the 
torpedo  path  at  a  givcm  angle,  as  in  Figure  11,  and 
seide  off  along  it  distances  proportional  to 
Mark  resulting  points  of  division  by  the  e.orrc- 
sponding  multiple  or  submultiple  of  l/ptS.  Then 
for  any  position  of  the  convoy  shown  dotted  in  Fig- 
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TRUE  COURSE  OF  ZIG-ZAG 


COURSE  IN  CONVOY  SPACE 


uro  11  wc  can  read  off  the  value  of  —log  (1  —  /'), 
in  this  case  about  0,32.  The  corresponding  value  of 
P  i.s  about  0.27.  In  order  to  carry  out  a  number  of 
such  calculations  for  different  positions  about  the 
convoy,  wo  prepare  a  diagram  whielr.  has  torpedo 
paths  at  every  10  degrees,  similarly  scaled  off,  and 
tlraw  in  what  might  loosely  be  called  isoprohnbilily 
contours.  Sucli  a  net  or  coordinate  system  is  shown 
in  Figure  12.  Hy  placing  the  convoy  (drawn  on  trans¬ 
parent  paper)  over  it  we  can  tell  at  a  glance  what 
the  submarine's  best  shot  is  from  any  point  by  pick¬ 
ing  the  one  along  which  the  convoy  has  the  greatest 
“length”  moosurcid  in  that  coordinate  system.  That 
length  also  tells  us  what  the  submarine’s  chance  of  a 
hit  is.  One  ^uch  coordinate  system  will  do  for  all 
firing  positions,  torpedo  track  angles,  and  sizes  and 
shapes  of  convoy.  A  new  system  must  be  drawn' for 
each  density,  size,  and  speed  of  ship  in  convoy,  and 
for  each  new  type  of  torpedo.  | 

For  curly  torpedoes  the  procedure  is  more  com¬ 
plicated.  If,  however,  the  torpedo  is  one  which  has 
a  periodic  type  of  motion,  such  as  zigzag  or  circling, 
an  estimate  of  its  effectiveness  is  not  too  difficult. 
Wo  can  consider  the  motion  of  the  torpedo  (relative 
to  the  convoy)  ns  made  up  of  a  straight-line  motion 
along  the  mc'an  line  of  advance,  with  ireriodic  ex¬ 
cursions  superimposed.  Hy  plotting  in  detail  the 
course  and  area  8wo))t  out  for  one  cycle  wo  can  de¬ 
termine  the  area  swept  per  unit  distance  made  along 
tlie  mean  lihe  of  advance.  This  determines  an  ef¬ 
fective  sweep  widtl),  whicli  wc  can  then  use  as  if 
the  torpedo  proceeded  fn  a  straight  eour.se  along  the 
moan  line  of  advance.  Thus  we  draw  the  torpedo’s 
mean  line  of  advance  and  scale  off  distances  in  units 
proportional  to  where.  S'  is  the  effective 

BWeej)  width.  We  must  also  scale  off  along  it  the  dis¬ 
tance  that  the  torpedo  actually  runs  so  that  its  maxi¬ 
mum  range  will  be,  properly  taken  into  account. 
These  various  steps  are.  illustrated  in  Figure  13. 

Such  torpedoes  will  actually  run  straight  for  at 
least  jrart  of  the  run  and  may  then  start  to  circle  or 
zigzag  ns  the  ease  may  bo.  The  probability  diagram 
ajrplying  to  a  straight  run  is  then  used  out  to  the 
aijpropriati'  distance,  and  circling  or  zigzagging  dia¬ 
gram  for  the  remaining  yards  to  run.  This  is  shown 
in  Figure  14, 

The  chief  advantage  of  this  method  is  that  it  is 
fjniek  and  flexible.  Once  the;  required  diagrams  Inivu 
been  worked  out  for  any  particular  type  of  torpedo, 
one  can  readily  decide  what  the  submarine’s  best 
shot  is  from  a  given  position,  and  e.stimat.c  his  chance 
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Figure  14.  T'orpcdo  which  runa  glraiglil  and  l-hcn 
zigzags. 


!,  of  scoring  a  hit.  In  a  sliort  time  tiiis  prnbahility 
:i  function  can  bo  mapped  for  all  points  around  tlic 
convoy.  The  approximations  that  arc  involved  sliould 
bo  fairly  good  in  most  cases.  When  the  range;  at 
which  the  torpcido  is  fired  is  very  short  (le.ss  than 
1,000  yards),  the  actual  (diance  of  a  hit  may  bo 
higher  than  this  method  would  indicate,  since  the 
submarine  can  single  out  an  individual  ship  and  aim 
the  torpedo  at  it  with  a  good  chance  of  liitting  tliat 
particular  ship.  When  tlie  range;  at  wliieh  the  tor- 
jjcdo  is  fircel  is  very  long  (greater  than  5,000  yarels), 
tlic  actual  cliancc  may  he  leaver  liea-ause  an  error 
in  firing  tlio  torpe'.do  might  cause  it  to  miss  the 
convoy  altogether.  In  the  intermediate  range,  how¬ 
ever,  the  probability  calculatcel  in  this  way  ahoulel 
be  fairly  accurate. 

It  is  possildo  to  reduce  the  probability  at  long 
ranges  to  more  remsonable  values  by  introelucing  a 
very  simple  0(n,fln)|  wliich  gives  a  rougli  approxima¬ 
tion  to  tile  actual  torpeelo  firing  errors.  l'’or  instance 
one  can  take;  0  as  defined  for  tlircc  angles,  the  op¬ 
timum  and  10  dcKre'e:s  to  either  side  eif  it,  and  equal 
to  on(;-thirel  at  each  angle.  Tlie  probability  of  a 
torpedo  liit  for  e;ach  of  thewc  tlirec  angle's  can  re-adily 
be  avcreigcel  to  give  a  rough  figure  inedueling  tlie; 
effect  of  firing  errors. 

Figures  15  to  17  are;  given  a.s  examples  of  the  type; 
of  results  which  are;  ohtaincel  by  cnlcedations  eif  thi.s 
sort. 
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Kui'Chk  1.').  I'robahilit.y  of  hit  conloiiia  for  dilTorcnt  con¬ 
voy  foi'iniili()ii.s  .'),f)0()-yd  conflict  torpedo.  Dia'use  target 
mclliod  of  cnlciiliUion. 


(X)NFH)KiNTIi\L 
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SCALE 'YDS 


Kiouhr  Hi.  Probiibilily  of  lii(.  wifli  IfijOGO-yd  c.ii'oling 
torjiedo.  Uniidoin  swoop  mol  hod  of  callulfttioii :  no  oi-ror. 


Fkmihb  17.  Piohohility  of  hit.  with  16,000-vd  oiroliiig 
(orpodo.  lioiidom  swoop  nvto  inotliod  of  colculftlion ; 
"10'’  OITOI  ,” 


«•'  THIi:  PROBAIilUTY  OF  IIITTfNC  \ 
SINGLIi:  SHIP  OF  A  TASK  FORCI*: 

Sliip  formiiUoiw  with  largo  spacing  between  aiiips, 
RS  in  a  task  force,  allow  a  relatively  sin'ijjlu  motliotl 
of  determining  torpedo  probability  curves  similar  to 
those  sliown  in  Figure, s  16  to  17.  A  submarine  firing 
torpedoes  at  sucli  a  formation  would  presumably  fire 
at  a  specific  target,  and  tlu?  inen'iisod  probability  of 
hitting  due  to  neighboring  .ships  would  be  small.  The 
following  m(;thod,  wdiicli  involves  the  proiwlrility  of 
hitting  a  .single  aliii),  can  1)0  u.scu: 


w  =  —  in  radians, 
r 


8  —  I  .sin  9, 

181)  sin  0  .  , 

w  =  -  i  '  in  degrees. 

TT  y 
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Assuming  a  normal  distribution  of  firing  errorS;  let 
a  =  a(d)  ho  tlio  standard  deviation  of  firing 
errors  in  d<’grooa  at  hearing  $  (relative 
spare), 


For  example,  for  C  =  0.2.'),  m  =  0.225,  anti  if  I  =  250 
yards, 

r  =  22, .500  ^idi. 


p(r,d)  =  probability  of  obtaining  a  hit  from  range 
r  at  bearing  6. 


Tbe.j) 


p{r,e)  = 


a  V2ir  J-  W/’J 


‘-'-dx 


<j  V2ir 
2 


Setting  n 


<rV2' 

X 


I  s 

'irJn 


(rV'2_ 

0  /*u'2'.'2i, 

/)(r,fl)  =  I  c-^’d// 

s/itJo 


(1) 


'I’bis  rea.soning  i.s  ba.sed  on  Figure  18  which  i.s 
drawn  in  space  moving  with  the  velocity  of  the  ship 
(the  same  as  tlu!  task  force)  and  thus  r  i.s  the  length 
of  the  relative  track  of  the  torpedo.  In  Figure  19, 
on  the  other  hanrl,  .s  (which  has  nothing  to  do  with  the 
S  of  Figure  18)  is  the  length  of  the  torpedo’s  track  on 
the  ocean.  This  figure  shows  the  relation  between 
the  various  angular  orrons,  i.e.,  the  standard  devia¬ 
tions  in  angle.  The  two  small  lengths  marked  dx  are 
parallel  and  equal,  and  pfwpcndicular  to  the  tor- 
IMhIo’s  ocean  track  «. 

From  Figure  19  the  law  of  sines  gives  the  follow¬ 
ing  relationship: 


=  erf— 

2V2(t 

Assume  that  it  is  desirea  to  find  the  probability 
contour  corresponding  to  the  chance  of  bitting 
p{r,6)  =  C.  To  find  the  values  of  r,fl  for  ;)()•, ^)  =  C, 
let  erf  m  =  C.  Therefore, 


(j) 

2\/2<t 


m 


180  ^  su^  _ J _ 

JT  r  2^2^ 

2irni\^2  a 


m 


(2) 


sin  d  =  -  sin 

V 


—  n,  Bin  u, 


(3) 


where  d  is  the  the  load  angle,  0  the  angle  Off  the  bow, 
u  the  ship  speed  and  f  the  torpedo  speed.  It  is  seen 
that  if  V  is  assumed  to  be  known,  then  the  deviation 
of  d  from  the  true  value  will  bo  due  to  errors  in 
estimating  n  and,  5,  Tot,  A«  and  A9'bo  the  errors  in 
e.stimating  u  and  6  respectively,  and  lot  Ad  be  the 
eorrospondirig  or,ror  in  the  value  of  d  as  computed 
from  the  abovcformula.  Then,  to  a  first  order  of  ap¬ 
proximation,  #  . 


(’.ONFIDK.MTIAI. 


PHOBABILFTY  OF  HITTING  SINOLK  SHIP  OF  TASK  FORCK 


131 


A(f  ros  d  ~  --  sin  6  +  -  Ad  v.os  0 

f  i> 


V  \  U 


sin  S  +  A0  cos  0  I 


Kinco 

cos  il  =v'^l  ~  sin-^/  =  \/ 1  —  i'-sin'-fi, 
wo  Imvo 

k  f—  silja  +  Afloosfl) 

Af/  =  Aii  _______  J .  (4) 

V  1  —  k‘‘  sin'  6 

In  addition,  wo  sliould  add  nnotlicr  term  Ai  to  ac¬ 
count  for  minor  equipment  and  personnel  inaccura¬ 
cies.  Tf  the  errors  An,  Ad,  and  Ai  arc  independent  and 
are  distributed  normally  with  standard  doviAtions 
E„,  Es,  and  Ei  respectively,  then  the  standard  devia¬ 
tion  E  of  the,  normal  distribution  of  d  is  given  by 
the  formula, 


r/,— Y  sin^fl  -f  Ee'^  cos’  0  I 

ga  _  - - - J  j.  g.a. 

1  -  .sin''  e  ^ 

Since  it  has  been  found  that  A'„/m  often  equals  Et, 
the  above  fori'nula  may  be  written 

k'^Ea^ 

rno  _  "  ^*'9  I  TP  0  //!\ 


1  -  fc'  sin'  6 


-h  E,-^. 


Before  equation  (2)  can  he  applied,  however,  the 
relationship  lietwecn  E  and  <r  must  bo  determined. 
From  Figure  l«, 

dx  sin  (fl  -f  90  -  0  =  >'<'> 

.s7v'(.sin  $  sin  i  +  cosAccw/)  =  — 1*IL/ 

.sin  d 

_  v  fin  t 
sin  [cos  (7  —  5j|' 

_  <T  sin  t 
,sin  S  cos  d 

sin  6  cos  d  ,, 

"  =■•  sin  (6  +  d)  '^- 

_  .sin  6  cos  d 

.sin  6  cos  d  +  cos  6  .sin  d  ’ 


U.sing  equations  (5)  and  (G)  to  determine  values 
of  a  for  various  values  of  d,  e(|Uation  (2)  may  then 


1)0  applied  to  determine  values  of  r  corresiJonding  to 
the  desired  probability  contour.  Following  through 
on  the  example  to  find  the  contour  for  C  =  0.25,  the 
following  table  can  be  computed: 

0  an“  w)"  oo'’  120''  i.w° 

K  7.;r  ■■7.7“  7.0°  7.7°  7.n° 

T  j  .5.4°  (!.;r  7.0°  0.0°  11.11° 

)•  =  22,.50O  ■  -  2,080 yd  .O,l0().vd  2,8.50y(l  1, 070 yd  980 yd 

ff 

(it  O’  18  knots, ."  =  43  knot.-.,  Eo  -  17°,  Ei  -  0) 

From  the  data  in  the  table  the  curve  p(:r,d)  =  0.26 
can  be  drawn  ns  in  Figure  20. 

P(^fi) -0.25—7 


20SQ'  YARDS 


3100  YARDS 


2850  YARDS 


1970  YARDS 


FKinuK  20.  Diingor  zone  toinplatc. 

'I’liis  curve  represents  tlic  locus  of  points  from  wliioji 
a  .sUi’iTiarinc  firing  a  43-knut  torpedo  .can  expect  a 
25  |)er  cent  chance  of  hitting  a  ship  250  yards  long, 
located  at  tlie  origin  and  traveling  18  knots.  A  tem¬ 
plate,  drawn  to  the  projior  scale  and  having  the  shape 
of  this  nirvi',  ran  be  u.scd  to  determine  the  prob- 
ability  contour  about  a  ta.sk  force.  It  must  be  remem¬ 
bered  that  this  method  does  not  consider  the  effect  of  the 
brownina  shot.  Figure  21  illustrates  tlic  use  of  such 
a  temjdatc  for  a  task  force  in  a  circular  disposition. 

'Hie  envelope  of  all  the  individual  curves  is  the 
desirial  contour.  (This  mctliod  assumes  that  the  sub¬ 
marine  nim_.s  its  torpedo  at  the  optimum  point,  for 
the  submarine,  in  the  disposition  and  that  there  is  a 
ship  in  the  jjo.sition  aimed  at.)  Tlie  placement  of 
the  .serei'ii  aI)out  the  sereened  unit  once  the  prob¬ 
ability  contours  are  known  is  described  in  the  re¬ 
maining  pages  of  this  eliapter. 

Only  straigh.t  run  torpedoes  arc  envisaged  in  this 
trciitinont.  (lurly  or  homing  torpedoe.s  against  ships 
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Kiouhe  21 .  Ubo  of  tompluto, 

of  a  tusk  force  would  require;  a  combination  of  con-  degrees,  to  starlioard  (ndative),  that  on  the  left  the 
siderations,  those  of  iS(;ction  8.3  anil,  jmswibly,  de-  samp  relative  angle  to  jmrt,  I;ol^^.me^v,surccl  from  the 
tuiled  knowledge  of  the  torpedo  eharuetoristics.  Such  convoy’s  eour.se.  ''I'ho  included  forward  region  is  the 
latter  fall  outside  the  scope  of  the  prp.sont  work. 


■‘'■"Tllli  SUllMIiHGKD  APPROACH  REGION  , 

If  a  .subinariiie  is  to  iiave  the  clianee  C  of  scoring 
a  hit  with  one  torpedo,  it  must  reach  a  point  on  tlie 
curve  ]>(r,6)  =  C.  niiice  this  will  be  witiiin  visual  or 
radar  range  of  the  coin'oy,  it  must  make  its  appi’oach 
to  this  curve  .submerged.  T,ut  its  submerged  speed  be 
z,  the  .speed  of  the  convoy  hi'ing  ii,  .and  a.‘winne  tliat," 
ns  in  tlie  case  of  a  normal  sul)inarinc,  z  <  ii.  Tlicn  it 
is  not  necessarily  possil)le  for  tlie  suliinarine  to  at¬ 
tain  the  curve  p(r,0)  =  f.  Tlie  positions  on  tlie  ocean 
from  wliicli  tliis  is  jio.ssililc  fill  out  a  rogion  called 
submeryed  fvpproach  rcyion  He,  constructeil  a.s  fol¬ 
lows;  Draw  l.wo  tangents  to  the  curve  y(r,^)  the  ^  j  / 

one  on  the  right  making  an  angle  of  ^  =-  sin-*  {z/v)  I 

-  .  .  ^ 

hUIrIi  .su!>inni)!(’<l  spnnd  .suljinariiios  require  sepjiiain  con-  ’ 

sidoratioii,  wliicIi  would  be  lievoiid  llie  scope  uf  lliis  work.  Kiocue  22.  iS;il)iner(ted  iipiiromdi  reKioii. 
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submc'i'god  approiioli  region  (Figu«!  22).  'I'ln'  angl(! 
and  t!u>  tangents  are  the  limiting  (submerged)  ap¬ 
proach  angle  and  lines,  respet^tivi'Iy.  All  this  lias  been 
eoiwidered  in  Section  L.t. 


""  Till-:  rLAC’.l.Nd  OF  tiik  sohkkn 

Referring  to  Figure  22,  it  is  ohviou.s  that  the  task 
wliieh  the  sonar  screen  has  to  aceomplisli  i.s  at  mod 
to  intercept  submarines  which  come  from  th(>  sub¬ 
merged  afiproarh  region  7fo  (licre  Ra  is  drawn  cor¬ 
responding  to  p{r,6).  =  0,  the  limit  of  the  torpedo 
danger  zone);  for  other  8ubmarin(!a  do  not  constitute 
an  .immediate  danger,  as  long  as  tliey  remain  sub¬ 
merged.  Inasmueli  as  tlic  line  efficiency  of  the  screen 
is  greater  the  more  escorts  there  are  per  unit  longtli, 
the  best  way  of  intercepting  submarines  entering  the 
torpedo  danger  zone  from  Ru  is  to  disijoso  them  in 
the  shortest  line  connecting  the  limiting  approach 
lines  and  lying  out.sid(!  the  dang(!r  zone  and  inside 
if,-,.  Shell  a  line  is  constructed  by  stretching  a  string 


around  tlie  forward  jiart  of  the  danger  zone,  its  two 
ends  being  on  tiie  limiting  approach  lines  and  per- 
pimdieular  to  thorn  (.VSV  in  Figure  23). 

.Such  a  .scri'cn  would  givc^  100  per  cent  f)r()teution 
against  submerged  submarines  if  it  were  perfectly 
tight,  i.c.,  if  it  had  100  per  cent  line;  offieioney.  Un- 
fortiinab'ly  the  distances  invfilved  require  to  he 
.so  long  tlmt  no  normally  available  number  of  e.scorts 
can  provide  a  screen  with  anything  like  such  a  high 
linc.cfKcieney.  The  efficiency  might,  for  example,  turn 
out  to  be  only  15  per  cent,  which  represents  the 
chance  of  jireventing  the  .submarine  from  approach¬ 
ing  to  witliin  nosy  torpedo  range.  Then  cnnaidcration 
must  be  given  to  defending  lo.ss  of  the  torpedo  danger 
zone  with  a  shorter,  and  hence  tighter,  screen.  See- 
tion  O.d  di8CU8.ses  the  spacing  between  the  scrceni.ng 
units,  and  iire.sents  a  method  of  detoiiululng  thp 
tightness  of  a  screen  having  a  given  spacing.  If,  for 
example,  C  =  10  per  cent,  the  level  curve  pirfi)  = 
C  ^  0. 1  being  smaller  than  pOffi)  =  0,  a  screen  along 
«Se>S'c'  would  be  shorter  and  hence  tighter  than  SoSa'. 
If  its  line  effieioney  were,  for  example,  25  per  cent, 
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tho  submarine  would  liavo  a  leas  favorable  chance 
of  hitting  the  convoy  than  when  the  aerecn  SoSo'  was 
used.  If  it  fires  from  outside  tho  screen,  its  chance  of 
a  hit  is,  at  most,  10  per  cent;  if  it  attempts  to  cross 
tlie  screen  so  ns  to  be  able  to  fire  from  a  very  favor¬ 
able  position,  its  chance  of  success  is  possibly  os 
great  as  75  per  cent.  Obviously  tho  submarine  would 
do  tho  latter  (assuming  that  it  is  imlifforent  to  its 
own  safety  and  merely  tries  to  maximize  tlie  chance 
of  a  hit).  Hut  in  the  previous  case  this  course  of  action 
would  have  given  an  85  per  cent  chance  of  success 
for  tlic  submarine,  Thus  ScSq'  would  be  a  better 
screen.  Tliis  contraction  of  the  screen  must,  however, 
not  be  carried  loo  far.  If  C  80  per  cent,  the  level 
curve  pir,d)  =  C  =  0.8  might  well  give  a  high 
(e.g.,  90  per  cent)  lino  efficiency.  Tho  submarine 
would  simply  fire  from  outside  the  screen  and  not 
attempt  to  penetrate  it  and  would  have  ns  much  as 
an  80  per  cent  phanco  of  making  a  hit.  What  value 
of  C  must  be  chosen  to  give  optimum  results? 

Assuming  always  that  tho  only  consideration 
governing  the  .submarine’s  behavior  is  the  desire  to 
make  a  Int  and  that  it  has  no  primary  concern  for 
its  own  safety,' then  its  best  course  of  action  is  to 
attempt  to  penetrate  tho  soroon  SeSe'  whcntVvcr  1  — 
(lino  efficiency  of  ScSc)As  greater  ilian  C,  and  will  fire 
from  just  outside  the  screen  if  C  is  f/rcofer  than  1  — 
(lino  efficiency  of  SeSp).  In  either  ease  its  probability 
of  scoring  a  hit  (assuming  that  once  it  gets  through 
the  screen  ui  fcctcd  it  can  certainly  make  a  hit) 
Is  tlie  gredier  of  the  twijiiquantities  1  —  (line  efficiency 
of  SnSp'),  C.  Tho  situation  is  visualized  by  tlie  graph 
of  each  of  those  quantities  regarded  as  functions  of 
C  (Figure  24).  The  sul)marinc’s  chance  of  hitting  is 
evidently  represented  by  tho  heavy  line,  i.e.,  1  — 
(lino  efficiency  SpSp')  for  values  of  C  loss  tlian  tho 
intersection  of  tlie  two  curves,  and  C  itself  to  the 
right  of  Co.  Tho  ojitimum  scroon  is  the  one  cor¬ 
responding  with  that  C  whicli  gives  the  submarine 
tho  least  cliancc  of  hitting,  Sc,Sc,'.  This  leads  to  tho 
principle: 

To  obtain  the  best  screen,  use  a  curve  htpf'e'  of  the 
type  shown  in  Figure  23,  and  bring  it  in  {i.e.,  increase 
C)  until  the  chance  of  crossing  it  uridetccted  just  equals 
the  chance  of  scoring  a  hit  from  a  point  just  outride  it. 

There  are  several  qualifications  to  be  made  before 
accepting  the  above  ro.siilt. 

Firstly,  submarines  actually  do  give  consideration 
to  their  own  safety;  thus,  witli  the  screen  iSco^c.'  it 
would  be  more  favorable  to  tlieni  to  fire  from  outside 
the  screen  than  to  try  to  cross  it.  Tlii.s  would  continue 


to  be  true  oven  if  1  —  (line  efficiency  is  somowhat 

greater  than  (1.  Hence,  from  this  point  of  view,  tho 
“best  screen”  would  be  somewhat  farther  out  than 
Sc,Scf,  just  how  much  farther  is  a  difficult  matter  to 
estimate.  Exactly  the  same  reasoning  can  be  made 
in  iliffercnt  words,  as  follows :  If  wo  are  going  to  have 
a  certain  chance  of  having  one  of  our  ships  torpedoed, 
wo  would  prefer  to  have  a  greater  chance  of  getting 
the  submarine;  tho  best  SpSc'  should  be  a  little 
farther  out  than  Sc,Scf.  In  whichever  form  this 
reasoning  is  given,  it  reposes  on  the  fact  that  a  sub¬ 
marine  firing  outside  the  screen  is  less  likely  to  be 


C 

Eiuuhb  24.  Optimum  tactics  diagram. 


attacked  than  one  which  tries  to  erovss  the  screen 
first. 

Secondly,  it  is  not  strictly  true  that  once  a  sub¬ 
marine  has  crossed  the  screen  undetected  it  is  sure  to 
score  a  hit.  Again  this  tends  to  make  the  “best 
screen”  somewhat  farther  out  than  ^c^ci  ‘  If  tho 
chance  of  a  hit  at  close  range  is  (7,  (0  <  cf  <  1),  to  carry 
through  the  preceding  reasoning  we  must  replace  tho 
graph  of  1  -  (lino  efficiency  SeSp')  by  their  product 
g[\  —  (lino  efficiency  SfiSV)]  plotted  in  the  dotted 
curve  of  Figure  24,  and  tlius  reach  tho  best  screen 

Sct’^Cc'- 

Thirdly,  tho  submarine  may  bo  supposed  to  have 
more  than  one  toriiedo,  whereas  it  has  been  assumed 
implicitly  in  tlu'  foregoing  probabilities  that  only  one 
torpedo  was  involved.  Having  n  torpedoes  would  en¬ 
large  the  level  curves  but  .also  increase  the  damage 
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dono  by  a  closc-rangc  submarine,  and  these  two 
effects  would  operate  in  opposite  directions. 

Fourtiily,  it  was  assumed  tliat  a  submarine  en¬ 
countering  tlie  screen  docs  so  vith  equal  probability 
over  the  screen’s  entire  length.  Yet  it  is  markedly 
advantageous  to  tlic  sulimarino  to  operate  near  tlio 
sides  of  tlie  screen  so  ns  to  facilitate  its  escape  after 
firing.  And  the  normal  tracking  procedure  used  by 
submarines  tends  to  bring  them  into  contact  nearer 
the  frQiRt  side  than  the  front  center  of  a  convoy  of 
any  size.  For  botli  those  reasons  it  is  important  to 
avoid  los,scning  the  screen’s  lino  efficiency  near  its 
ends,  i.e.,  abeam. 

Fifthly,  in  the  case  of  screening  a  fast  ship  or  task 
group  which  may  be  zigzagging  or  maneuvering  rad¬ 
ically,  the  limiting  approach  angle  is  increased  and 
the  limiting  lines  are  spread  out,  and  lienee  tlie 
screen  must  extend  through  a  greater  angle  off  cither 
bow.  But  the  principles  developed  earlier  remain  the 
same. 

Tlie  e.\tromo  case  is  that  of  the  iairt  carrier  task 
force  w  hicli  must  be  prepared  to  cliangc  its  course 
radically,  even  to  backtrack  at  aliort  notice  (e.g.,  in 
order  to  launch  planes  into  tlie  wind,  or  to  avoid  or 
surpriso  the  enemy,  etc.),  Circular  screens  around  the 
whole  task  force  are  frequently  u.scd  in  such  cases, 
either  with  equally  spaced  escorts,  or,  more  effi¬ 
ciently  from  the  antisubmarine  point  of  view,  with 
closer  spacing  in  , the  forwai'd  parts  of  the  circle. 

Fven  wlion  as  radical  a  measure  as  a  circular  distri¬ 
bution  is  not  neecs-sary,  all  turning  of  the  convoy  Into 
unswept  waters  must  bo  avoided.  The  screen  should 
bo  extended  In  the  direction  tlie  convoy  c.vpor.ts  to 
turn,  so  a.s  to  detect  any  submarines  possibly  iircsent 
therein.  Tliis  is  particularly  important  in  vieiy  of  tlic 
tendency  of  tracking  submarines  to  accumulate  along 
the  flank ;  They  are  surfaced  wiiilo  tracking,  but  .sub¬ 
merge  and  become  a  danger  when  the  convoy  turns. 

Finally,  it  may  bo  objoi-.tod  tliat  tlie  ron-sonitig  upon 
which  tile  clioicc  of  SeSe,'  was  based  apircarcd  to 
assume  that  the  .submarine  know  tlic  values  of  tlie 
various  probabilities  involved,  a  tliorouglily  unreal¬ 
istic  assunijition.  Actually  tliis  does  not  invalidate 
the  rea.soning.  We  wci'e  merely  calculating  tlic  clmnco 
of  success  of  the  submarine  if  it  did  tlic  best  thing 
from  its  point  of  view.  Its  ignorance  can  only  result 
in  its  taking  .a,  for  it,  lo.ss  favorable  course  of  action, 
i.e.,  it  will  diminish  its  chance  of  success.  Thus  our 
reasoning  subsists  but  docs  not  attempt  to  figure  on 
the  cliancc  of  the  enemy’s  making  a  blunder.  To 
figure  in  sucli  a  chance  would  bo  to  carry  tlic  discus¬ 


sion  to  a  higlior  order  of  tactical  eomploxity,  not  tlie 
olijcct  of  tlio  present  exposition. 

In  orrlcr  to  ineorporato  tlie  considerations  raised 
l)y  these  qualifications  into  tlio  problom  of  fixing  tho 
optimum  screen,  a  somowliat  lc.ss  artificial  critnriozi 
of  advantage  would  liavo  to  lie  u.scd.  Wo  liavo  con- 
eentratod  our  attention  on  tlio  probalnlitu  of  a  hit  of 
one  sulimarino  with  nno  torpedo,  and  sliown  liow  to 
minimize  it,  Actually  one  miglit  want  to  minimize 
tlie  number  of  sinp:;  sunk  -per  submarino4o9t“{s«b-- 
marines  using  salvos  of  torpedos  and  many  sorts  of 
torpedos,  etc,),  i.o.,  to  posit  a  more  rGaIi,stio  situation. 
But  it  docs  not  apiiuar  that  as  far  as  the  present 
general  treatment  is  concerned  such  a  more  detailed 
and  complicated  study  would  materially  alter  the 
conclusions. 


PATROLLING  OF  STATIONS 

Wlien  the  numbor  of  escorts  is  insufficient  to  pro¬ 
vide  even  a  moderately  tiglit.  screen  without  closing 
to  unduly  sliort  distances  of  tho  cq'hvoy,  it  is  cua- 
tomary  for  tlio  escorts  to  "patrol  tlielr  stations,”  that 
is,  to  take  a  course  wliicli  causes  tlioir  position  to 
oscillate  about  tlioir  station  sometimes  quite  a  dis¬ 
tance  (fi.g.,  600  yards)  to  tho  right  and  then  to  the 
loft  of  tlio  point  (fixed  relative  to  tho  coRvoy)  which 
represents  tlio  assigned  station.  Tho  reasoning  upon 
which  this  process  is  based  is  tlie  following. 

Wlion  tliero  aro  too  few  escorts,  the  distance  be¬ 
tween  two  adjacent  ones  will  be  such  that  a  sub- .. 
marine  lias  a  very  good  chance  of  passing  through 
tho  screen  undetected  provided  it  goes  about  mid¬ 
way  between  tlic  escorts;  in  otlicr  words,  the  screen 
has  “holes,''  Tlicre  arc  two  possibilities:  Either  the 
submarine  k/iuna  wlieic  such  holes  are  or  else  it  does 
not.  If  it  docs,  it  can  profit  by  tlioir  presence,  and 
thus  the  strcngtli  of  the  screen  will  imve  to  be  judged 
by  its  weakest  point.  If  it  does  not  know,  it  will'cnter 
tlic  screen  at  a  randomly  chosen  point,  and  tlius  tlie 
strengtli  of  tlic  screen  would  bo  mea.surcd  by  its 
average  strcngtli,  i.e.,  the  average  of  its  probability 
of  detection.  Now  tlic  object  of  patrolling  .stations  is 
to  deprive  the  sulimarino  of  the  possibility  of  utiliz¬ 
ing  the  holes,  since,  when  it  is  near  the  screen,  it  is 
proceeding  submerged  and  without  being  able  safely 
to  use  its  periscope.  Of  course  the  patrolling  must 
have  an  irregular  or  random  cliaractcr.  Thus  patrol¬ 
ling  stations  make  tlic  second  of  tlio  above  possibili¬ 
ties  tlie  actual  one.  The  average  tightness  of  tho 
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sproon  is  tlic  valid  index  of  cfTcetivonosa,  and,  low 
though  it  h(',  it  is  miiph  liigher  than  the  prohnhility 
of  dctoption  in  the  hole. 

Figure  25  shows  th.e  situation  graphieally,  'Piu' 
ordinate  represents  the  probability  of  deteetion  at  a 
point  along  tlie  aercen  repi'csentcd  l)y  the  abscissa. 
Patrolling  randomizes  the  situation  with  r<‘gani  to 
the  submarine,  thus  replacing  tla^  original  curve  (a) 
by  the  average  ordinat(!  horizoiital  line  (b).  'I'lio 
area  under  (a)  cciuala  that  under  (b). 


STATION^ 

MEASURE  OF  EFFteTlV^NESS-i 
WITH  PATROLLIUO 

■  MEASURE  OF  EFFECTIVENESS - 
WITHOUT  nkTROtUNO 


I 

IconvoyI 


KlCUJnK  2f).  'I'Im)  (iITi.!'!.  of  iMilrolling  of  oiiilions. 

•"*  j|  PICKKTS 

ii 

The  screen  considered  here  is  a  line  screen.  One 
of  a  dilTorcnt  sort  and  giving  an  cfTect  of  defense  in 
depth  (c.g,,  by  alternate  staggering  of  ships)  would 
liavo  the  disadvantage  of  creating  wake  interference 
and  difficulties  of  maneuvering.  Nevertholess  a  line 
screen  can  bo  given  some  of  the  attribut<’.«  of  defense 
in  deptli  by  supplementing  it  with  escorts  stivtioned 


PldraR  20.  Ptiitioning  of  piokois. 

as  pickets  (1,  2,  3,  4),  Figure  20.  Tho^p  pickets  ac¬ 
complish  the  following  tnsko.  ■  “  jr 

1 .  They  aot  as  visual  or  radar  obsoiivors  for  sur- 
fnee  submarines;  this  is  particularly  important  when 
air  coverage  is  lacking,  or  only  present  in  forward 
gcctorn. 

2.  They  investigate  sitspicious  contacts  and  aid  in 
making  attacks  upon  submarines  which  may  bo  de¬ 
tected  by  tno  screen  or  by  their  having  attacked  a 
ship  in  tlic  convoy. 
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Till-;  TACTICAL  SITUATION 

WHEN  A  rouMATioN  of  sliips  (such  OS  u  mercluint 
ooHVuy  in  inmsit,  a  task  force,  or  task  group  in 
cruising  disposition)  passes  througli  suhnmrino  waters 
(i.c.,  waters  possibly  containing  Iiostiic  submarines) 
safety  can  be  inei'eaaed  by  accompanying  the  forma¬ 
tion  with  aircraft  (carrier  or  land  baaed)  which  per¬ 
form  systematic  flights  in  its  vicinity.  Such  fliglits 
are  the  subject  of  tliis  chnjjtcr;  tlicy  are  (adlcd  the 
«eriVi|  escort,  the  debrnded  sliips  being  termed  in  all 
casesl'tlie  convoy.  It  is  to  be  emphasized  that  tlio 
primfi ry  object  here  is  defensive — to  reduce  the  danger 
to  the  convoy — ns  contrivstcd  witlij  the  primarily 
offensive  jnirpose  of  flights  sit'e.h  as  tiio  distant  licam 
scarclics  made  by  Aircroflj  Comer  (Escort  ((fVE) 
killer  groui)s,  where  tlio  dcstiruction  of  tlie  maximum 
number  of  submarines  is  tl>o  primary' aim.  To  put  it 
in  sliglitly  difl'erent  terms:  If  a  submiirino  is  present, 
the  success  of  tlio  aerial  escort  is  ;;rrton8urecl  by  its 
ability  to  prevent  the  f  til.marinc  frijjirt  damaging  the 
convoy;  wliilo  the  m(;ist  satiafaetjiry  repult  is  un- 
doulitedly  tho  sinking  of  the  subn|arine,i  the  escort 
must  also  bo  regarded  as  successful  if  its  more  de¬ 
tection  of  tho  submarine  permits  the  convoy  to  avoid 
it,  or  e\'en  if  its  presence  inrluccs  the  submarine  to 
submerge  and  remain  submerged  in  a  region  from 
which  no  submerged  attack  upon  the  convoy  can 
be  delivered. 

In  order  to  attack  a  convoy,  a  submarine  must 
first  detei-t  the  convoy;  second,  make  an  approach 
(usually  with  tracking)  to  within  firing  range  of  the 
con, VO, y;  third,  fire  its  weaiions ; /oart/i,  withdraw  to 
safety.  Aerial  escort  is  chiefly  in.struiiKJiital  in  ob¬ 
structing  the  first  and  second  of  these  operations.  Its 
firfjt  function  (prevention  of  detection)  shall  he 
caliled  the  sanding  elTeet;  its  .second  (prevention  of 
apju'oach),  the  screening. 

In  any  definite  .situation  there  will  be  a  maximum 
range  R  at  which  a  submarine,  using  all  its  facilities, 
can  detect  the  convoy,  ^■isual  detection  of  a  non¬ 
smoking  convoy  in  ideal  weather  occurs  at  a  di.stancc 
limiU'd  only  liy  the  earth’s  curvature  and  atmo.s- 
pheric  refraction,  but  it  can  be  .greatly  lowered  by 
adverse  meteorological  conditions  .and  inc.rtuased  by 
convoy  smoking,  lladar  detection  of  convoy.s  is  alto¬ 


gether  de])endent  on  the  set  but  at  pro, sent  does  not 
exceed  good  daylight  visual  detection.  Hydrophone 
rangas  depend  on  sound  conditions  and  sea  state,  as 
well  ns  size  apd  speed  of  convoy;  under  ordinary 
conditions  they  arc  not  much  in  excess  of  15  miles, 
but  under  idtol  conditions  with  a  large  fast  task 
force  they  may  attain  60  miles.  R,  which  is  the  great¬ 
est  of  all  these  ranges  monsured  from  a  reference 
point  0  fixed  in  the  convoy  and  thus  taking  into  ac¬ 
count  convoy  size,  has  in  most  cases  values  between 
15  and  30  miles,  Tl>c  circle  of  radius  R  and  center 
at  tlic  roferoneu  point  0  is  the  detection  circle.  The 
detection  circle  may  bo  doscrihod  as  tho  area  within 
whicli  submarines  have  an  appreciable  ehaiice  of  de¬ 
tecting  the  convoy,  and  Outside  of  ^vhicll  tliey  linve 
little. 


■I 


Fifimin  1.  The  tnctinal  rcniona. 


Figure  1,  wliicli  is  drawn  relative  to  tlie  convoy 
(in  wliicb,  therefore,  reference  point  0  remains  fixed), 
shows  the  tactically  ndtwant  features:  Tlic  convoy 
and  its  .surrounding  torpedo  danger  zone  (sluided),  the 
area  of  submerged  opprooch  (see  (^hai)tcr  8),  and  the 
(iet(!ction  circle.  There  is  also  sliown  (bounded  by 
dotted  lini's)  the  iirea  within  wliieli  the  ships  of  tlie 
convoy  and  its  escort  can  detect  a  surfaced  sub¬ 
marine.  Tlie  convoy  is  heading  up  tlie  page  at  the 


CUNFIUKNTIAL 


137 


138 


AERIAL  ESCORT 


speed  made  good  of  i'  knots.  Tlio  region  A  BCD  shall 
be  called  the  danger  zone;  if  a  submarine  has  reached 
it,  it  is  in  contact  \vitl>  the  convoy  and  car.  submerge 
at  will  and  then  make  a  sulimcrged  approach  iin- 
dotcctcd  by  the  aircraft;  to  roacli  the  danger  zone  is 
a  usual  tactical  objective  of  attacking  submarines. 

The  figure  is  drawn  on  the  assumption  that  the 
submarine’s  submerged  speed  is  less  than  the  con¬ 
voy’s  @i)ee.d,  Tn  the  contrary  case,  the  solid  curve 
CDAB  mtiy  have  to  be  drawn  mucii  farther  back  of 
the  torpedo  danger  zone — corresponding  to  tho  locus 
within  which  tho  endurance  of  tho  submarine  sub¬ 
merged  just  suffices  to  close  tbe  torpedo  danger  zone. 
Or  tho  curve  may  bo  absent  entirely,  when  this  on- 
durance  is  very  great.  In  this  case  tho  dhnjjicr  zone 
will  bu  the  ring  shaped  area  inside  the  dotcctiipn  circle 
and  outside  tho  dotted  curve.  ;j 

In  order  to  have  scouting  cffoctivcnc8a,ii  i.c.,  in 
order  to  prevent  the  eubmarim-.  from  gaining  con¬ 
tact  wich  tho  convoy  (so  that"  it  will  cither  ijpt  know 
that  tho  convoy  is  present,  or,  in  ease  it  Slas  Ix'cn 
directed  to  the  convoy  by  moans  other  than  its  own 
immediate  dotoction,  liavo  no  proeiso  knowledge  of 
the  position  or  course  of  the  latter),  it  is  nebesaary 
that  tho  aerial  escort  fly  a  sufficiont  amount  directly 
outside  the  detection  circle,  particularly  in  tho  for¬ 
ward  regions,  which  are  those  in  which  sul)marine8 
arc  most  likely  to  bo  encountered  by  the  circle 
(Scotion  1 .5).  A  method  of  evaluating  numerically  the 
scouting  cffcotivcnoBS  of  any  given  flight  plan  will  be 
set  forth  in  Sect(pn  9.2. 

In  order  to  have  screening  effeetivene.s.s,  tlic  escort 
flights  must  be  so  made  that  the  tracking  and  ap- 
proacli  procedur(!s  normally  carried  out  by  a  sur¬ 
faced  submarine  arc  impeded.  Essentially  this  means 
tliat  entrance  to  the  danger  zone  must  be  barred, 
and  that  this  area  itself  must  bo  covered  so  that  even 
if  a  submarine  ha.s  entered  it  and  submerged,  it  will 
have  a  material  chance  of  being  detected  should  it 
momentarily  surface  or  otluirwise  show  its  presence. 
The  importance  of  linrring  tho  arc  BC  is  due  to  the 
fact  that  a  .submarine  in  tlie  path  of  the  convoy  but 
unaware  of  the  latter’s  presence  is  likely  to  Ije  picked 
up  by  tills  arc  us  it  movp.s  over  the  w'atrr  witli  the 
convoy,  by  which  time  the  submarine  will  detect  the 
convoy  and  then  bo  in  a  favorable  po.sition  to  sub¬ 
merge  anii  deliver  an  attack.  The  importance  of 
barring  AB  and  CD  is  duo  to  tbe  fact  that  these  will 
normally  bo  crossed  iiy  submarines  wbieli  iiavn 
tracked  the  convoy  on  the  surface;  such  submarines 
cannot  enter  tho  area  of  submerged  approacii  nearer 


to  tbe  convoy  tlian  A  or  D  since  they  would  be  de¬ 
tected  by  surface  units;  and  an  attempt  to  enter  be¬ 
yond  B  Of  C  would  require  their  loss  of  contact  with 
tlie  convoy.  A  pr('('i.s('  mctlmd  of  evaluating  tho 
screening  oil'eetiveno.ss  of  a  plan  will  lie  found  in 
Sections  9. .3,  9.4  and  9.5. 

When  aerial  escort  (leenmplishing  these  results  is 
maintained  clay  and  night,  mn\-imum  protection  is 
obtained,  Sboiild  it  be  necessary  to  discontinue  tlie 
flights  at  night,  it  is  important  that  predark  fllglits 
of  a  scouting  character  bo  made  at  greater  distances 
around  tlio  convoy  in  order  to  clear  the  waters 
tlirough  which  tlie  convoy  will  pass  in  the  night  os 
well  as  to  dotoot  submarines  wdiich  may  bo  stalking 
the  convoy,  intending  to  close  it  at  night.  Tho  eliar- 
acteristics  of  such  flights  will  bo  pamined  in  Scqtion 

Tho  only  practicable  flight  pltjfns  for  regular  aerial 
escort  (all  those  wliieh  are  flown  continuously  during 
a  length  of  timb,  and  excluding  predark  flights)  are 
periodic  one;..  After  tlie  perif'd  ol  j'  hour.=  the  plan  of 
flight  isiircpcatcd,  tlie  paths  llown  during  the  next  f . 
Iiours  being  identical  (as  seen  relative  to  the  convoy)- 
to  those  of  the  preceding  T  liours;  this  continues  as 
long  as  tlic  plan  is  flown.  The  period  T  sfiould  bo  of 
the  order  of  one  or  two  hours.  TIius  the  plot  of  every 
regular  plan  relative  to  tlie  convoy  consists  of  bno 
or  more  clo.secl  circuits,  tlio  whole,  being  flown  every 
T  hours.  The  gcograiibic  plot  is  not  closed,  but  is  of 
an  ad\’ancing  yeeurront  nature,  tlio-  length  cf  tho 
recurrent  figure  flown  by  oacli  aircraft  being  T  times 
tlio  aircraft’s  giound  spend  (or  average  ground  sliced, 
in  case  of  variatiions  in  tlie  latter  duo  to  w'ind  or  other 
causes). 

One  as.sumption  is  presupposed  in  the  quantitative 
probability  reasoning  concerning  any  aerial  escort 
plan,  tliat  Ihe  snhmm'inc  does  not  know  the  plan.  Otlicr- 
wise  any  plan  using  a  normally  restricted  number  of 
aircraft  would  be  ineffective.  Actually,  it  is  difficult 
to  imagine  that  tlicr  unemy  could  ever  obtain  suffi¬ 
ciently  detailed  information  concerning  the  plan  to 
be  enabled  tbureliy  to  penetrate  undetcoted. 

TUI':  SCOUTING  l':FFIi:CTIVl':NESS 

A  moa.surc  of  the  offoctivennss  of  any  aircraft 
escort  plan  ns  a  mntliod  of  scouting  is  tbe  probability 
which-  it  affords  of  (letocting  (visually  or  by  radar) 
submarines  wliicb  arc  so  moving  that  they  will 
eventually  enter  tho  detection  circle,  detecting  them. 
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that  is,  Ijcforo  thoy  enter  tlic  f)ircle.“  It  is  assumed 
tlmt  tlicse  submarines  are  proceeding  surfaced  (or 
sclmorchclling)  in  a  straight  course  at  speed  u.  The 
probability  will  depend  nn  tins  s[ieeil,  as  well  ns  on 
the  position  of  the  sulimarine’s  patli.  It  sliould  be 
noted  that  the  word  “scouting"  is  used  in  the  present 
study  to  indicate  a  primarily  defensive  operation,  in 
contrast  to  a  frequent  and  more  offensive  connota¬ 
tion  of  tlie  term. 

At  this  stage  it  is  important  to  cmjjliasizo  tliat 
submarines  outside  the  detection  circle  arc  to  be  re¬ 
garded  as  unalertcd  and  citiior  Ignorant  of  the  con¬ 
voy’s  oxistonco  or  Insufficiently  informed  of  its  posi¬ 
tion  to  be  enabled  to  make  a  systematic  approach. 
Consequently  they  may  bo  regarded  ns  random  suh- 
*nortne/>;  all  courses  are  equally  likidy.  And  when  at¬ 
tention  is  confined  to  submarines  on  courses  leading 
eventually  to  their  entry  into  the  detection  circle, 
they  continue  to  ho  random  submarines  but  with  ap¬ 
propriately  nhererr  distribution  of  courses. 

For  fixpiidiency  of  computation,  the  probabilities 
ofjntorcoption  hefujc  entry  into  the  dotectioii  circle; 
are  ovaluatsd  for  targets  of  each  velocity  close  (seo’ 
Sectio.n  1.6).  In  practice  this  means  tliat,  after  hav? 
Ing  estimated  the  probable  cruising  speed  u  of  an  un- 
alerted  surfaced  (or  schnorchclling,  as  tlio  case  may 
l,]e)  submarine,  a  track  angle  0  is  selected,  and  at¬ 
tention  la  fixed  on  the  clivss  C*  of  surfaced  submarines 
(If  speed  «  ‘Ivhicli  (1)  pro(!eed  at  tlio  selected  track 
jingle  (fi,  (2)  have  tracks  relative  to  the  convoy  which 
fbUor  the  detection  clrolo.  Then  tlio  probability  P* 
that  such  submarines  lie  flctoetod  liy  tlio  aircraft  is 
calculated.  This  is  essentially  a  problem  of  harrier 
patrol  evaluation  but  pertains  to  the  ense  of  barriers 
in  which  the  aircraft  fliglits,  though  periodic,  arc 
very  irregular.  The  treatment  has  boon  given  in  Sec¬ 
tion  1 .6,  and  Chapter  7,  and  wc-  confine  ourselves 
here  merely  to  setting  fortli  a  simple  mctliod  which 
will  usually  give  sufficient  nccuracjr. 

Step  1.  Draw  tlio  c.scort  plan  to  scale  relative,  to 
the  convoy,  and  draw  the  det^iction  circle. 

Stop  2.  From  <t>,  u,  and  tlie  convoy  .speed,  find  tlic 
relative  course  0  and  speed  10  witli  rc.ipcet  to  tlie 

nAnotlior  meiwiire  of  cfTflolivoiiON-  in  tho  ivbilily  of  (he  iiir- 
oraft  to  f-irco  (lie  Miihiimriiin  lo  mibinoiKC  oulxiih!  (!»•  dctoc- 
Uon  circle,  and  Hum  Ki'eatly  to  reduce  i(.s  cliniicc  of  delecdiiK 
the  convoy.  'I'his  docs  not  reiiuire  (lie  aircraft  lo  dclec.r  tlie 
subinurinc  bid,  lather,  tlic  subinariiic  to  delect  the  iiircraft. 
Since  this  clepond.s  on  the  amount  of  flyiiiK  in  I  lie  various  urcn.s 
without  the  circle.  In  inurli  tho  same  manner  ii.s  the  aireraft.’H 
probuhility  of  rieleeiinK  the  suhmnriiio  does,  (he  prohahility 
of  the  latter  afford.s  a  signilicant  norm  of  evniuatior.  for  the 
plan.  Therefore  thi.')  will  not  ho  considered  fiirlher. 


convoy  (sec  Section  1.2).  Diaw  tho  two  tangent^  to 
tho  detection  circle  making  the  angle  0  with  tho  con¬ 
voy  course. 

Step  3.  Measure  tho  total  Inngtli  of  tliat  part  of 
tlic  aircraft  patli  which  lies  outside  tlio  detection 
circle  and  between  tlin  two  tangents  drawn  in  step 
2,  and  is  situated  on  tliat  side  of  tlio  circle  corro- 
siionding  to  entrance  into  tlic  circle  by  submarines  of 
class  C^. 

Tlio  required  probability  is  then 
P,  =  1  - 

where  W  =  ofTcctivo  search  width  for  tho  detection 
of  surfaced  (or  schnorchclling)  submarines  by  the  air¬ 
craft  (see  Section  2.6). 

This  calculation  of  P*  is  carried  out  for  li  set  of 
angles  covering  tho  full  circle.  These  may  be  taken 
equally  spaced  cither  in  <l>  or  in  9,  at  for  exaimplc  16 
degree  intervals  (or  larger  if  less  complete  informa¬ 
tion  Buffice.s).  'Phey  aro  conveniently  exhibited  by 
marking  each  off  radially  along  a  lino  starting  at 
tlie  origin  and  making  an  angle  1“  —  v  (and  lienee 
directed  tovard  tho  incoming  subraarino)  with  the  di- 
,  rcctiou  of  the  convoy.  Wlion  the  resulting  points  are 
joined  by  a  smooth  curve,  a  polar  diagram  (to -bo 
called  the  scovHng  diagram)  is  obtalnedv.  A  corre¬ 
sponding  polar  diagram  of  P*  plotted  against  <i>  or 
4>  —  t  can  1)1!  dr.awn,  but  lining  less  directly  related 
to  tlio  relative  picture  of  the  flight  plan'  it  gives  a 
less  clear  indication  of  its  scouting  tightness. 

It  is  noted  that  in  tho  case  of  fast  convoys  whose 
speed  !'  is  greater  than  the  surfaced  (or  schnorchcl- 
ling)  cruising  speed  u  of  the  submarine,  the  polar 
curve  is  a  clo.scd  loop  lying  ahead  of  the  polar  origin 
0.  This  corrcslionds  with  tlio  fact  that  along  a  given 
9  (represented  ac  the  radial  line  at  angle  9  —  v  with 
tlie  convoy’s  course),  there  aro  two  velocity  vector 
angles  one  corresponding  with  submarines  pro¬ 
ceeding  toward  tlic  convoy,  tho  other  to  tliose  headed 
away  from  it  hut  overtaken  liy  it.  Thus  the  loop  is 
cut  in  two  jioints  Iiy  the  above  radial  line.  When 
V  <  u,  there  is  only  one  point  of  intcnscctioii,  the 
loop  enclosing  0.  When  v  =  u,0  is  on  the  loop. 

Actually,  the  chief  use  of  the  scouting  diagram  is  in 
obtaining  tho  xcoidiiig  coefficient,  now  to  be  defined. 
In  apprai.sing  tlic  scouting  ciToctivcncss  of  a  plan, 
coiasideratiou  must  be  given  to  the  total  detected 
fr.action  /  of  all  tho  submarines  whose  motion  will 
lead  them  into  the  detection  circle.  The  number  of 
submarines  of  C*  entering  the  circle  per  unit  time  Ls 
equal  to  the  area  2Rw  in  relative  apace  wbieli  con- 
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tains  thorn,  times  the  (i('i)sity  of  memburs  of  C*  (l)y 
tho  miiciomnoss,  “independent"  of  0).  Tluis  tlioir 
number  is  proixirtional  to  ie[ie  =  h>(^)]-  tlicso,  n 
number  iirojiortional  to  ii^P^  is  doteeted  on  tlie  aver¬ 
age.  lienee,  the  total  iiiimher  detoeted  is  proportional 
to  the  integral 


which  is  ooiivenietitly  found  by  taking  tho  arithmetic 
mean  of  the  numbers  iv(<t>)P^  found  as  ahovo  for 
equally  spaced  angles  <t).  If  every  submarine  were 
detected  {P^  =  I),  tho  above  would  reduce  to 

1  r*' 

2ir,;o  ,  j 

To  obtain  the  I'equircd  fraction,  the  first  dijpression 
is  divided  by  tho  second,  giving  ■  m 


a  weighted  moan  of  tho  quantities  P^.  This  can  lie 
computed  by  taking  tho  equally  spaced  angles  (pt, 
•  •  •  and  obtaining 


f  =  +  w(h)pH  +  •  •  • 

u’('^l)  +  -j-  •  •  ,f 


or  by  using  previous  results  (("liaptcr  1 ,  (tquation  (4)  ] 
to  evaluate  tho  denominator,  la  tin;  notation  of  the 
niferenee,  this  gi\'es 

.  _  arithmetiiMucan  of  w(<i>i)/%i,ie(0a)/%„-  ■ 

•'  '  (a  -t-  V) 

wliere  v  is  the  convoy's  speed. 

Tlic  numl)er  /,  enlled  tin;  naniliny  coefficient,  is  in 
the  nature  of  a  figure  of  mcnit  of  tb.o  scouting  of  tlie 
aerial  esetort  plan.''  'riie  values  are  reasonably  in¬ 
sensitive  to  possible  mi.sostiinations  of  n  but  deiM-nd 
very  nuiti'rially  uiion  the  value  of  H. 

Cbrtiiin  modifications  of  tlie  aliove  procedure  may 
lx;  li.seful  ill  sjieeial  situations.  Thus  in  the  ca.se  of 
certain  submarines  having  extra  batteries,  a  high 


'>'nicoielioiillv,  11  plan  miild  lie  tlraiKimil  so  llml  /  i.s  iniixi- 
niiml  (siibifcl  lo  tlie  IlyiiiK  ro.slriction.s).  Tho  diicol.  (lolcrniiim- 
tion  of  IV  plan  on  (lie  ba.sis  of  llii.s  principio  snnnis  (o  lie  leas 
prolilablo  Ibaii  the  indiront  inolbod  of  drawiiiK  up  a  pracli- 
cablc  plan  and  tbon  obnckiliK  ibs  .scout  inn  vid no  as  above,  pos¬ 
sibly  allcriiiK  the  plan  (wilboul,  aacrilii'iiig  oilier  important 
feal.ure.s)  for  seoviling  iinproveinoiil. 


aubmorged  siwod  may  make  the  submerged  over¬ 
taking  of  the  convoy  possible,  altliough  only  at  rela¬ 
tively  slliort  distances,  on  account  of  limited  battery 
endurance  at  such  speeds.  Tliis  means  that  tlie  danger 
zone  may  iw  liounded  in  the  rear  by  a  curve  pa.ssing 
a  few  miles,  e.g.,  ten,  to  thii  rear  of  the  convoy  and 
gently  eoneave  in  its  direction,  and  intersecting  tlie 
detoetion  circle  at  [mints  near  each  beam.  Tlicn  an 
evaluation  of  tlio  seoV,iting  diagram  and  coefficient, 
with  tho  detection  clrtilo"  replaced  by  tho  composite 
curve  consisting  of  tlie  forward  [inrt  of  this  circle 
joined  to  the  almvo  rear  limiting  approach  curve, 
may  he  useful.  Such  an  evaluation  proheeds  along 
similar  linc.s  to  tlie  earlier  one,  except  that  the  dis¬ 
tance.  D  hotwocn  the  tangents  now  depends  on  0: 
/)-/)*  ratlior  than  D  =  2R  must  lie  used  in  tho 
denominator  of  the  exponent  in  the  formula  for  P^, 
This  proeodurc;  lias  a:  certain  inaccuracy,  inasmuch 
as  it  counts  submarinr™  inside  the  detection  ehclc  but 
bcfib'd  .the  rear  limiting  approaeli  eurx-o  as  r.a.'dom, 
wl.ioreas  thev  can  be  expected  to  liu  vfv.Zfl'ned  enongli 
kio’vledgf  of  tlio  convoy’s  location  to„change  ,1  .n 
an  accidental  to  an  intended  approach.  There  arc 
cases,  however,  whore  this  inaeoilracy  may  be  ig¬ 
nored. 


11.3 


Tllli  .SCMIilfNING  liKKKCTlVrfNIfSS 


'  A  measure  of  tlie  effectiven(vs8  of  an  aircraft  escort 
plan  ns  a  screen  is  tho  prolmhility  which  it  affords 
of  detecting  surfncerl  subinarines''  whicli  are  making 
a  systematic  apiiroiich  to  tlie  convoy.  Such  sub¬ 
marines  are  not  only  alerted  but  they  have  a  fairly 
[ireci.se  knowledge  of  the  convoy’.s  location,  course, 
.and  speeii.  'riieir  approach  may  include  a  tracking 
procedure,  and  .some  form  of  closing  (e.g.,  alnn;;  a 
normal  approach  course  or  a  collision  course)  to  a 
favorable  position  for  submerging  and  thence  mak¬ 
ing  a  submerged  clo.sn  aiiproacli  and  attack.  Their 
.surfaced  apiiroaeli  eour.se  may  tliorefore  Iw  quite 
eomplieid-ed,  and  .sinee  the  jiroliahility  of  detection 
depends  on  its  geometrical  shape,  as  well  as  upon  the 
[ilinso  of  the  aircraft’s  motion  (i.e.,  its  po.sition  on 
its  circuit  when  the  suinnarine  i.s  at  a  given  distance 
from  ()),  the  evaluation  of  all  such  [irobahilities  i,s 
not  fea.sible.  lienee  the  importance  of  tlie  following 
line  of  argument,  intended  to  establish  as  a  u.sefiil 
norm  of  .screening  ('ITi'ctiveness  the  proliahilities  of  do- 
t.e<'tioii  raleulated  for  colliRion  cowkch  onli/.  With  tho 

'■Or  .siibmmim's  wliicb  by  sflin'iirlipllini!  or  ii.sioK  fbeir  pori- 
scopn  arc  alToriliiiK  Ibo  po.ssibilil.y  of  neriiil  ciplroiion. 


CONFIDliNTIAL 


THK  SOUKHNINn  FFFKCTIVKNRSS 


141 


roforonpc  jx)iiit  O-in  tlic  ponvoy  as  contor,  a  cirp.lo  is 
drawn  so  largo  that  it  inoludos  tho  wliolo  aircraft 
escort  track  so  far  within  it  that  thcro  is  no  proh- 
ahility  tliat  any  of  tho  airoraft  iIoUtL  a  siilimarino 
oiitsiflo  it.  'I'liis  pirclo,  in  g('n('ral  much  greater  than 
tlie  (lpt('Ption  pirclo,  will  lx?  palled  the  reference  circle. 
Any  approiiphing  siihinarine  will  proas  the  reference 
pirclo  at  soino  (last)  point  .'1  at  the  hearing  0  reiative 
to  the  convoy’s  course.  Thi,s  is  shown  in  Figure  2, 


drawn  relative  to  tho  convoy.  One  charac.terislie  of 
the  subniarino’s  path  is  d;  anothe.r  is  the  di8tanp,e  from 
the  convoy  at  which  it  submerges.  Figure  2  shows 
three  paths,  A/i  (the  collision  approacii)i  and 
A  Hi,  all  porre-sponding  to  the  same  d  and  same  dis¬ 
tance  frorn^  convoy  of  point  of  suhrnergence  (thus  li, 
Hi,  Hi  arc  all  on  the  same  “submergence  circle”).'' 
How  do  such  paths  compare  in  their  probabilities 
of  detection?  Again  it  must  be  emphn.sizcd  tiiat  the 
submarine  is  a.ssuim^d  not  to  know  the  aerijil  e.sport 
plan;  the  most  it  knows  is  that  aerial  escort  is  being 
flown.  Othei  wi.se  aerial  escort  with  any  normal  num¬ 
ber  of  nirr'rnft  cniilfl  not  lx-  assumcxl  to  be  usefid, 
innsmuch  ns  the  .suhinarinc  could  be  presumed  to 

‘•\Yc  arn  ti.ssiiminR  Hull.  Hie  lioumliiry  of  Utc  HiilmicrKoncc 
roKion  is  a  circle,  thus  consiilciinK  only  llio  simplest  rase.  With 
n  tacliciil  sitiiiilion  known  in  more  dotiiil,  sonic  other  rcKion 
ma.v  hp  more  approprinic.  Por  nxaniplc,  the  ilniiRor  zone  hns 
been  uscrl  in  anal.vzinx  the  jilan  of  iMHure  17,  Iml.  the  priiici|ilcs 
of  the  rcasoniiiR  remain  the  .same. 


know  how  to  get  in  undetected.  Consequently,  the 
paths  AH,  AH\,  etc.  are  randomly  situ.atcd  with  re¬ 
spect  to  the  aircraft  paths.  Now  of  all  the  submarine 
pnths  AH,  AHi,  etc.,  the  collision  enurne  AH  is  the 
one  which  takes  the  least  lime  for  the  submarine  to  gel 
from  A  to  the  submergence  circle.  If  therefore,  tho 
density  of  air  coverage  is  substantially  the  same 
throughout  the  regions  through  which  AH,  etc. 
can  l)c  expected  to  pass,  tho  probability  of  doteetion 
for  is  less  than  that  for  A  Hi,  A  Hi,  etc.  On  ac¬ 
count  of  the  intention  of  tracking  the  convoy  before 
closing,  anrl  then  of  entering  tho  submerged  approach 
region  (Figure  1),  many  submarine  paths  may  lie 
exiKuited  to  bo  of  tho  typo  of  A  Hi,  hence,  if  tho  prob¬ 
ability  of  doteetion  of  AH  is  to  represent  a  gonuino 
conservative  estimate  (lower  limit)  of  tho  probabili¬ 
ties  of  detection  of  AHi,  AHi,  etc.,  the  flight  plan 
must  promde  adequate  barring  of  crossing  the  line  AH 
of  Figure  1. 

Consider  now  two  collision  eoursos:  AH  and  AO 
(Figure  2).  The  probability  of  dctectlou  of  AH  is 
obviously  less  than  that  of  AO  (ai  most  equal  to  AO. 
in  the  onso  when  all  (lying  is  done  well  outsiqlc  tho 
sulrmorgoneo  circle).  If  the  density  of  flight  w(|rn  es¬ 
sentially  the  8.ame  at  all  the  places  through  which 
the  collision  course  of  bearing  angle  0  passes,  out  to 
a  point  D,  and  then  fell  to  zero,  the  probability  of 
detection  of  AH  would  be  given  by  multiplying  that 
for  AO  by’  the  factor  HD/f)!).  If  thoro  were  more 
flying  farther  out  along  OD  than  at  points  nearer  to 
0,  the  factor  would  Ixi  greater  than  HD/OD-,  if  loss 
(lying  far  than  near,  the  factor  would  he  less  than  ' 
HD/OD,m(\,  indeed,  the  ])robability  of  detection  of 
AO  gives  little  information  about  that  of  AB  when 
tho  flying  is  highly  concentrated  near  the  convoy;  but 
such  i)lans  arc  bad  plans  (since  they  duplicate  the 
sigliting  operations  of  the  surface  escorts  and  since 
they  cover  regions  where  the  submarine  can  be  ex¬ 
pected  to  be  already  submerged)  and  need  not  con¬ 
cern  us  here,  t'hcir  exclusion  is  part  of  tho  ta.sk  of 
the  fiesign  of  a  plan  (Section  O.G  below).  Thus,  with 
rca.sonablc  c.scort  jdans,  the  probability  of  detection 
of  AO  is  II  satisfactory  index  of  tho  tightne.ss  of  tlic 
screen  along  the  line  of  bearing  0.  We  may  add  that 
the  ]irnbability  for  AO  is  the  same  (on  account  of 
the  way  in  which  the  reference  circle  was  drawn) 
as  that  for  a  collision  path  of  bearing  6  but  extend¬ 
ing  to  infinity  instead  of  to  A. 

In  conclusion  it  i.s  here  iro.sitcd: 

ruder  the  proviso  that  (1)  the  entrance  to  the 
.submerged  npiiroach  region  be  adequately  guarded 
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(so  that  probability  of  ilotoction  of  A  Hi  is  not  loas 
than  Ali),  and  (2)  tho  flyinR  be  not  undnly  con¬ 
centrated  near  tlie  convoy,  tho  prolmhility  p(6)  of 
dotootion  of  a  collision  course  submarino  coming  from 
infinity  to  0  along  the  bearing  6  calculated  for  various 
representative  values  of  6  is  a  norm  of  the  screening 
oiTeotivenosa.  The  jrolar  diagram  r  =  p(9)  is  called 
tho  screening  polar  diagram.  Its  construction  is  the 
subject  of  Section  0.4. 

A  modified  procedure  is  to  take  the  polar  diagram 
in  which  probabilities  of  detecting  collision  course 
submarines  outside  tho  danger  zono  are  plotted,  in¬ 
stead  of  probabilities  of  detection  all  the  way  in  to 
0.  This  occasionally  gives  useful  indications,  but  its 
value  is  mainly  in  .scrutinizing  poor  irlan.s,  i.e.,  those 
In  which  an  undue  amount  of  (Ij'ing  is  done  close  in. 
In  a  well-designed  plan,  the  diagram  as  it  has  been 
considered  earlier  should  not  be  too  different  from 
tho  modified  ease  here  mentioned. 


O'*  THE  SCREENING  POLAR  DIAGRAM- 
GENERAL  CONSIDERATIONS 

As  in  Sootion  9.2,  the  period  T  of  the  flight  plan  is 
ascortainod,  and  the  diagram  of  the  plan  is  drawn  in 
convoy  space.  Tho  problem  is  to  find  the  probal'ility 
p(e)  of  dotoetlng  a  surfaced  submarine  approaching 
on  tho  collision  course  which  in  convoy  space  i.s  the 
radial  line  drawn  n\it  from  0  at  the  angle  9  with  tho 
convoy  course.  In  order  to  see  precisely  what  is  in¬ 
volved,  wo  shall  give  tho  exact  formulation  of  p{9), 
and  afterwards  study  methoda  for  its  approximate 
evaluation. 

Let  I  denote  the  time  (liours)  before  a  particular 
submarine  reaches  0  (at  0,  <  =  0).  Marking  an  x 
axl.s  in  the  direction  of  tlio  convoy’s  ln-uding  (the 
reference  point  0  in  tho  convoy  being  the  origin) 
and  a  y  axis  in  the  starboard  direction  (Figure  3), 
the  submarine’s  po.sition  at  any  time  t  is  and 

if  w{6)  is  its  relative  speed,  we  have 

Xi  =  ^o{e)l  cos  0 
Vi  “  v!{9)t  sin  9, 

which  arc,  in  fact,  its  equations  of  motion. 

If  (A'',',  F(')  arc  tlie  coordinates  of  tho  fth  aircraft 
at  time  t,  this  aircraft’s  equations  of  motion  are  of 
the  form 

=  A'(0, 

=  F‘(0, 


where  tho  two  functions  X'il)  and  F'(f)  are  each 
periodic  and  have  T  os  a  period.  Indeed,  T  is  tho 
smallest  common  period  of  ell  tho  functions  X'(t), 
F’(f)  for  all  values  of  i  (i.e.,  the  least  common  multiplo 
of  tho  periods  of  all  aircraft  circuits  of  the  plan).  Of 
course  some  of  tho  aircraft  may  repeat  their  circuit 
more  often  than  others,  so  smaller  numbers,  such  ns 
T/2,  may  b(!  periods  of  some  of  tho  pairs  of  functions 
XHl),  It  must  be  realized  that  to  give  the 

escort  plan  is  to  give  those  functions,  and  vice  versa. 

Lot  _ 


be  tho  instantaneous  probability  of  siglitlng  a  target 
(surfaced  submarine)  at  ix,y)  by  .an  observer  (air¬ 
craft)  at  (.X,Y)  (see  Section  2.2).”  ^Vs  in  Chapter  2, 


J/kicke  .1.  Collision  iippronch;  tlie  coordinate  system. 


the  probability  of  sighting  the  submarine  on  its  entire 
collision  course  by  tlio  ftli  aircraft  is 

1  -  exp  {  -  /^  7  4-  iVi  -  F,')^]df|’ 

and  the  proliability  that  at  least  one  of  the  aircraft 
siglit  it  is 

1  -  cxp|- 


r  l':rrocl.s  of  tarRot  aspect  nnd  benrinR  on  Uii.s  probability  are 
bcinfi  iRiiOiod  in  thus  nssiimiiiR  tliiit  y  is  a  function  of  the 
(lisliince  boiwcoii  oliserver  nnd  tnrpol. 
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tlio  summation  in  tlic  exponential  being  over  all 
values  of  i  which  occur  (e.g.,  from  1  to  3  if  there  arc 
three  aircraft  flying  the  plan). 

This  is  not  yet  the  value  of  p(0). 

Suppose  tliat  a  second  submarine  is  following  the 
first  at  a  distance  w{d)T  behind  it  (i.e.,  t  hours  later). 
If  T  •=-  T,  27’,  37’,  etc.,  its  chance  of  <letection  is  the 
same  ns  before,  because  of  tlie  periodicity  of  the 
plan.  But  if  0  <  T  <  T,  it  will  arrive  at  the  various 
points  of  its  path  when  the  aircraft  arc  at  a  difYcront 
phase  in  their  circuits  from  those  of  the  previous 
case,  and  thus  the  probability  of  detection  will  bo 
different.  To  find  its  value,  wo  have  but  to  write  the 


The  exact  computation  of  j){d)  would  be  a  formid¬ 
able  task  and  is  not  warranted,  in  view  of  the  fact 
tliat  any  explicit  expressions  for  y  and  ^u{^)  are  at 
best  only  very  approximate,  while  at  the  same  time 
there  is  bound  to  be  considerable  navigational  in¬ 
accuracy  in  flying  the  plan.  Fortunately,  approxi¬ 
mate  m(!thods  exist  whcrcliy  ?)(fl)  can  be  evaluated. 
Tlic  earliest  method  was  to  use  s.  definite  range  law 
of  sighting  and  treat  the  problem  graphically.  This 
method,  except  ns  giving  very  crude  indications,  has 
had  to  be  abandoned.  For  it  not  only  gives  an  un¬ 
satisfactory  degreo  of  approximation,  but,  more  im¬ 
portant,  it  frequently  yields  a  value  p(6)  =  1,  thus 


equations  of  motion  of  the  second  submarine 

Xi  =  w{d){i  +  r)  msi  6  =  Xi+r, 

y,'  =  w{0){t  +  r)  cos  $  =  y,  f.r, 

and  substitute  these  expressions  into  the  above 
formula  in  place  of  {xi,y,),  i.e.,  replace  (a^/,;//)  by 
(.Xi  +T<  Vi  +t)'  Now  tlic  value  of  p{6)  is  the.  prob¬ 
ability  of  detecting  a  submarine  chosen  at  random 
on  the  line  of  bearing  9.  Its  position  is  cliarnctcrizod 
by  tlie  value  of  t,  which  is  uniformly  distributed  in 
the  interval  0  ^  r  <  T.  Thus  to  obtain  p{0)  we 
must  average  the  prohabililies  obtained  ns  before  for 
each  t;  wc  have  then  finally 

r,  “  \/ {Xi  +  r  —  A'(')“  +  (//(  +  T  —  Fj')*  • 


giving  the  impression  that  a  perfect  barrier  could  be 
established  (i:orre.>fponding  with  the  idea  of  “sweep¬ 
ing  the  ocean  about  the  convoy  clean”).  This  is  an 
illusion:  Every  plan  gives  the  submarine  a  finite 
(though  possibly  small)  chance  of  an  undetected  sur- 
faceil  passage  through  the  aircraft  sciecn,  provided 
the  velocities  make  .such  an  approach  kinematically 
possible.  A  much  better  method,  for  the  visual  case 
at  least,  is  the  one  ba.sed  on  the  inverse  cube  law  of 
sighting  It  is  set  fortli  in  detail  witli  the  p.id  of 
examples  in  Section  9.5.  Here  wc  merely  outline  the 
gcnoj'al  ])rinciples  of  the  approximation  to  p{d),  what¬ 
ever  be  the  nature  of  y,  and  thus  applying  equally 
to  any  law  of  visual  or  of  r.adar  detection. 

As  the  first  step  in  the  apiiroximation,  suppose 
that  the  submarine  crosses^  two  partial  paths  Ci, 

fj.c.,  either  actually  intei'.socl,  or  puss  in  close  enough  prox¬ 
imity  to  pfford  an  appreciable  chance  of  a  sighting. 
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-G%\if  tlic  i)laM  (and  [lossibly  otli(>rs).  This  may  oonur, 
as  in  Fiffuro  4A  or  4H. 

Tlio  distinction  is  tliat  in  (A)  the  patlis  arc  either 
flown  by  difTerent  planes  or  l)y  the  same  |)l!ine  at  eon- 
sidnrabiy  different  epochs,  and  then-fon!,  i)eeaiise  of 
the  irreKuhiritie,s  in  tlie  iliKlitsand  in  the  suhmnrine'.s 
motion,  etc.,  Ihc  dclcclion  b)/  tlir  nircraft  nn  (\  anti 
the  (Iftcctivn  on  ('a  may  be  reyartlcti  rnt  Ntntixlifall!/ 
independent  cventn\  wlierea.s  in  tlie  ea.so  (B)  Kue.h  in¬ 
dependence  may  not  be  asitutned.  Furtlionnore,  th;- 
toction  on  any  of  tlie.so  patlis  will  not  occur  (i.e., 
occur  with  l)ut  a  negliRililo  iirohahility)  at  a  con- 
sidorahle  distance  from  the  suhinarine’s  path,  for 
example  on  tlie  dotted  portions  of  Ci  and  6'a  and 
bej'ond.  Tliu.s  we  may  at  our  concenieneo  either  sup¬ 
press  all  this  more  (listant  part  of  the  paths  or  al- 
tor:mtiyoly:(wlien  it  is  innthemntioally  simiiler)  pro¬ 
duce  the  straiglit  lines  to  infinity  away  from  the  sub- 
marine’s  cciurae.  It  then  becomes  a  much  simph'r 
problem  to  calculate  tlie  probability  of  detection  by 
Cl  and  then  by  C-  sepr.rL.tily  'A),  ami  by  the 
eomb.inJitio'ni,Ci Gi  in  (B),  /•  „  we  are  thus  led  to 
the  follow! njji  first  simplification  .a  ‘.he  computation 
of  pW).  n  ,1 

For  encli  gi\’en  6,  separate. tlie  aircraft’s  paths  into 
coherent  pieces  [Ci  and  Ci  .seiiarately  in  (A),  f’l  -I-  Cj 
joined  in  (B)),  and  reinard  each  piece  simplifiial  at  its 
distant  parts  either  liy  suiipressitiK  thorn  or  produeing 
thorn  to  infinity  as  straight  lines.  Tiien  compute  tlie 
probability  of  detection  for  each  part  by  tlio  methods 
to  bo  developed  below,  I.astly,  combine  the  probalnii- 
tioH  of  the  difTerent  parts  a.s  independent  probabilities. 
Thus,  in  (A),  if  pi(0)  and  p-j(9)  arc  tlie  irrobabilitics  of 
detection  by  (7i  and  Cj,  afid  if  no  other  paths  arc 
crossed,  we  have 

p(0)  =  1  --  [1  —  /;,(5)]  [1  —  //2(a)  |. 

The  second  .step  in  the  approximate  computation 
of  pCff)  concerns  tlio  evaluation  of  the  probability  of 
detection  p'(0)  for  a  single  colicrcnt  part  of  track 
(p'  =  Pi  or  ]h  in  tlie  previous  exampli').  Figure  5 
shows  the  situation  .schematically.  The  eohi'i'ent  part 
of  track  is  C  (wliich  may  also  Ire  thought  of  a.s  bent 
back,  ns  in  Figure  4B,  wlicro  C  =  C'l  +  ('■>). 

Since  the  aircraft  flying  ('  li.a.s  a  niucli  greater  .speed 
tiian  tlic  .siilimuriiic,  tlie  latter  will  move  only  very 
.slightly  during  tlie  time  it  tnke.s  the  aircraft  to 
traver.sc  tliut  part  of  ('  (tlic  solid  line)  which  is  clo.s(r 
cnougli  to  tlic  .submai'iiie’s  laitli  to  give  any  a])- 
irrcciable  cliaiicc  of  detection.  Ilcncc  the  appmxi- 


mation:  lieynrd  the  submarine  as  stationary  [c.g,,  at 
tlio  point  (.(-,//)]  while  the  aircraft  makes  a  given  flight 
of  V.  'I'he  lorrnuln  eonsidered  earlier  then  givc.s  for 
tlio  probability  of  detection  during  tlii.s  particular 
flight 

1  -  cx)r  J* Y  (ATf)  -  •r)-  +  (F(0  - 


=  1  -  exp|-J^/(r)(fs  j- 


where  v  is  tlie.  aircraft  spend,  s  is  the  distance 
al(.'ng  its  [lath  C  measured  from  any  fixed  referoneo. 


Kuiukk  ft.  .Suocn.ssivR  pn.nitions  .snon  iliirlng  npproncli. 

point,  and  J'  tlenotcs  integration  over  the  wlarlc  of 

C,  J'  fir)ds  i.s  the  contact  potential  (Si'ction  2.3),  r 

being  the  distanee  between  the  target  at  the  fixed 
iroint  (j-,!/)  and  the  olwerver  (aircraft)  at  the  moving 
[Joint  (A’,)').  A  fiirtlicr  approximation  is  involved 
here,  in  tliat  tlio  in  crage  ground  speed  v  i.s  taken  a.s 
tlio  aircraft  speed  in  convoy  .space.  Now  ('  is  flown 
regularly  every  7’'  limir.s,  wlierc.  T'  =  7’  or  an  in¬ 
tegral  .sulimiiltiplo  thereof  (c.g.,  T'  ~  T/2).  Hence  if 
at  one  ojiocli  (time  wlicn  tlic  aircraft  is  at  .a  fixed 
rcicrciicc  [loint  on  its  [latli  C  .sucli  a.s  A,  Figure  5) 
till'  subnuu'ini'  i.s  at  (.r./y),  T'  lioiirs  earlier  it  wa.s  at 
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(r  ,7/'),  nnd  T'  lioiirs  Inter  it  will  he  at  (x",]/"),  where 

x'  —  X  ~  X  -  x"  -  T'ie(0)  cos  0, 

U'  —  !l  =  U  -  if  —  T'it'(O)  sin  0; 

and  there  will  In?  other  earli('r  r.ud  later  positions  of 
the  siihinarine  eorresponding  with  multiples  of  T'. 
The  probability  of  detcetion  in  at  least  oius  r>f  these 
positions  is 

1  -  exp  I  -  /('■«) 

where 

'r'n  =  —  .r,|)'  +  (!'  —  !/»)“, 

ix„,yn)  being  the  nth  position  of  the  subinn.vine,  v.,;., 
iXn,y„)  “  {x,y)  {x',]i’),  (x',f),c.i(i.,nm\  A  ^  .y(.«/ii), 
Y  -  y(s/i)),  the  eoorditmtes-of  the  (moving)  air- 
ural't.  As  before,  this  must  la-  nvernge<i  ever  a  eon,'- 
pleto  set  of  rep;  eaentati vc  positiana  of  (.r.j/),  e.g.,  over 
all  positions  speeificrl  by^ 


striietion  of  the  Ke,Kment  h'li  of  tlie  aul)marine’s 
patli,  wher(5  li'li  is  tlu;  locus  of  points  not  farther 
than  1)  from  (■  (Figure  It  may  happen  that 
/i'  =  f  t;  l)ut  in  all  eases  the  notation  is  siieli  that  B' 
is  nearer  to  0  tlian  is  B.  Figure!  (i  sliows  a  scale  at¬ 
tached  to  thesuhmnrine’s  path:  B'  has  tlu!  coordinate 
zero,  B  )ms  h  (l>  —  B'B),  a  typical  position  of  tlie 
subnmriiK!  is  etc.  And  on  this  scale  tlie  points  v'T', 
2u'T',  etc.,  have  l)oen  marked  [la  =  Figure  G 

(A),  (II),  and  (C)  show  three  typical  cases. 

In  ease  (A)  there  is  at  most  one  opportunity  for 
an  aircraft  flying  C  every  T'  hours  to  detect  tlib  sub- 
inariiio.  'With  the  prohahility  b/wT',  the  submarine 
will  be  on  H'H  for  some  flight  of  C,  and  having  moved 
at  least  wT'  mihis  between  flights,  it  will  not  l)o  on 
B'B  at  any  other  (lights  of  C.  Heneo  wo  have 


[x  +  tu>{6)  cos  6,y-{-  ru’(9)  sinO],  0  $  r  <  T'. 
Thus  ) 

p'(e)  =  yJo  {'  ■■ 

'ihc  tlilrd  step  in  the  approximate  evaluation  of 
•/i(d)  aims  at  simplifying  the  summation  in  this 
formula  for  p'(0).  To  tliis  end,  seleel  a  distance 
having  tlie  following  jiroporty.  At  a  lateral  range 
greater  than  D,  an  nireraft  on  a  straight  course  has 
a  negligible  chance  of  sighting  the  submarine,  where¬ 
as  at  less  than  I)  it  begins  to  have  a  chance  of  sighting 
whicli  must  lie  taken  into  account,  Tims,  if  D  =  2B 
{E  =  cfTcctivc  visibility),  the  cliancc  of  sighting  at 
lateral  range  D  is  of  the  order  of  2  per  cr^nt;  and  for 
definiteness,  this  value  of  1)  shall  lie  used  herein,  'riic 
decision  to  neglect  points  of  tlie  submuriiio's  patli 
farther  from  ('  than  the  di.stance  I)  lends  to  the  eon- 


wlinre 


is  tlie  distance  between  the  aircraft  at  the  point  on 
its  pntli  corresponding  witli  s,  and  tlio  submarine’s 
position  (.T(,/y()  eorreaponding  with  f.  Time  tivomg- 
ing  u.se.d  previously  has  been  replaced  by  the  equiv¬ 
alent  proccGO  of  length  averaging,  and  all  terms  but 
OIK!  in  the  summation  S„  arc  absent. 

ill  ease  (H),  there  will  surely  be  at  least  one  op¬ 
portunity  for  the  aircraft  to  8,ight  the  submarine,  and 
surely  not  more  tlian  two  sucii.  The  ease  of  just  one 
occurs  wlicn  tlie  submarine’s  position  $  is  in  the  inter¬ 
val  {b,wT'),  an  event  of  probability  (2wT'  —  h)/wT'. 
If  this  occurs,  tlie  chance  of  detection  i.s 
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Tho  case  of  just  two  opportunities  occurs  when  tho  an  Intormcdiato  value,  such  as  their  arithmetic  mean, 
(one  and  only  one)  {  in  iO,T'w)  falls  in  the  interval  jit  docs  not  appear  profitable  to  carry  tho  discus- 
(0,6  —  wT'),  an  event  of  probability  (6  ~  wT')/wT'.  sion  further  in  general  terms,  i.e.,  without  assuming 
Then  the  second  and  last  opportunity  occurs  when  a  definite  form  for  y  or/(r), 
the  submarine  is  at  f  +  v)T',  which  will  necessarily 
bo  in  (wT'fb).  The  chance  of  detection  in  tliis  case  is 

PLOTTING  THE  SCP.ItENING  POLAR 

1  f  r(,,.  DIAGRAM:  IN VfiRSE  CUBE  LAW 

;  )  practical  problem  of  plotting  tho  screening 

+  /(r{+«ir))- ds  >  df.  polar  diagram  when  the  escort  plan  and  various 
i  relevant  quantities  are  given  is  a  task  of  approximate 

i  When  these  expressions  are  multiplied  by  numerical  computation  of  the  probabilities  p(,6)  dis- 

^  (2u)2’'— 6) /wT' and  (6  —  respectively,  and  cussed  theoretically  in  the  last  section.  It  can  bo 

!'  the  products  added  (colresponding  to  total  proba-  carried  out  only  when  the  law  of  dotectiqn  is  given, 

bility  of  two  nuitually  exclusive  events)  tho  final  either  as  an  equation,  or  a  table  or  graph  of  tho 
expression  for  p'(6)  is  obtained.  function /(r).  Cliaptcrs  4  and  6  have  studied  the  law 

This  assumes  nn  absolute  accuracy  and  regularity  in  detail  in  tho  cases  of  vision  and  radar  and  rqpre- 
of  flights  and  submarine  motion  lasting  through  the  gent  tlie  best  information  existing  at  the  time  of 
very  appreciable  time  T\  an  assumption  novor  real- publication.  Their  results  afo  m-ainl}'  in  tai):dH»*  or 
iscd  in  practice.  It  is  more  realistic,  as  well  os  raatho-  graphical  form,  and  their  applioatiob  to  the  pre.sont 
mfltically  simpler,  to  regard  tho  two  opportunities  of  prolxlom  involves  a  rather  lengthy  set -of  ;numericul 
dotection  us  independent  events  and  to  combine  them  computations.  Partly  to  illustrate  tljOji  principles  of 
as  such.  If  their  Individual  piobubilitiw  are,  re-  procedure  in  os  simple  a  form  as  possible  and  partly 
spoctivoly,  Pi  and  pj,  so  that  to  show  how  tlic  computation  was  actually  done  in 

the  case  of  many  plans  which  havo'bocomo  fleot 
1  •  r_  r  ffr  doctrine  and  had  to  be  designed  before  the  more  dc- 

“  i-ioT'Ju  I  L  ^  J;  tailed  information  i?f  Chapters  4  and  5  was  available, 

tlic  prc.scnt  section  will  bo  based  on  tiie  inverse  oubo 
1  ,  f  _  f  f/  \j  lltJt  law  of  detection  (see  Section  2.2).  But  it  must  be 

t  Jc'  borne  in  mind  that  this  is  at  host  approximate  and 

is  not  applicable  in  tlio  case  of  any  considerable 
■  1  r'‘  i  r_  r  f/  V  lld£  amount  of  haze  (low  meteorological  visibility).  How- 

™  b—wT'  Ju.r\  j/  ’  over,  it  is  doubtful  if  when  this  law  shows  that  a 

certain  plan  is  bettor  than  another  a  more  accurate 
then  tlielr  combination  is  Pi  +  pj  —  pipj.  law  would  reverse  tlio  comparison. 

In  ease  (C),  there  arc  many  positions  of  the  sub-  Tlio  inverse  cube  law  finds  its  expression  in  the 
marine,  differing  successively  by  wT',  at  which  tho  equations 
aircraft  may  be  in  sighting  range.  When  C  (Figure  6) 

is  not  close  to  0,  it  is  usually  sufficiently  accurate  to  /(’Ods  =  m  =  O.OIGA?’,  (1) 

regard  the  summation  ns  nn  infinite  sum,  i.e.,  to 

employ  formulas  for  infinitely  many  congruent  and  wliciu  r  is  tlic  range  and  E  tlio  effective  visibility  in 
equally  distant  sweeps  (in  target  space).  When  C  nautical  miles  (sec  Chapter  2,  aquations  (10)  and 
is  close  to  0,  tliis  method  must  bo  modified  to  take  (40),  witli  rlt  roplaecd  by  ds  =  dt/v  in  tliu  former, 
account  of  tlic  fact  that  the  sweeps  occur  essontiall;'-  From  tliesc,  tlie  process  of  Section  2.3  of  Chapter  2 
on  one  .side  of  tlic  target  (in  target  space),  e,g.,  tlio  as  illustrated  by  Figure  5  of  that  cliaptcr  lends  to 
probability  p  given  by  tlio  sweep  formula  is  replaced  eciuntion  (23),  as  shown  therein.  It  is  expedient  to 
by  1  -  VF^;  to  obtain  p'(0).  Intermediate  cases  rewrite  these  results  in  a  slightly  different  form,  giv- 
would  olTcr  greater  coni|ilicatjons  in  a  direct  treat-  iiig  Figiiru  <  below,  wliieli  is  drawn  relative  to  the 
ment,  but  in  prnrtiec  it  is  usually  sufficient  to  com-  target  (rather  than  the  observer,  as  Figaro  5  of 
puto  tho  two  extreme  values  cited  above  and  accept  Chapter  2).  In  other  words,  the  target  is  fixed  in 
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Figiiro  7,  and  the  observer  (aircraft)  is  flying  with 
tlie  relnti.ve  velocity  w.  Tlio  angles  u',  u"  of  the  earlier 
treatment  are  replaced  by  7',  y"  (not  to  be  confused 
with  tlie  instantaneous  sighting  probability  density). 
Thus  we  hnv’^e 


.p"  _ 

Ji/  r»  Jy'  (x‘  +  ifY 


(2) 

(3) 


It  must  be  romembered  that  x  in  the  above  equations 
is  the  distance  along  the  normal  to  the  aircraft  path 
from  the  target.  Of  equations  (4),  (5),  and  (G),  only 
equation  ((5)  i.s  simple  (mough  to  lie  put  through  the 
averaging  process  which  is  necessary  wlicn  ttie  sub¬ 
marine  i)oaition  is  not  fixed.  Thus,  it  will  be  found 
necessary  to  substitute  infinite  aircraft  tracks  for  the 
finite  ones  found  in  tho  actual  escort  plan  to  be 
evaluated. 

Often  tho  aircraft  mil  fly  a  path  such  as  is  in- 


resi)ective  liirdts  of  tlie  {lircr.aft  track,  ;/'  and  y",  to  ijoteiitials  arc  additive  (sec  Section  2.2),  it  is  possible 
the  target.  These  extreme  range  lines  make  tlio  angles  to  derive  a  convenient  form  for  tlie  combined  con- 
y'  and  y"  with  tlic  aircraft  track.  Thus,  substituting  tact  potential, 
in  (3): 


ff  t"  “  cos  y').  (4) 

Jy  I  X 

Should  y'  go  to  —  00  or  y"  to  +  »,  the  above  equa¬ 
tion,  substituted  in  (2)  above,  liecomes 


L 


A/C  imth 


fir)dy 


m. 


p(x)  =  1  ~ 


(5) 


Oc  sin  yiY 

,  m 
{x  sin  yn) 

>»■  1  /  ,  7i 

-  1  esc’ 

2V 


x’-2\ 


^  (1  -I-  cos  71) 

^  (1 -b  cos  72),  (7) 

d-  C8C“  — Y 

2/ 


where  7  is  tho  .appropriate  one  of  7',  7’'.  Similarly,  By  setting  ?a'  =  0.046(E')^ 
for  a  flight  from  —  m  to  +  «> , 


p(x)  =  1  —  e 


-Zm/J’ 


((>) 
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(8) 


1 


148 


AKRIAL  ESCORT 


the  form  of  equation  (0)  may  be  obtained : 

=  1  -  (9) 

Target  known  to  be  on  a  fttraight-Uiie  interval.  If,  in¬ 
stead  of  a  stationary  target,  we.  have,  a  moving  i>iie, 


Kiuokb  8.  Subinariiio  locus  [)nB8iiif;  tlirouxli  aiiKlc  of 
aircraft  patli. 


the  above  formulas  ean  still  l>e  applied  to  solve  tlu? 
problem.  It  is  first  n(!en.s.sary  to  consider  cases  wiierc 
the  submarine  jmsition  at  tlie  times  of  tlie.  aircraft 
pass  is  known  to  lie  in  a  given  straight-line,  interval 
and  ecjually  likely  at  any  [joint  tliereiii.  Tlie  ease  in 
whicli  the  aircraft  flies  along  a  straight  infinite  path 
which  meets  the  submarine  path  at  right  angk®  at  0 
is  shown  in  Figure  9.  The  submarine  is  taken  to  be 
“uniformly  distributed’’  in  the  interval  from  0  to  A 
(length  a).  Since  the  chanre  that  the  tiirget  be  be¬ 


tween  X  and  X  -|-  dx  i.^  dx/n,  tlie  probability  of  dc- 
ba'ting  the  sul)m,arine  is: 

p{a)  =  —  f  (1  —  f/.T.  (in') 

In  the  more  general  ease  where  the  angle  «  in 
Figure  9  may  have  any  value,  it  is  necessary  to  u,so 
as  lateral  range  x  sin  a.  The  following  oc(Uation  is 
obtained. 

p(a)  “  ^  (J  ~  (11) 


IbouHS  9,  Straight  oiroraft putli :  avomgingprocoM.  (a  <=C/i.) 


Similarly,  the  case  of  the  bent  aircraft  path  oan 
bo  c.xpresscd  in  this  form.  Figure  10  illustrates  the 
situation.  (The  submarine  may  be  at  any  place  be¬ 
tween  (>and  A.)  The  expression  for  the  probability 
involves  the  quantity  m'  defined  In  equation  (8) : 

p(a)  =  ^j'  (1  —  e"®"*''’*’)  dx,  (12) 

Equations  (10),  (11),  and  (12)  can  all  be  inte¬ 
grated  to  yield 

V(a)  =  =  1  -  e-'^’H-.XAd  -  erfX),  (13) 

where 

X  =  0.303  — •  (14) 

a 

For  straight  aircraft  paths  (Figure  9), 

E'  -E  CSC  a;  (15) 

for  bent  aircraft  paths  (Figure  10), 

E'  =  2  5  +  csc2  (16) 
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l’i.ATH  I.  Curves  for  the  coinpuliitioti  of  dotootion  probiibilitica. 


I'iduriE  12.  C  a.sc  in  whieli  Unrgot  can  bo  on  cither  side  of  aircraft  path. 

CONFiDltNTfAL 


Platk  II.  (’urve«  for  combining  independent  probubilitios. 


the  chance  of  detecting  it  between  H  and  C.  A(iding 
the  two  togctlKw  gives 

pii  +  '1^  pm:,  (17) 

and,  transposing,  wo  oljiiiin  the  desired  probability, 

pne  =  pi,  -  pc.  (18) 

The  second  case,  illustrated  in  Figure  12,  occurs 
when  0  falls  inside  the  interval  BC.  Following  the 
reasoning  of  the  [irevious  case,  the  obvious  conclu¬ 
sion  is: 


PHC  =  ^  pr  +  2  PB,  (19) 

where  botli  pc  and  pH  are  calculated  with  the  aid 
of  equation  (13).  When  the  aircraft’s  path  is  not 
•straight,  a,s  in  Figure  12H,  the  correct  angles  must 
bo  used  to  calculate  pc  and  pn.  While  yi  and  ys  apply 
to  Ph,  their  suppleiiwnls  are  used  in  computing  pc- 
Thus  for  Pc  equation  (20)  becomes : 

-A”  =  ^c.sc=^^^'  +  esc= 
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Tho  aircraft,  In  eomo  situations,  will  fly  parallel 
or  nearly  parallel  to  the  locus  of  possible  submarine 
positions,  as  in  Figure  13.  Referring  to  equation  (6) 
for  an  infinite  aircraft  flifjht  psist  a  stationary  target, 
it  is  seen  that  the  probability  of  detection  at  any 


LOCU*  OF 
8US  POSITIONS 


Fiqi’RB  is,  Com  of  parallel  airomfl  path. 

11 


one  submariho  position,  and,  tl'.aroforc,  along  the 
entire  locus,  is  given  by  the  exprofsiou:  ■  i' 


Piwrr'tl  1 
-  1 


'i-Sra/iV  .. 

—  c 


A  lilot  of  oquatibn  (21)  versus  tho  quantity  E/x  is 
shown  In  Figure  1,4.  If  the  submarine  is  nsriumecl  to 
be  in  tho  interval  SC  and  its  course  is  parallel  to,  or 
makes  a  very  small  angle  with,  tho  aircraft's  course, 


E/x 


Fioohb  14.  Pmhnliilit.v  of  ilclcction  in  piiriillol  flinlit. 


the  probability  of  its  detection  on  a  single  infinite 
flight  is  given  by  tlic  ordinato  corresponding  to  tho 
appropriate  value  of  S’/x.  For  nearly  parallel  courses 
the  average  value  of  x  may  be  used. 

Target  moving  on  a  straight  path.  Lot  us  reconsider 
the  foregoing  cases  (Figures  1 1  and  12),  as.sufning  now 
tliat.  the  plane  repeats  its  “infinite”  path  every  T 
hours  (the  period  of  tho  actual  screening  plan).  It 
is  desired  to  find  tho  probability  or  contacting  a  sub¬ 
marine  while  it  is  moving  from  point  B  to  point  C 
with  tho  velocity  w.  This  tv  is  small  enough  compared 
with  the  aircraft  speed  so  that  the  submarine  motion 
during  a  particular  aircraft  pass  is  negligible.  Be¬ 
tween  passes  tho  submarine  covers  the  distance  wT, 
Tho  time  at  which  the  submarine  roaches  point  B  is 
completely  at  random.  However,  tile  situation  re¬ 
peats  Itself  every  T  hours.  A  segment  of  ie  igth 
wT  may  be  chosen  arbitrarily  on  the  submarine’s 
(straight)  patii.  Tlie.  submarine  will  bo  somewhere 
in  this  ivT  section  during  ono  of  tlie  oiriTnft  passes. 
During  the  preceding  and  sueeoedirg  passo.s.'.,(0  .sub¬ 
marine  will  be  in  the  adjacent  wl'-lcngth  sortmeuts. 
This  set  of  nopoyerlappiag  wT  seginenw  should  bo 
extpi,dpd’io  ir-  jude  at  least  all  of  BC.  Since  the 
rigorous  solution  of  tho  problem  is  Independent  .of 
tho  position  of  the  set  of  w7'  segments  relative  to  BC, 
wo  shall  in  ouch  case  choose  a  sot  for  \yluch  tho  errors 
due  to  various  approximations  will  bo  minimized. 

If  d,  tho  distance  between  B  and  C,  is  loss  than  or 
equal  to  wT,  the  submarine  is  exposed  to  only  one 
pass,  for  it  will  bo  outside  BC  at  tho  time  of  any  other 
pass.  Choosing  a  wT  section  which  encloses  BC,  tlie 
submarine  is  equally  likely  to  be  anywhere  in  tills 
section  at  tho  time  of  tho  associated  aircraft  pass. 
d/wT  is  the  chance  that  tho  submarine  is  between 
B  and  C  and  tlius  exposed  to  tlie  detection.  The  earlier 
paragraplis  have  given  the  chance  {puc)  of  contact¬ 
ing  a  submarine  which  is  definitely  in  BC.  There¬ 
fore,  tho  desired  probability  (p)  is  (d/wT)])fiC‘  Then 
wlien  d  <  wT,  equation.'!  (18)  and  (19)  become,  ro- 
spoctively: 


(23) 


V  ~  ?^P»rallcl,  (24) 
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where,  in  caeh  case, 


In  eciuation  (25)  above,  n  is  tlie  distiume  along  tlie 
submarine  patli  from  tlie  aireraft  track  to  tlio  ex¬ 
treme  positions  of  the  submarine  {b  or  c,  ns  tlie  caso 
may  be).  In  equation  (22),  a  (i.e.,  h  or  c)  may  bo 
greater  tlian  wT  and  the,  function  A  rnaj'  be  greater 
tlian  unity.  Novortheloas,  as  long  os  d  is  leas  than 
toT,  subtracting  theso  A's  will  give  the  correct  prob¬ 
ability.  Working  frok  the  g(E'/a)  curve,  h[iE'/wT), 
(a/wT)]  was  calculated  for  variou.s  n/j()7’and  plotted 
again.st  E'/wT  on  Plato  I.  Obtaining  p  is  just  a  matter 
of  reading,  adding  or  subtracting  values  from  the 
cutyes. 

If  d  is  gieator  than  wT,  a  given  submaripo  may  be 
exposed  to  more  than  one  aircraft  pass.  In  tlie  sim¬ 
plest  such  case  the  submarine  path  extends  exactly 
to  the  point  where  kdn<jcrsef.t.s  the  aircraft  track  and 
d  ^wT.  I'br  the  r.igorqus  treatment'*!  this  caso,  a 
submarine  which  is  at distanco  x  <  ii)T- from  0  on 
one  pass  must  have  been  iv^poflcd  at  the  position 
X  -f  wT  on  the  previous  pass.  liquation  (12)  then 
becomes, 

P2wr  =  |l  -  c-3"''[3  +  fT+W]  (20) 

This  is  plotted  as  curve  u  on  Plate  I. 

There  are  no  general  formulas  giving  rigorous  so¬ 
lutions  when  d  >  wT.  Each  situation  would  have  to 
bo  treated  separately  and  usually  with  more  difficult 
integration  tlian  in  equation  (2(1). 

The  following  approximate  proccdin-c  has  been 
found  sufficiently  accurate.  A  submarine’s  po.sitiop. 
in  one  wT  segment  is  assumed  to  be  indeiKindcnt  of 
its  position  in  the  adjacent  one  at  the  time  of  the 
previous  aireraft  pass.  Tlie  submarine  path-  BC  can 
then  lie  broken  into  sections  s,-  of  length  wT  or  less; 
the  iii'obability  of  contact  can  be  found  for  each  sec¬ 
tion  using  equations  (22)  or  (23).  Finally,  these 
prolmiiilitiis,  s.aj'  pi,  pi  ■  •  •  Pn,  can  lie  combined  as 
independent  events,  to  give  puc-  This  may  be  ex¬ 
pressed  by: 

P  =  ]  -  (1  -  pi)  (1  -  pj.)  (]  _  p,)  .  .  .  (1  -  p„)(27) 

Plate  II  give.s  a  rapid  .solution  of  equation  (27)  for 
two  p’.T-,  for  liioie  .sections  i  bite  II  iiiay  be  usco  re¬ 
petitively. 


Tlie  series  of  wT  sections  is  placed  with  respect  to 
BC  in  such  a  way  tliat  one  of  tlie  wT  sections  has  as 
liigh  a  clianco  of  contact  n.s  po.ssiblc,  Then  the  con¬ 
tribution  of  tlie  otlicr  .sections  is  minimized  and  so 
is  the  olTcet  of  tlio  independence  assumption.  For 
Figure  1 1  tlie  principal  section,  iSb,  should  ho  taken 
from  C  to  C  +  v>7\  In  tlio  special  caso  of  Figures  9 
or  10,  iSii  would  bo  from  0  to  wT.  In.  Figure  12A,  if  A 
and  c  arc  greater  tlian  l  /2i()7’,  >S:'i  slioiilri  extend  from 
—  l/2wT  to  ]/2i«T.  If  i:  <  ]  /2wT,  St  should  ex¬ 
tend  from  —  c  to  wT  —  c.  If  as  in  Figure '12B  the 
aircraft  turns  at  0,  the  larger  part  pf  Si  should  bo  on 
the  side  of  O  having  the  Iiest  chance  of  sighting,  that 
is,  the  side  n.ssociatod  witli  the  larger  E'l  usually  Si 
was  taken  from  0.2!i>T'  on  the  weak  side  to  0.8wT 
on  the  strong  side. 

To  find  the  order  of  magnitude  of  the  error  in¬ 
volved,  consider  the  caso  treated  rigorously  in  equa¬ 
tion  (26)  in  which  tlio  submarine  may  bo  sighted  be-'’' 
t’.voen  .'»  «  0  and  x  =  2wT.  Curves  u  and  v  of  Plate 
I  give,  respectively,  l.ii-.'  r:e’.  v;'u.s  and  ciio  approxirnat:' 
solutions.  Theso  fliffor  .'-',  only  about  one  per  cent,, 
which  is  a  smaller  ern/i  t.uin  tliose  to  Iio  dtscuvsod'in 
tho  foils!  wing  paragrapl.j.  Tlio  po.ssibiIity'6f  fluctua- 
tionij.in  tli(i  values  of  w  and  2'  introduces  doubts  wEb 
regard  to  tbo  rigorous  method  apd  makes  the  aj!)- 
proximatc  motlibd  oven  more  excusable. 

Now  tiiat  wc  can  liandlc  any  interval  of  submarine 
track,  lot  us  begin  to  consider  the  ciTcctivcncss  of  an 
actual  screening  plan  against  a  submarine  on,  a 
specific  collision  course,  Unless  detected,  the  sub- 
mai’ino  proceeds  from  well  boyoml  detection  range  to 
ah  end  point  E  at  which  it  oitlier  submerges  or  fires 
at  tlio  convoy.  Also  relative  to  the  convoy,  the  air¬ 
craft  will  repeat  every  T  liours  a  closed  path  com¬ 
posed  of  straight  legs.  None  of  tliosc  legs  goes  to 
infinity.  Nevcrtlielcss,  tlie  imly  prncticalwvay  of  treat¬ 
ing  a  screening  plan  is  to  divide  the  aircraft  path  into 
sections  each  of  wliicli  can  be  treated  as  an  approxi¬ 
mation  to  one  of  tlio  eases  already  discussed.  In  each 
of  these  cases  tlic  aircraft  path  w.ns  an  infinite 
straight  line  coming  up  to  tlio  submarine  track  and 
the  same  or  anotlicr  lino  going  olT-  to  infinity. 

Consider  the  illustrative  aircraft  path  WA.'  E 
and  the  submarine  patii  in  to  A?  os  shown  in 
15.  In  this  COSO  four  liypothotical  aircraft  pa.tlis  must 
be  considered ;  llireo  of  tlicm  are  made  extending 
tlie  legs  FG,  GH,  and  JFto  infinity  in  botli  directions; 
on  tlio  fourth  patii  the.  aireraft  appro.aelms  from  a 
great  distance  on  a  straight  path  tlirougli  H  to  I 
wliorc  it  turns  ami  goes  out  to  infinity  on  a  straight 
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path  through  J.  I'lach  infinite  path  is  to  be  treated 
by  one  of  the  methods  deseribed  earlier  to  give  tlio 
probalwHty  of  contact  if  tlic  piano  were  searching 
only  during  tlu?  corresponding  segment,  FG,  GJI, 
UJJ,  or  JF,  of  the  screening  i)lnn,  (These  individual 


\ 

\ 


JCxftmj.luof  piiili  and  t.rnc.K  npprnxiinaUons. 

probabilities  will  later  be  eoinhincgl  to  give  the  ef* 
fcctiycnosa  of  the  oiitiro  phui.)  However,  if  with  eaeli 
infinite  path  the  entire  submarine  track  in  to  li  were 


considered,  the  individual  probabilities  found  would 
be  too  high,  as  a  result  of  the  finit)?  (dianee  of  con¬ 
tact  while  the  aircraft  is  on  tiie  imaginary  extensions. 
Tliis  (wror  is  to  be  eliminated  roughly  liy  limiting  in 
on"!'  case,  the  section  of  the  submarine  track  in  wliich 
a  contact  can  be  made.  Thus  an  infinite  aircraft 
track  and  a  limited  sulrmarinc  track  .sliall  be  .sub¬ 
stituted  for  a  limited  segment  of  aircraft  track  and 
an  infinite  submarine  track  (see  Figure  Ifi),  This 
substitution  is  required  because  only  infinite  aircraft 
tracks  can  be  handled  at  all  simply. 

The  fallowing  scheme  is  employed  in  limiting  the 
sulrmarino  track.  The  s\'bmarino  is  never  allowed  be¬ 
yond  the  limits  set  up  in  the  original  problem,  i.e., 
to  tlm  left  of  It!  in  Figure  15. 

I,et  //  and  c'  be  the  distance.?  from  0  (the  intor- 
.s.„..!tion  of  the  aircraft  and  suirmarinc  paths  or  thpir 
extensions)  to  the  limits,  of  tlio  segment  of  aircraft 
track.  Whenever  possible  b  and  o,  the  distances  from 
0  to  the  («trem(!8  (>f  tl’  .i'^iubmarin')  path,  are  taken 
to  equal  />' and  c',  n ,  _  ''ctivcly,  and  are  chosen  so 
tl'.at  the  angle.?  betweem  h  and  h'  .and  between  <;  and 
c'  are  caoh  neute.'  For  example,  in  Figure  16  the  sub- 
“  marine  intervals  F'G’,  KC,  and  EF’  arc  used  for 
legs  Ffi,  GH,  and  ./F,  respcetivcly.  The  principal  o.v- 
ception  occurs  wlion,  as  with  ///./,  the  side  of  the 
submarine  track  makes  an  obtuse  anglci  with  both 
legs  of  the  aircraft  track;  then  that  shle  of  the  sub- 


10.  Tlic  KPomcl ricn}  principle.'*  path  nnd  Irack  appinxiinalioii. 


CONFIDENTIAL 


155 


f: 


:sf' 


INSTRUCTIONS  FOR  OBTAINING  A  POLAR  OTAGRAM 


marine  traek  is  not  limited,  while  the  other  side  must 
lie  limited  in  lenfd'h  to  a  wiTigliksl  uverasu  of  the 
lengths  of  the  aireraft  legs.  In  Figure  15  this  ques¬ 
tionable  averaging  is  avoided  and  the  entire  suh- 
niarine  path  (to  the  right- of  K)  ran  be  uat'd,  sineo, 
IE  is  less  than  either  III  or  /./. 

The  last  paragraph  may  lie  justified  ns  follows:  In 
the  real  situation  ivith  the  aireraft  on  a  limited  seg¬ 
ment  of  traek,  most  of  the  ehaneo  of  eontart  aeeu- 
mulatos  while  the  submarine  is  on  the  part  of  its 
track  to  which  it  is  limited  in  the  approximation,  be¬ 
cause  in  most  eases  this  is  the  part  of  the  infinite  sub¬ 
marine  track  closest  to  tlic  segment  of  aircraft  track, 
ihiis  large  portion  of  the  desired  probability  is  cor¬ 
rectly  obtained  by  the  approximate  method,  for  it 
is  the  part  contributed  by  the  jiortion  of  the  infinite 
aircraft  track  which  lies  within  the  real  segment.  The 
remaining  so-called  “end  (>lioct.s”  are  in  the  roij,l 
the  chance  of  the  aircraft  on  its  segment  contacUi\^ij 
a  submarine  o.utsido  JiC  (in  Figure  lOA)  and  in  tho  j 
upproximoXion  the  chance  of  the  aircraft  on  the  'p.- 
finitc  ext,pnaion3  of  its  scg'jumt  contacting  a  sub¬ 
marine  bv/ife,, (Fi^rd  ISB).  'i'he  symmet  v  a'-out  0 
betweer  the  real  and  the  •apin<)xl.;i.*it(i;'*^es  make.' 

’  the  end  (ni'ficts , about  ic^v.al.  S'.nce  all  the  subtiiarino 
to  aircraft  distance.?  arc  duplicated.  A  systomatic 
error  (a  pessimistic  one)  enters  oAly  when  the  air¬ 
craft  segment  is  mueh  shorter  than  wT.  The  error 
duo  to  terminating  the  submarine  track  at  a  point 
E  within  liC  enters  only  into  the  end  effects  and  is 
usually  small.  In  any  case,  those  errors  are  small 
compared  with  those  which  could  arise  from  the  in¬ 
accuracy  of  the  inverse  cube?  law. 

The  cliances  of  contact  on  the  individual  segments 
of  aircraft  track  arc  combined  us  independent  prob- 
abilitic's  to  yield  the  desired  probability  of  detection 
by  the  cm  tire  plan.  Pl.ate  IT  nmy  be  used  in  nmking 
this  computation,  The  error  resulting  from  the  inde¬ 
pendence  nssumiition  is  seldom  over  four  per  cent. 
Usually  one  of  tlie  individu.al  prolmhilities  predomi¬ 
nates  and  HO  the  method  of  including  the  others  is 
unimportant, 

In  initially  clioo.sing  the  submarine  collision  courses 
(i.c.,  tlie  6  for  wliieh  /iffi)  is  romimted),  it  is  ad¬ 
visable  to  tak(!  one  tbrougli  eacli  corner  of  the  air¬ 
craft  track  and  then  avoid  others  close  to  these 
corners,  'riiosc  through  the  corners  ran  he  handled 
well  by  tlie  bent  track  formulas  given  above.  On  the 
other  liand,  with  neiglihoring  tracks,  the  two  legs 
(such  a.s  I'd  and  (lit  at  (!  in  Figure  15)  Imve  to  he 
extended  to  infinity,  'I'lie  fartlier  tlie  intersection  is 


from  the  .submarine  traek,  the  le.ss  important  will  ho 
the.  end  oiTeehs  ilue  to  these  extensions.  Also  the  in¬ 
dependent  eombination  of  the  prohaliilitins  on  these 
two  logs  i.s  a  dubious  iiroeedure  since  both  log.s  have 
tlieir  liest  chance  of  contact  against  tlie  same  part  of 
tlie  submarine  track  at  the  same  time.  The  farther 
G  is  from  the  sulimarine.  track  tlie  betb'r. 


PlUCTfCAL  INSTlinCTIONS  FOR  OR- 
TAININO  A  POLAR  DIAGRAM* 

The  foregoing  will  now  bo  summarized  in  a  sot 
of  practieal  rules  for  obtaining  a  screening  polar  dia¬ 
gram.*  Illustrating  these  rules,  Plate  Tit  contains  the 
calculations  leading  to  the  polar  diagram  (Figure  18) 
for  1;he'(ur  escort  plan  of  Figure  17. 

1.  Starting  with  the  aircraft  crack  drawn  rolati'. 
to  the  convoy  as  shown  in  Figure  1 7,  choo.se  tlwv  suh- 
marlne  jniths  to  Iv'  studied  in  evaliinting  t'le  jilan. 

.■'.).  Faeli  sulimarine  path  starts  Wed  outside 
-S.^ntuig  Juvngo  end  comes  in  on  a  colVdon 
course  um.il  it  reacl!'.M  the  danger  zone  (sub¬ 
merged  or  firing  area). 

h).  Rflcli  path  is  associated  with  the  angle  6 
wdilcli  It  makes  with  the  convoy's  heading. 

c).  There  slioulcl  bo  a  sufficient  number  of  paths- 
so  that  no  important  variations  in  the  jiolar  ■ 
diagram  will  bo  missed. 

(1).  The  submarine  paths  through  each  corner  of 
the  aircraft  path  shordd  be  included. 

c).  Other  paths  close  to  corners  should  b& 
avoided. 

f).  For  escort  plans  symmetrical  aliout  the  coh- 
voy’s  line  of  advance,  only  9’a  up  to  180  de¬ 
gree,?  need  lie  considered. 

2.  Make  out  a  table  with  column  licaclings  I  to 
20,  as  in  Plato  III. 

.3.  Record  the  O’s  and  corresponding  values  of  w, 
the  sulimarine's  speed  relative  to  the  convoy. 

■i,  Using  7’,  the  time  (hours)  of  repetition  of  the 
escort  plan,  cideulate  and  record  tlie  value.?  of  w7'. 

a).  In  the  absence  of  a  true  .space  diagram,  it  is 
suHii-iciitly  lu•l•l.Irat.e  to  ealculato  T  by  di¬ 
viding  tlie  lengtli  of  the  relative  aireraft 
traek  by  its  true  spei'd. 

5,  For  eiu'li  submarine  jiath  divide  tlie  aireraft 

Kill  I  ho  met  hod  piven  hern,  I  he  prolmbililii's/dC)  me  eompiited 
for  piulm  ending  not  ill  the  convoy  reference  point.  (1,  as  in 
the  general  discussion  of  Keclioti  l).4,  lint  iit  the  IrmiiKlary  of 
tlie  subninrKcneo  region  (here,  the  danger  i-.onc). 
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Ehu'iik  17.  A  iMifwible  aircraft  c.'icort  pliin. 
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track  into  acgnicnts  oacli  of  which  is  either  a  single 
straight  It  g  or  two  logs  joined  liy  a  turn  on  the  suli- 
iiiarine’s  path. 

n).  A  row  of  the  talilo  sliould  he  devoted  to  oiieh 
of  those  segments. 

h).  Usually  tliere  are  segments  located  so  far 
from  tlic  submarine  path  that  their  contri¬ 
bution  is  negligible  and  they  can  be  elimi¬ 
nated  l>y  ins]iectioTi. 

().  Culuuiim  4  to  8  deal  wiiii  ijerlineiit  data  meas-  ■ 
ured  from  the  relative  diagram  and  are  beat  filled 
out  row  by  row  (see  below). 

7.  Record  in  column  7,  for  each  straight  segment, 
the  angle  a  b(!twee.n  the  segment  and  th<(  subrnarino 
path  or  their  extensions. 

8.  Record  in  column  8,  for  each  iient  si'gment,  the 
angles  y\  and  75  between  the  submarine  path  and 
each  leg  of  the  segmcii^  i. 

a) .  lloth.'T'i  and  71  are  measured  from  the  same 

side  of  the  submarine  track  from  the  intor- 
ocetlon. 

■9.  For  each  segment  of  .aircraft  tv.  *'  nub- 
•.ncrine  path  is  to  be  limited,  ir;  order  t...  e 
for  sulvstititdng  an  infinite  oii'eraft  track  Me.; 
av^tualsegmcnt. 

.,  li:).  The  distances, i  and  0  (as  used  in  c6i(Wiin.s  4 
ij  and  6)  arc  measured  from  fd,  the  intersection 
of  the  aircraft  and  submarine  patlis  or  their 
Ij  (vxtensions,  to  tlie  extremes,  H  and  (\  of  the 
limited  submarine  path. 

b) .  With  the  ('xceivtion  noted  below,  b  and  c  are 

equal  to  tlie  dintanocs  from  0  to  the  ext.reme.s 
of  the  aircraft  segment;  /i  and  C  are  eaeh 
—  ,  ,  fniinH  Ijy  rotating  the  segment  ahotit  O 

tlirough  an  acute  angle  to  coincide  with  the 
..  „  submarine  path,  lixccptioii.  When  tlie  uir- 
■  “  eraft  turns  so  thnt  the  7*8  are  either  liotii 
acute  or  botli  obtuse,  the  part  of  tho  sub¬ 
marine  patli  making  obtuse  angles  witir  Ixvili 
legs  is  not  limited.  Ttie  otlier  part  is  limited 
to  an  average  of  the  two  legs  (weighted  by 
the  eosecants  of  the  7’.“). 

1C.  In  eolumns  1  and  5  re;-nrd  b/wT  and  c/wT. 

a).  If  liC  is  entirely  on  one  siile  of  O,  the 
smaller  of  h/wT  and  c/u'T  is  reeorded  in 
eolumn  5  and  given  a  negative  sign,  by 
eonvention. 

1 1.  Whenever  tiie  aircraft  segment  and  submarine 
path  are  iqiproxiniately  parallel,  li  anil  (’  are  found 
as  in  9  aliove,  wb.ere  in  this  case  the  rotation  i.v  alwut 
a  i)oint  ()  at  a  great  distance. 


a) .  Tho  length  liC  ol  tho  limited  .submarine 

patli  is  ealled  d  ami  divided  Ivy  w7'  for 
listing  in  eoluma  0. 

b) .  Also  listed  in  cftlumn  fi  is  av,  the  average 

distance  between  Rf"?  and  tlie  aireraft  .scg- 
mi'nt.  ,1 

12.  Recorvl  in  columns  9  !»ml  10  the  required  trigo¬ 
nometric  functions, 

13.  Record  the  following  in  columns  ii  and  19, 

a) .  For  straight  segments, 

Ji'/E  -  CSC  a; 

[in  accordance  with  equation  (15.)  ]. 

b) .  For  bent  segments, 

_ _ 

jg  =  >'2  V c.sc’  7i/2  +  C.sc“  7a/2  ■ 
and 

JjJi  _ _ _ 

~  V'6cc“  y,/2  +  SCO’  ”11/2,  ■ 

cortcflpc'iidlng  to  the  two  parts  of  tiso  riib- 
ini'.rino  pCi  ■!'-  separated  by  the  inlc'section 
fHiint  0,  The,,  former  applies  to  the  part  of 
the  path  from  which'  the  7’s  are  measured, . 
[Equations  (10)  and  (20)], 

c) .  Only  one  of  the  equations  in  b)  , above  is 

used  when  tlie  limited  submarine  path  falls 
entirely  on  one  side  of  0. 

14.  Columns  13  to  20  involve  the  value  of  R,  tho 
effective  visilillity,  and  must  be  reoalculated  for  each 
sucli  value. 

16,  h’or  (lights  parallel  to  the  submarine  patli, 
n.V  Rcenrd  in  column  13,  the  valiie.s  of  E/x, 
using  tlie  entry  tliat  has  liecn  made  in 
eoiitmn  ft. 

b) .  Obtain  pporniiri  from  Figuffr 44  ivyaioing  IH/X. 

c) .  Wlicncver  d/w7'  S  ],  obtain  p/jf:  (column 

19)  by  multiplying  pp»r»\M  by  d/wT.  [poc 
i.s  the  prolialiility  .asaoci.atcd  w'iiii  tiiis  seg¬ 
ment  of  tlie  aircraft  track  against  the  sub¬ 
marine  patli.) 

li).  Wlienever  d/ivl'  -■  n  -p  /,  whore  n  Is  an 
integer  ami  0  ^  /  <  1,  multiply  iVniiid 
by  f  to  obtain  pj.  Using  equation  (27)  or 
idato  II,  obtain  pi,c  l>y  comliining 
witli  itself  n  t)me.s  and  witli  pj  nil  a,s  iiide- 
pendent  probabilities. 

Ift.  Record  tlie  values  of  E'.'u'T  in  columns  14  and 

15.  'I'liese  are  olitained  l>y  multiplying  E/u'T  by  the 
entrie.«,  E'/E,  in  eolumns  11  and  12. 
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17.  When  the  sum  of  the  values  in  columns  4  and  tactical  results  to  ho  achieved  (scouting  and  soreen- 

5  is  less  than  or  equal  to  1,  Ing)  and  then  find  a  plan  which  p.chievcs  thorn  with 

a) .  These  values  togetlicr  with  those  in  columns  ti>o  least  expenditure  of  effort  (numl)or  of  aircraft 
14  and  Ifi  may  ho  used  togotlier  with  Wnto  and  flying  time),  of*  else  we  may  fix  tii(i  total  atnount 
I  to  yield  /ij  and  (columns  10  and  17)..  of  effort  nvailable  and  sock  tin*  plan  wliicli  maximizes 

b) .  Giving  column  17  the  same  sign  as  column  tho  tactical  results.  Now  the  solution  of  the  second 

6,  add  algebraically  hi,  and  to  obtain  ,pac  proldcm  furni«hc.s  tliat  of  tho  first,  since  it  auto- 
(column  19).  matieally  informs  us  of  what  can  ho  acliiovod  with 

18.  When  the  sum  of  the  values  in  columns  4  and  one  aircraft,  with  two  aircraft,  etc.;  and  it  remains 

5  is  greater  than  1,  only  to  pick  the  first  plan  in  this  soquonco  which 

a) .  Choose  tho  section  S  (length  wT)  of  sub-  gives  the  required  ro -idt.  It  .shall  accordingly  bo  from 

marine  path  BC,  wliicIi  has  tho  greatest  this  viewpoint  tliat  the  problem  Is  approached  here, 
eh.'ince  of  contact.  Within  the  limits  Im-  Let  tho  number  n  of  aircraft  bd  given  together 
posed  by  columns  4  and  6,  the  center  of  S  with  their  capnbilititis  of  speed  s,  endurance,  and  do- 
sliould  lie  located  as  follows;  "  tcction.  The  convoy’s  speed  p,  (in  tho  sonso  of  mean 

(1)  For  straight  aircraft  sogmonts  the  cen-  course  made  good)  is  also  supposed  to  be  known, 

tor  should  bo  as  closp  as  possible  to  the  Before  there  can  be  any  question  of  the  “best’’' plan, 
Intersection  point  0,  -  a  dcctsion  must  bo  made  os  to^hew  much  rejntivp 

(2)  For  bent  aircraft  sogmeftts,  the  center  importanco  must  he  nttachMl  to  scmiUns  as  compared  ; 

should  be  as  close  as  possible  to  a  point  wl.th  sa'cmiing.  Now  this  is  a  purely  tactical  question,  i , 
U.Su'T  fjfom  0  on  the  side  having  the  It  must  Iio  settled  on  tho  basis  of  presumed  ohomy  i' 
greater  tactics  .and  subniarine  capacities,  ns  well- as  of  our 

b) .  Using  the  fl/v-'T’s  corresponding  to  the  ex-  own  defensive  capabilities  and  bur  vulnerability.  For 
tromea  of  A'  and  using  the  E'/wT'a  from  ekample,  against  a  .cuUmai'Ino  capable  of  high  sub- 

'  column8'14  and  15,  find  tlie  corresponding  merged  speed  and  Endurance,  i?crecning  o6*did  bo 
It’s  from.  Plate  i,  and  onior  thern  in  columns  bxpocled  to  be  less  cffootlvo  than  scouting,  whereas  ' 
1C  and  17.  “  /  ■  tlio  reverse  might  be  true  if  the  siihmarino  w^iVo  of 

c) .  For  each  of  tho  remaining  sections  (length  tho  older  typo  without  those  capabilities.  Whoa  this 
lyf  or  loss)  of  jB(7,  find  the  chances  of  con-  decision  has  been  reached  and  tho  relevant  speeds 
tact  (by  n  subtraction  of  two  points  having  and  distances  have  been  estimated,  five  conditions 
the  same  abscissa  on  Plato  I)  and  enter  must  be  satisfied. 

these  separately  in  column  18.  1.  The  entrance  to  the  submerged  approach  region 

d) .  Obtain  pgc  (column  19)  by  combining  the  must  bo  adequately  guarded. 

..  algebraic  sum  of  columns  10  and  17  witli  2.  Flying  must  not  bo  unduly  concentrated  about 
,  tlicso  smaller  probabilities  (column  18)  by  the  convoy.  , 

I  the  indiipondoncc  procedure  [equation  (27)  3.  The  circuits  must  bo  closed  In  convo3^  space, 

)  •  or  Plato  II].  i.e,,  tho  aircraft  must  automatically  moot  tho  con- 

I  ,1®-  Column  19  now  has  tho  contribution  of  each  voy. 

I  aircraft  segment  against  each  submarine  path.  For  4.  The  time  between  successive  meetings  of  tho 

I  each  submarine  path  combine  these  pec's  as  in-  convoy  must  not  bo  excessive  (never  more  tlian  two 

f  dependent  probabilities  [up’'ng  ccpiation  (27)  of  Plate  hours;  one  hour  is  mucli  bettcr.than  two). 

II]  to  give  33 (5),  the  chance  of  contacting  the  sub-  5.  The  plan  must  be  navigable  with  reasonaDle 

marine  on  collision  course  6  when  tho  whole  aircr:  "*■  ease.  T'.iis  means  that  one  involving  many  turns  must 
plan  is  considered.  be  avoided. 

20.  Plot  p(d)  against  8  to  give  the  desired  polar  Now  obviously  it  is  not  fonsiblo  to  deduce  an  exact 
diagram  (Figure  18).  plan  from  these  data  and  the  requirement  of  maxi¬ 

mizing  scouting  and  screening.  It  is  necessary  fim 
THE  DESIGN  OF  A  PLAN  to  invent  plans  and  afterwards  to  test,  modify,  and 

select  until  a  satisfactory  one  is  obtained,  and  to  ex- 
As  in  all  questions  of  this  nature,  there  arc  two  haust  all  visible  possibilities  of  improvement.  Such  a 
possible  viewpoints.  Eitlier  we  may  lay  down  the  procedure  is  an  art  quite  fis  much  us  a  science.  It 
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Is  advisnhlo  to  make  tlio  (icsigns  first  ndative  to  t^io 
convoy  rather  tlian  in  space  tixeil  witli  respect  to  tlio 
ocean,  since  tlio  former  picture,  is  simpler  and  more 
direct  in  its  illustration  of  relevant  features;  but 
evi'iitiinlly  it  will  lie  transferred  to  geograiihie  space, 
wbere  the  Inst  n^fuiements  can  be  made. 

When  a  satisfactory  jilan  lias  been  designeil  for  one 
spetnl  ratio  r  -  v/t>c,  it  is  ufiualiy  (b'sirnble  to  extend 
it  without  changing  its  fundamental  character,  so 
that  it  will  be  applicable  to  bnauior  ranges  of  r,  Thi.s 
should  be  done  without  chpnging  the  angles  of  the 
courses  in  the  original  iilan,  If  iKissible,  but  rather  by 
varying  eertain  leg  longths.  It  Is  simply  the  kine¬ 
matic  problem  of  iirtnglng  all  planes  hack  to  the  con¬ 
voy  periodically  every  T  hours,  given  the  now  values 
of  r.  It  is  solv'od  by  simple  trigonometry  ns  follows: 
Draw  a  full  period  of  the  plan  in  googrnphie  space, 
i.e*,  the  figure  that  repeats  itself  every  T  hours.  Con¬ 
sider  the  part  of  the  plan  flown  hy  one  aircraft.  Let 
it  ho  desired  to  vary  two  jiartieiilar  leg  lengths,  x  anti 
y,  maintaining  tlw  others  constant  (values  giyen).  lait 
a  ho  the  (liatnnee  the  convoy  jnovos  in  tho  tlfric  T, 
Then  the  three  vuiriabhw  >•: ),  related  by  thi'ce 
cquationf.  of  the  ( '  '.gree;  first,  tlio  rdniurpnieiil 
tliat  the  length  o:  Uui  flown  path  (vT)  divided  by  z 
(iicT)  bo  etiuttl  to  v/vc  “  r;  second,  that  tho  algcbraio 
sum  of  tlie  projeetions  of  the  legs  on  the  convoy  path 
shall  bo  a;  anti  tliird,  tliat  the  algobrnie  sum  of  the 
projections  on  a  normal  to  tlio  convoy  path  be  zero. 
Solving  these  etpuitions,  ar,  7/,  rare  olitaihed  as  func¬ 
tions  of  r  and,  of  course,  T.  'Pablos  of  the  results  are 
furnlslicd  with  the  plan,  Uf  course,  it  m  necessary  to 
rc-examlno  tho  filan  (caloulaling  scouting  and  screen¬ 
ing  .diagrams  anew,  at  least  at  critleal  iilaecs)  for 
tho  extreme  values  of  r  used,  in  order  to  be  sure  tliat 
the  necessary  protection  is  maintained. 

Since  the  effwtiveiiesM  of  a  plan  depends  on  the 
conditions  of  detection  (visual  or  radar),  rcnsoniiblc 
and  conservative  estimates  of  visibility  should  be 
made  in  making  all  those  ealeillntions.  It  may  lie 
neccBBiiry  to  repeat  .such  calculations  for  otlicr  visi¬ 
bilities.  Ilu«evi;r,  it  ;a  uniikeiy  tiint  a  plan  whieh  in 
better  than  another  at  one  vi.sihility  .shall  lie  worse; 
than  it  at  a  different  visiliillty,  uiile.s.s  the  change  of 
visibility  entails  an  essential  change  in  the  luitticiil 
situation. 

It  may  be  remn.’ked  tlint  tin;  diagram  in  Figure 
18  exhibits  an  imperfeetion  in  the  plan  of  Figure  17, 
namely,  insufficient  protection  in  the  important  for¬ 
ward  regions.  Hotter  plans  an;  aetiinlly  im(;d. 

An  important  point  of  a  [jractieal  nature  must  be 


kept  in  mind  in  designing  and  evaiuiiting  any  air 
(;scort  plan.  It  is  that  aircraft  am  not  apt  to  fly  a 
given  plan  to  a  wry  gro'it  d(;gree  of  accuracy.  Just 
how  far  they  may  dc.-viate  from  the  plan  will  d(;p(;nd 
on  wind,  visibi.lity,  radar  and  other  navigational 
equipment,  as  well  a.s  on  tlu;  temperament  and  e,\- 
pericneo  of  the  pilot.  It  will  dep(;nd  also  on  his  find¬ 
ing  it  necessary  to  investigate  presumed  contacts, 
which  Very  often  turn  out  to  be  false  contacts.  The 
chart  shown  on  Plato  IV  pivoa  the  actual  flights 
(drawn  relative  to  the  (.'(aivoy)  of  two  aircraft  which 
wert;  flying  tho  simple  straight-lino  plan  s'tiown  in 
tho  insert  (a  plan  whieh  is  now  obsolete).  Tho  air¬ 
craft  wore  actually  tracked  by  radar  from  tlie  carrier 
during  an  operation  in  World  War  II  and  their  potli- 
tions  marked  at  the  sucressivc  epochs  Indicated  on 
the  chart.  This  provides  an  object  lesson  on  tho 
(lifferonce  between  theory  and  practice.  Incidentally, 
it  explains  why  it  Is  so  often  realistic  to  .apply  tie 
fornnula  of  random  fllghte  of  Chaptor  2,  c(iuation 
(40).  It  has  evon  heoii  felt  thaf,,  .after  all,  tlie  chief 
value  pniKviug  t  cystcniatji*  plan  is  to  get  the  (|)ei'- 
forcc,  ran'lom)  flights  out  Whero  tlioy  would  bo  of- 
ft;(.-tivo,  rather  than  to.  leave  tho  pilot  to  follow  his 
own  devices,  which  has  j^neridly  led  to  flights 
buDchori  up  in  the  wrong  places,  usually  too  c'  vse  to 
the  convoy. 

08  FINAL  SWEKP8  , 

As  long  as  tlie  convoy  is  In  sulnnarine  waters, 
maximum  protection  i.s  obtained  by  flying  the  okcort 
plan  without  letup.  But  it  is  often  iii'ccssary  to  dls- 
coiitlaue  tho  flights  for  a  protracted  period  of  time, 
for  example,  during  the  hours  0.'  uurkness.  The 
danger  incident  to  thio  can  he  minimized  l)y  flying 
Jhial  sumpa  at  a  . greater  ilistanco  than  tlic  normal 
flights,  immediately  after  (jlio  latter  are  discontinued. 
Those  final  sw'cops  arc  c.ssentially  of  a  scouting  char¬ 
acter;  they  aim  at  doteeting  submarines  which  might 
constitute  a  monaci;  t(j  the  convoy  at  a  later  period, 
after  aerial  o.s(;ort  lias  !.'c;(;n  discontinued. 

The  fimt  thing  to  realize  is  th.at  it  is  not  normally 
possible  to  doto:;t  by  flights  mnilo  at  the  time  (I  -  0) 
of  discontinuance  of  aerial  r.scort,  all  tlu;  submarines 
whieli  could  po.ssilily  close  the  convoy  during  the 
next  II  hours  of  escortless  travel.  For  it  would  be 
necessary  to  sweep  tho  area  of  the  ocean  in  wliieli 
sucli  submarines  must  be;  tlii.s,  in  the  case  of  u  >  Vc, 
is  tlie  shaded  circular  region  of  Figure  19,  obtained 
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by  multiplying  fill  longtli;?  of  tiu'  ciroiilnr  diagnim  of 
roUiti'c  speeds  (veetov  w)  by  //,  ThiM  rnt'nns  iliat  an 
area  of  would  Imvo  to  be  s\vo))t.  For  exaniplfi, 

If  If  =»  12  knots  and  //  =  8  hours,  the  area  is  29,000 
square  miles.  With  an  aireraft  of  130  knots  and  sweep 
width  10  miles,, 11  time,  of  29,000/1,300  =  22 


10.  Circle  of  posniblo  ftiliirc  contacts. 


would  lie  requiriidi  Even  with  four  planes,  6.0  hours 
would  be  needed;  and  more,  if  the  dlllieult  trnek 
problem  of  covering  the  area  is  taken  into  account, 
\y!ith  the  resulting  loss  of  efricit'ncy.  If  le.s«  thnn  this 
coverage  is  available,  what  should  ho  eovf'rcd  and 
what  neglected?  This  is  essentially  the  question 
treated  in  Chaptor  3  (spccincally,  the.  corollary  at 
tho  end  of  Scetlon  3.3), 

Taking  a  .system  of  rectangular  coordinates  with 
origin  fixed  at  tho  convoy  reference  point  O  (and 
honec  moving  with  the  convoy),  and  axis  of  ab¬ 
scissas  in  the  direction  of  convoy  motion,  wo  must 
ovaluate  the  function  ]i{x,y),  wliere  dxihj  is  the 
proliability  of  there  being  a  ‘‘daiigenius”  surfaced 
submarine  in  a  dxdy  region  at  the  jiuint  (x,y)  (at  the 
initial  epoeli  I  =  0),  where  by  a  ’‘dangerou.s”  suh- 
mariiie  is  meant  one  which  will  surely  come  in  con¬ 
tact  with  tile  convoy  (i.o.,  enter  tlto  df'teetion  circle 
of  radius  /?,  center  0)  during  the  sulwcfiuent  11 
hours.  Next,  wo  must  (waluate  the  amount  of  cover¬ 
age  or  seareliing  elTort  tk  available.  Thus  if  we  have 
the  use  of  n  aircraft  for  h  hours  eacli  and  if  tlieir 
speed  i.s  V and  (dTective  .search  width  is  11',  <1’  =  nvhW. 
According  to  tho  rea.soning  of  Section  .3..3,  we  are 


warranted  only  in  .‘searching  the  region  of  ocean  A 
eharsieterized  by  this  two  following  proj.xirtio.s : 

!.  A,,  ks  tlse  locus  of  i-ioints  {x,y)  for  which  i){x,y) 
^  b;  this  fh'ti'rsnine.s  tiu'  sJinpr  of  A,,. 

2.  The  value  of  b  and  therewith  the  ehoiee  of  the 
region  At,  are  fixed  by  the  roo/airement  of  equation 
(22)  of  .Section  3.3.  According  to  (diaptor  3,  Ai, 
should  then  bo  senrehed  in  tlie  manner  speelfuid  by 
iiqiiation  (23)  of  that  el'apt«r.  A  geometrie  cionstrue- 
tion  la  given  therein.  KUt  in  practice,  such  rofinemont 
is  not  apt  to  ho  posdble,  and  the  boat  jirocedure 
would  lie  to  use  apy  praetieahle  search,  of  a  more  or 
less  uniform  sort,  in  the  estimated  region  Ai,.  Of 
course  the  wlioh'  of  tho  dob’ction  eirdo  itself  must  bo 
included  in  the  search  to  detect  suhrnarinos  already 
in  contact  with  tho  .convoy,  particularly  trailing  bc» 
hind  and  traekip;,'  or,  the  flanks. 

'I'ho  estlmntinirof  p'{x,y)  is  difficult,  not  Ixicauso 
of  the  mathematics  involved  (a  crude  mathomatioal 
formulation  is  qulto  sufficient)  but  because  It  dc- 
IX'nds  on  the  correel.  appraisal  of  the  tactical  situa¬ 
tion  regarding  tho  suhmarino.  There  are.  two  oxtromc 
i'Kses  which  may  bo  considered  as  examples, 

■  Chm  1.  TH;i  suhiharinos  arc  uniformly  distributed 
over  tho  part  of  the  ocean  of  intcic‘.Ht  and  are  cruis¬ 
ing  at  an  estimated  speed  of  u  knots  In  any  dli  ootlon 
(i.e„  in  uniformly  distributed  random  directions;  sop.. 
Hi'otion  1 ,4).  This  Is  the  ease  In  which  the  submarines 
are  picked  ui)  puri'ly  liy  elianee  and  not  as  the  result 
of  any  systematic  patrolling  on  their  part.  The  prob¬ 
lem  of  finding  p{x,y)  in  this  ease  has  been  solved  in 
(ihapter  1  |see  Section  1  .b,  p'-obie.in  3,  togetlwr  with 
Figures  10,  !  1 ,  12,  and  1.3;  the  ikfrijS)  !)!  this  refnreneo 
is  not  to  be  eonfuBial  with  the  "amount  of  searching 
effort’’  ^  used  iibo''e|.  In  this  reference,  the  prob- 
aliility  P{r,li)  is  found  [(r,3)  arc  the  polar  eeydlnates 
of  (.r, ,'/));  unlike  '/){x,y),  this  is  not  a  probability  or 
expected  value  demity  but  a  probability,  namely,  tho 
probability  that  the  target  given  to  be  at  (r,/3)  [or 
(.r,//)]  wlion  I  —  0  shall  suli-scquently  enter  tlie  detec¬ 
tion  eiicle.  Hul  if  the  mc'iiii  density  of  sulnnarines  is 
•Y,  there  will  lie  Mdxdy  submarines  in  all  in  tho  dxdy 
region  at  U.y),  of  which  tlie  fraction  F(r.d)  will 
enter  tlie  circle;  hence  the  relevant  expected  number 
of  .suhmarine.s  in  N'P(r,0)  lirdy  -  NP(r,0)  rdrdiJ.  Now 
as  in  the  proof  of  corollary  at  the  end  of  Sertion  3.3, 
the  constant  of  proportion.ality  iV  Is  immaterial  in 
the  final  re.sults.  Hence  (’quatioiis  (22)  ami  (23)  as 
wi'll  as  the  geometrical  construction  given  in  that 
elmpter  applj'  with  tlie  former  p{x,y)  replaced  by 
/'()•,, d).  Finally,  in  tlie  prnhlem  of  (diapter  1  the  time 
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bflfore  contact  was  not  limited,  whornas  wo  aro  re¬ 
stricting  it  to  II  hours.  Rut  with  tiic  searrhinj;  effort 
normally  availal)lo,  only  regions  within  an  //  hour 
submarine  run  of  tlie  detection  eii  elo  can  l>e  s(!ar(‘hod, 
80  that  the  time  restriction  alrplies  automatically. 

Lot  us  consider  as  example  tlio  case  I'c/u  =•  k  ’=> 
o.g.,  submarine  cruising  at  15  knots,  convoy  at 

10  knots.  The  level  curves  of  const.->nt  probalrility 
P(r,fl)  (i.e.,  tlic  boundaries  of  Ai,  for  dift'eront  values 
of  b)  are  given  in  Flgijro  11  of  Chapter  i.  Let  the 
detection  range  of  the  submarine  on  the  convoy  be 
ft  ■=  20  miles.  This  gives  the  scale  in  Figure  11, 
Chapter  1,  of  20  miles  to  the  iiicli.  With  two  130- 
knot  aircraft  available  for  two  hours  and  assuming 
the  search  width  IF  =  lO  miles,  wo  have  4' 

2  X  2  X  130  X  10  =  5,200  square  miles  of  searching 
effort  available. .  To  determine  the  probability  con¬ 
tour  of  Figure  11,  within  which  the  search  must  take 
place,  wo  have  to  invoke  (22)  of  Chaptor  3,  which 
becomes 

log  P(r,fi)rdrd^  —  Ak  log  5  ■«  4>  =■  6,200. 

Ak 

The.  values  of  P(r,fi)  for  A  ■=  ^  would  have  to  bo 
drawn  from  acetion  1.6,  Cliaptor  1,  and  the  inte¬ 
gration  and  calculation  of  the  area  At,  performed  for 
different  values  of  h,  the  arc  fimdly  chosen.  'Phon  a 
plan  of  sonroh  would  bo  devised  as  much  ns  jjossiblo 
in  accordance  witli  (23)  of  Chapter  ,3, 

Tlio  following  rougli  grapliical  version  of  this 
process  illustrates  tlic  principles  of  tho  method  in  a 
form.whicli  cun  he  carrier!  oUt  wltliout  unfousonnblo 
trouble  in  practice  and  widen  provides  about  all  tlio 
accuracy  which  our  rather  dubious  tactical  and  nu¬ 
merical  assumptions  would  appear  to  warrant. 

With  a  plnnlinoter  (or  an  approximating  ollip,sc) 
calculate  tho  aroos  of  tho  various  Ao  regions  of  Figure 

11  (Chapter  1),  remembering  that  6  «  0.1  for  tho 
10  iicr  cent  region,  h  =>  0.16  for  the  16  per  cent, 

•  •  • ,  6  =  1  for  the  detection  circle.  We  find  approxi¬ 
mately  for  tho  A  areas,  and  the  AA  rings  between 
succc.s.sivc  H'gion.s: 


d, 

=  1 .200, 

Adi 

=  dl 

—  do  1 

=  1.50, 

do. 4 

=  1.410, 

Ado. 4 

=  Ati,i 

■■  4n  jj 

=  1.710. 

do.26 

=  3,120, 

Ado. It 

=  do.st 

~  do.lt 

=  3,030, 

do. 10 

=  7,050, 

•Ado, 16 

=  do.JS 

~  do. in 

=  8,950, 

do.l 

=  10,000. 

- 

To  find  tile  grn]ili  of  the  function 

m  =  i  /'■*  F(r,li)rdrd0 

Ab 


against  b  out  to  6  =  0.1,  wo  ;'may  multiply  each  ring 
area  by  tho  arithmotio  luexn  of  tho  (natural)  log¬ 
arithms  of  tho  probatiilitics  of  tlic  two  hounding  level 
curvo.s  (except  initially,  tlie  area  of  tlic  detection 
circle  is  multiplied  by  Jog  1=0),  and  then  add  tho 
results  out  to  tlio  ring  hounded  by  the  value  of  b  in 
question.  Tho  curve  for  /(6)  is  then  drawn  through 
the  re.sulting  five  points.  Next,  tho  function 

F{b)  —  5,200  -b  dj,  log  p 

is  graphed,  taking  the  five  values  of  dj  given  above 
and  multiplying  by  log  b,  b  being  tlio  value  oorre- 
s|)onding  to  the  Iroundary;  a  smooth  curve  la  then 
passed  tJirough  tho  resulting  points.  Those  oubxrea 
arc  found  to  intorsoct  at  about  the  point  6  =  0.13, 
i.o.,/(0.13)  -  F(0.13);  but  this  is  equation  (22)  of 
Chapter  3. 

ii  ■ 


b 

AvftloK 
|0(C  h  b 

A  Avglog 

Ml- 1,260)  iXAAi  /(b)  :  F(l) 

1.0 

0  0 

0  0  6,200 

0.4 

~0.ni  -0.45 

150 

-  08-  6.?  .3,910 

0.25 

-1.40  -1.20 

1,710 

■  2,000  -  2,128  560 

0.1.5 

.-l.an  -1.00 

3,030 

-  0,050  -  .3,778  -  8,100 

0.10 

-2.20  -2.04 

8,950 

~i8,.30o  -  -^riOrs  -3o,ooo 

Now  since  one  cannot  hope  to  search  In  accordance 
with  equation  (23),  Chapter  3,  the  boat  practical 
rccommondaticn  is  to  cover  a  region  extending  a 
little  beyond  the  16  per  cent  curve  of  Figure  11 
(Chapter  3),  for  example,  l)y  a  sector  search.  The 
probability  of  dotseting  tho  target  by  a  random 
search  of  tlio  1 6  irer  cent  curve,  is,  by  (40)  of  Cliapter  2, 

=  1  _  =  1  - 
=  1  _  g-o.iioo/7.050  ^  Q  g2.  ;; 

Thus,  there  Is  a  little  over  half  a  chance  that  a 
given  submarine  in  tlic  15  per  rent  region  will  bo 
dotccted.  Therefore,  the  search  is  dccidodiy  useful, 
but  by  no  means  ns  good  as  having  regular  escort 
flown  tlirough  tlic  night. 

Ctti€  2.  Tho  sulimarincs  arc  mounting  guard  along 
the  route  of  tlie  convoy,  os  they  fatimato  it.  If  there 
are  several  subnuirinca  acting  as  a  coordinated  group, 
tlicy  may  form  .a  line  patrol  nern.ss  the  convoy  path 
of  a  type  illustrated  by  the  follov.ing  example ;  Sub¬ 
marines  arc  idaeed  in  a  line  aeross  and  at  right  angles 
with  the  convoy  path  patrolling  .stations  20  mile.? 
ajiait;  each  suliniarino  proccod.s  at  a  lew  speed 
(w  =  10  knots)  and  is  never  more  tlian  half  an  hou'.'’s 
run  from  its  station.  [Tliis  was  a  German  plan  dc- 
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scrilM'd  in  the  Britir-h  Monthly  Anti-Snlmiurine  Ho- 
!>ort  (secret),  Novoml>er  1942.]  Siihmnriiips  nctluK 
nlone  may  patrol  nt  frn'ixti'r  (iistanccs  iihout  their 
.■itations,  hut  in  n!!  cases  tlic  distance  is  limited  hy 
llu'  objective  of  intcrcci)tinK  (’envoys  moving  along 
the  line. 

'I’his  case  is  easit’r  to  treat  than  the  first,  since  the 
only  dangerous  .‘uihmnrines  hero  lie  in  a  1‘iind  «ho,sc 
middle  line  i,s  th('  convoy’s  future  course  and  whofio 
total  width  is  2(/f  +  d),  whero  rf  is  the  presumed 
distance  of  lateral  patrol  of  the  submarines,  while  R 
is  (as  before)  the  submarines’  dctiTtion  .'•ango  on  the 
convoy  rluring  tho  time  of  discontinuance  of  the 
normal  aerial  escort  (e.g,,  at  night).  For  a  submarine 
nt  lateral  range  more  than  R  +  d  on  <'ither  side  of 
tho  convoy’s  course  would  be  unlikely,,  to  con.^t;tute 


threat;  /?(;r.//>  =»  0  outside  the  band,  rd.r,;/)  = 
ronstant  >  0  witliin  tiic  forward  longtli  of  tlio  Irand 
of  //;■{.  miles,  'i'lnis,  this  wliole  piece  of  band  must 
!)(’  8W('|rt.  This  is  a  fea.sible  nj)(!rntion.  With  R  =  20, 
(I  =  10,  i>  =  8,  //  =  8,  tlu’  rectangular  l)and’s  area 
is  .‘iiSiO  square  miii\s;  one  plane  ;;f  130  knots  and 
10-milc  H('arcli  width  would  rcqu.'rc  .0,840/1, ,00(1  = 
2.95  hours.  With  two  oi'  three  plane.';,  not  only  tliis 
area  IsiiL  a  somewhat  wider  one,  including  the  day¬ 
time  detection  cirelo,  could  n.^sily  bo  .i^wept  In  a  very 
rcnsonnblo  time,  as  the  lost  hour  or  so  of  dayliglit. 
Hut  in  setting  up  tills  searcli,  it  is  casontial  to  know 
in  advanco  what  deceptive  steering  is  intended  dur¬ 
ing  till)  night.  Convoys  usually  make  a  deceptive 
change  of  (joursc  shortly  after  din’k;  tho  band  may 
Iiavc  to  bo  a  bent  one  under  suoli  circumstances. 
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A/C.  Aircrafc. 

Acoustic  Torpebo.  Homing  torpedo  guided  to  its  target  by 
means  of  echo  ranging  or  listening. 

Anomalous  Propagation.  In  sonar,  pronounced  and  rapid 
variations  in  echo  strength  caused  by  large  and  rapid  local 
fluctuations  in  propagation  conditions. 

ASB  Radar.  A  00-cm  Navy  radar  for  surface  search  by  earner- 
based  aircraft. 

Asdic.  British  echo-ranging  equipment;  letters  arc  derived  from 
“Anti-Submarine  Development  Investigation  Committee.” 

ASG  Radar.  AN/APiS-2,-a  9-cm  ASV  and  search  radar. 

ASV  Radar.  A  radar  system  for  detecting  and  homing  on  a 
surface  vessel  from  the  air. 

Asymmetry  Factor.  Ratio  of  target  length  to  width. 

Barrier  Line.  Mathematical  reference  line  across  and  per¬ 
pendicular  to  a  channel. 

Bearing.  Angular  position  of  target  with  respect  to  own  ship 
(relative  bearing;  or  to  true  north  (true  bearing). 

Blip.  In  radar,  echo  trace  on  indicator  screen. 

Brightness  Contrast.  The  difference  between  target  and  im¬ 
mediate  background  brightness  expressed  in  units  of  effec¬ 
tive  background  brightness. 

Browning, Shot.  A  shot  aimed  at  a  general  area  containing 
targets,  on  the  chance  of  a  random  hit. 

B-Scope.  a  scope  which  presents  a  rectangular  plot  of  range 
versus  bearing.  Spot  brightness  indicates  echo  intensity. 

Cavitation.  The  formation  of  vapor  or  gas  cavities  in  water, 
caused  by  sharp  reduction  in  local  pressure. 

Channel.  Strip  .01  ocean -through  which-k.  is  known-targets 
must  pass. 

-Collision  tlioURSE.  Course  steered  by  an  attacking  craft  to 
intercept  the  attacked  craft's  course  so  that  a  coincidence 
will  occur  between  the  twp  crafts. 

Contact.  An  instance  of  detection  of  an  enemy  unit. 

Contact  Problem.  Study  of  the  capabilities  of  the  detection 
agency. 

Convoy.  A  group  of  merchant  ships  sailing  together,  usually 
defended  by  naval  craft  escorts. 

Curly  Torpedo.  A  torpedo  which,  after  closing  the  convoy, 
steers  a  sinuous  course  to  increase  its  chance  of  a  random  hit. 

CVK.  Navy  designation  for  Aircraft  Escort  Carrier,  a  small 
aircraft  carrier. 

Definite  Range  Law  of  Detection,  The  assumption  that 
detection  is  .sure  and  itnmcdiale  within  a  given  critical  range 
and  iinponsiblc  beyond  that  range. 


Density.  Number  of  objccte  per  unit  area. 

DE.  Destroyer  escort,  a  large,  high-speed  antisubmarine  ship. 

DF.  Radio  Direction  Finding;  use  of  directional  receivers  to 
estimate' enemy  position  by  intercepting  and  obtaining  the 
bearings  of  enemy  transmissions. 

Echo  Ranging.  Method  of  locating  underwater  objects  by 
sending  sound  pulses  into  the  water  and  receiving  an  echo 
reflected  from  the  target.  Target  range  is  derived  by  measur¬ 
ing  total  transit  time  of  the  sound  piilse. 

Effective  Radar  Cross  Section.  A  mea.sure  of  the  reflecting 
ability  of  the  target;  it  indicates  the  ratio  of  total  power  re¬ 
flected  from  the  target  to  incident  power  density  impinging 
from  the  radar. 

Effective  Search  Width.  Twice  the  range  of  an  equivalent 
definite  range  law  of  detection  (equivalent,  with  respect  to 
detecting  a  uniform  distribution  of  targets). 

Effective  Visibility,  E.  In  parallel  sweeping,  half  the  sweep 
spacing  for  which  the  probability  of  detection  is  0.5. 

Epoch.  Any  given  instant  of  time. 

EP.F.  Error  function  or  probability  integral: 

erf  x=  r*e“*’dx. 

V’rJo 

Evasive  Routing. Routing  to  avoid  known  submarine  positions. 

Fix.  Presumptive  position  of  target  as  determined  from  a 
single  observation. 

Fixation.  The  short  stationary  periods  of  actual  seeing  be¬ 
tween  jumps  of  the  eye  in  visual  scanning  motion. 

Fovea.  Central  part  of  rel.ina,  region  of  maximum  acuity  for 
daylight  vision. 

Glimpse  Probability,  g.  Probability  that  a  target  be  sighted 
at  a  single  glimpse.  — 

Homing  Torpedo.  Torpedo  self-guided  to  its  target  by  some 
property  of  the  target. 

Known  Random  Distribution.  A  distribution  in  which  the 
probabilities  are  known  in  advance. 

Laterai.  Range.  The  minimum  distance  (at  closest  approach) 
between  target  and  observer.  When  the  target  is  at  rest,  it  is 
the  perpendicular  distance  between  tlie  target  and  the  ob¬ 
server’s  track. 

Lateral  Range  Curve.  A  curve  which  gives  the  probability 
of  detection  of  an  object  by  an  observer  proceeding  along  a 
.straiglit  course  ns  a  function  of  distance  of  direct  approach. 

Le.ad  Angle.  In  this  volume,  tlio  angle  between  the  barrier 
line  and  line  of  flight  of  the  observer  aircraft. 

Limiting  Approach  ANciLE.  Anglo  who.se  sine  is  the  ratio  of 
tivrgct  velocity  to  observer  velocity.  Thi.s  angle  determines 
the  sloiKJ  of  tlic  lateral  boundaries  of  the  region  of  approach 
of  target  to  observer. 

167 


CONFIDENTIAL 


Best  Available  Copy 


16S 


GLOSSARY 


LiMiTiN(i  Sun.MKncEi)  Ai’i>rioAcii  AN(ii,K.  LitniliiiK  iipproacli 
angle  for  a  sul)incrgcd  submarine. 

bisTENiNU.  Use  of  soiiiir  1,0  (Iclcel,  sonic  and  supersonic  .sounds 
generated  by  the  target  itself. 

Lookinc!.  Trying  to  detect  witli  any  of  the  means  considered: 
visual,  radar,  sonar,  etc. 

Maximum  Suuitino  Ranue.  The  range  at  whicli  the  target 
contrast  reaches  the  foveal  threshold. 

One-Pixc:  Probability.  Tlie  probability  of  detection  by  using 
a  single  ping. 

Pino.  Acoustic  pulse  signal  projected  by  echo-ranging  trans¬ 
ducer. 

PPI.  Plan  Position  Indicator. 

Radar.  Generic  term  applied  to  methods  and  apparatus  that 
use  radio  for  detection  and  ranging.  - 

Recounitiox  Differential.  The  number  of  decibels  by 
which  a  signal  level  must  exceed  the  background  level  in 
order  to  be  recognised  50  per  cent  of  the  time. 

Reuion  or  Approach.  Area  in  which  a  craft,  moving  with 
velocity  less  than  that  of  another  craft,  must  have  its  start¬ 
ing  iioint  to  be  able  to  intercept  the  latter. 

Rei.ative  Hearing.  Target  bearing  relative  to  own  ship  bear- 
ing. 

Relative  Course,  6.  Angle  between  the  observer’s  vector 
velocity  and  the  target’s  relative  velocity. 

Relative  Velocity,  w.  The  target’s  vector  velocity  with 
respect  to  the  observer. 

Reverberation.  Sound  scattered  diffusely  back  toward  the 
source,  principally  from  the  surface  or  bottom  and  from 
small  scattering  sources  such  as  bubbles  of  air  and  suspended 
solid  matter. 

Scanning  Line.  The  locus  of  points  on  the  ocean  surface  at 
which  the  detecting  instiuinent  is  directed. 

ScHNoRCHEL.  U-Boat  combination  air  intake  and  exhaust  tube 
that  per/nits  submerged  diesel  operation. 

Search  Rate.  See  sweep  rate. 

Search  Width.  Sec  sweep  width. 


Sea  Return  Area.  Ocean  .surface  area  which  reflects  rn.'!,n,r 
pul.se  back  to  t)  ‘’-ansmitter. 

Son/"  Generic  term  applied  to  methods  and  apparatus  that 
U.SC  sound  for  navigation  r.nd  ranging. 

Sweep  Rate.  A  measure  of  the  searching  craft’s  effectiveness 
in  covering  an  area.  It  is  the  number  of  contacts  made  per 
hour  per  unit  of  target  density  by  the  searching  craft,  ex- 
nrc.sseil  in  siiuare  miles  per  hour. 

Sweep  Spacing,  S.  Distance  between  track  lines  in  parallel 
Rii'l  equally  spaced  search. 

Sweep  Width.  Sweep  rate  divided  by  speed  (approximately). 

Target.  Object  of  search. 

Target  A.spect.  Orientation  of  the  target  as  seen  from  own  ship. 

Target  Strength.  A  measure  of  the  reflecting  power  of  the 
target.  Ratio  in  decibels  of  the  target  echo  to  the  echo  from 
a  6-ft  diameter  perfectly  reflecting  sphere  at  the  same  range 
and  depth. 

Threshold  Contrast.  Just  perceptible  contrast  of  target 
against  its  background. 

Time  of  Fix.  Time  or  epoch  at  w-hicli  information  ulxul  the 
point  of  fix  is  given. 

Torpedo  Danger  Zone.  Area  around  a  ship,  and  moving  with 
the  ship,  within  which  a  torpedo  must  be  fired  if  it  is  to  have 
any  chance  of  scoring  a  hit. 

Track  Angle,  0.  Angle  between  the  vector  velocities  of  ob¬ 
server  and  target. 

Track  Problem.  Selection  of  path  and  motion  of  the  observer 
for  assumed  position  and  motion  of  the  target. 

Transducer.  Any  device  for  converting  energy  from  one  form 
to  another  (electrical,  mechanical,  or  acoustical).  In  sonar, 
usually  combines  the  functions  of  a  hydrophone  and  a  pro¬ 
jector. 

w-Moving  Space.  Barrier  flight  plan  as  seen  from  a  target 
moving  with  speed  u. 

X-Ban'  .  Band  of  radar  frequencies  with  wavelength  approxi¬ 
mately  3  cm. 

Zigzag.  Change  course  frequently  to  make  attack  by  sub¬ 
marines  difficult. 
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